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Pseudodifferential Equations (***)

AssTrACT. — It is known that the treatment of boundary value problems based on variational
principles often leads to corresponding boundary integral equations in weak formulations. Their
mapping properties can then be derived from those of the associated partial differential equations.
However, this approach is restricted only to those boundary value problems which can be
formulated in terms of general variational principles based on Garding’s inequality. On the other
hand, boundary integral equations can also be recast as special classes of pseudodifferential
equations. In this paper, we are concerned with the latter approach by applying pseudodifferential
operator theory to elliptic boundary value problems. In particular, a scalar model problem and the
Lamé system in linear elasticity will serve as concrete examples illustrating the basic ideas how one
can apply the theory of pseudodifferential operators and their calculus to obtain basic properties for
the corresponding boundary integral operators.

1. - INTRODUCTION

The class of pseudo-differential operators is essentially the smallest algebra of
operators which contains all differential operators, all fundamental solutions of elliptic
differential operators and all integral operators with pseudohomogeneous kernel
expansions . The linear pseudo-differential operators can be characterized by generalized
Fourier multipliers, the so-called symbols. The development of the theory of pseudo-
differential operators has made possible to provide a unified treatment of differential and
integral operators. For boundary element methods, we are generally dealing with
variational solutions of linear integral operators arising from Green representations for
the solutions of elliptic boundary value problems. Therefore, it is natural to recast them as
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elliptic pseudo-differential operators from which we may utilize all the developed calculus
of pseudo-differential operators to study their properties from algebraic calculations of
the corresponding symbols.

There are many excellent existing books on pseudo-differential operators (see, e.g.,
[81, [71, [9], [12], [14], [15], [16], [17], [21], [22], [28], and [29], to name a few).
However, most of them seem to be focused on pseudo-differential operators with
applications to differential operators in mind. On the other hand, in [1], [2], [4], [6],
[24], [25], and [27], we may find some applications of pseudo-differential operators to
integral operators. Yet in our opinion, the approaches there are either too general or too
special for treating general boundary integral equations arising in applications. For our
purpose, there seem to be some gaps particularly in applying the standard calculus of
pseudo-differential operators to integral operators on closed boundary manifolds. It is the
purpose of this paper to bridge these gaps and to give, in particular, a simple procedure
for analyzing a class of boundary integral operators in most of applications, including
classical boundary potentials, which can be followed by people in practice without too
much deep knowledge on pseudo-differential operators. Our presentation follows [19]
and is originally motivated by the work of [20] , [23] and [25]. Moreover, it can be seen as
a very simple case of pseudo-differential calculus in [3] for treating elliptic boundary
problems. We present the results without the proofs and refer to the details and proofs in
our forthcoming monograph [19].

In order to give an idea what kind of integral operators we have in mind, we consider a
model problem of the form:

(1.1) Pu:=—du+qgxu=f in QcR’,

with ¢(x) > 0,x € Q; and supp f C QU Q, where Q is a bounded domain with C®
boundary I, and Q is a tubular neighborhood of I = 9 (see Fig. 3). Here ¢ and f are
given functions with regularity to be specified later. Our staring point is the
representation of the solution of (1.1)

u=—JEWJMWMw@+JEWJVW@

Q Q

+ JE(x,y)r(y)dsy - J%E(x,y)(/)(y)dxy for xe€Q,
y
r r

where E(x,y) is the fundamental solution of —4:
1 1
Elx,y) = ———
(x,7) yrIF—
and ¢, 7 are the Cauchy data of the solution,
Yot =t = @, yyu = O0u/dn| =1.
The representation of # can be rewritten as a domain integral equation in the form

(1.2) u—Tu=Vt—Wp+Nf in Q
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where V, W are, respectively, the simple and double layer potential operator for —4, and
N the Newton potential operator. Here the domain integral operator 7 is a weighted
Newton operator defined by

Tulx) := — JE(x,y)q(y)u(y)dy on .
o

By taking the trace of the domain integral equation (1.2), we obtain the following two
boundary integral equations:

(1.3) ¢ —0Tu=ypVt—yWo+yNf on I
(1.4) t—=nTu=pVi—yWo+yNf on I

The solution # of the partial differential equation (1.1), and its Cauchy data ¢, 7 are
related by the coupled domain-boundary integral equations, (1.2)-(1.4). If one of the
Cauchy data is prescribed, then the solution of (1.1) and the remaining unknown Cauchy
data can be in principle determined from the domain integral equation (1.2) together with
either one of the boundary integral equations (1.3) and (1.4). This simple model problem
is rather special. Nevertheless, it leads to typical integral operators which we may
encounter in the study of boundary value problems by boundary element methods. It
is these integral operators, whose mapping properties in particular, we believe can be best
obtained by using the theory of pseudo-differential operators.

The main results concerning boundary integral operators generated by pseudo-
differential operators on domains (¥dOs on domains) will be presented in Section 3.
Sections 2 contains definitions and basic properties of pseudo-differential operators. In
addition, we show that domain integral operators of the Newton potential type belong to
a special class of pseudo-differential operators of negative order on domains. In the last
section, Section 4, we introduce the concept of strong ellipticity for the boundary pseudo-
differential operators. The latter then leads to the Garding inequality of the strongly
elliptic boundary integral operators. As a consequence, this provides the Fredholm
alternatives for the solvability of the variational formulations of the corresponding
integral equations as well as straightforward stability properties of finite- and boundary
element approximations in related computational methods, see [18]. We conclude the
paper by applying wdO results to simple and hypersingular boundary integral operators
in linear elasticity.

2. - DomaIN INTEGRAL OPERATORS AS dOs oN DoMAINS

As the linear pseudo-differential operators can be characterized by generalized
Fourier multipliers, the so-called symbols, we begin with the basic definition of symbols
classes for the standard pseudo-differential operators $”(2 x R”) on functions and
distributions defined on some domain 2 C R”.
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DeriNiTiON 2.1: For m € R, the symbol class $™(Q x R") of order m is defined to
consist of the set of functions a € C(Q x R”) with the property that, for any compact set
Ke Q C R” and multiple-indices a, B there exist positive constants c¢(K, a, B) such that

2.1) ’(3)ﬁ<3)aa<x é)’ < oK, a, 1 + )"
' ox o¢ B 7

for all x € K and & € R”.

The elements of $”(Q2 x R”), i.e, alx, &), are called symbols of order .
In connection with the symbols 2 € (2 x R”), we define the associated standard ydO
of order .

DerintTioN 2.2: For a € 87(Q x R”), the standard wdO of order m is defined by
(2.2) Alx, Du :=F 2}, (alx, OF ). cu(y))

—2n)" j Je D g e, uly)dydi

R” Q

foru € C(Q) and x € Q.

The set of all standard wdOs of order 72 is denoted by OPS™(Q x R”).

One of the basic theorems is the following.

Tueorem 2.3: The operator A € OPS™(Q x R”) is a continuous operator
A:CF(Q) — C*(Q).
The operator A can be extended to a continuous linear mapping from H*(K) into Hj 7(Q)

for any compact subset K € Q. Furthermore, in the framework of distributions, A can also be
extended to a continuous linear operator

A:EQ) - D).

As a simple example, let us consider the differential operator P = —A4 + ¢(x) in the
model problem (1.1). Since the Fourier transform of —Au,
—du = & i
we see that

Pu=F;1 (— du+qi) = F;L (& + g Fr ).
Hence for bounded smooth function ¢,

ap(x, &) = & + qlx
is the symbol of P and the P is a pseudodlfferentlal operator in OPS2(Q x R?).



On the other hand, let us consider the integral operator on £:

Nf = | s 00
R’
If we denote the symbol of the —4 by a_4(x, &) = |f %, then we could write
Nf=F:L (a_ale, O Fye /)

and take

1
&P
as the symbol of the integral operator A so that A belongs to the class OPS~2(Q x R?).

an(x,8) = a_y(x,&) 7" =

However @ is singular at £ = 0, and can never be a symbol according to the definition

(2.1). In order to circumvent this difficulty, we take a cut-off function y € C3*(R?) such
that y(&) =0 for |£] < 1/2, and y(¢) =1 for |€] > 1, and write

(2.3) Nf=F:1 (1 Oa_ s, &)~ szf(y)
+F2L (= 1O, O Fy e f) = Nof + RS,

It follows from the fundamental Paley-Wiener-Schwartz theorem [13] that the operator
R is a smoothing operator. The operator Ny is a pseudodifferential operator in
OPS~2(Q x R’). In fact, the decomposition leads to N € £”(€), a class larger than
OPS™ (22 x R”) (with 72 = —2,7# = 3 in this case).

DerINITION 2.4: The class of operators L (Q) consists of Fourier integral operators of the
form

(2.4) Aulx) = @n)" J Jei("_”‘éﬂ(x,y, Ouly)dyde

R" Q
for u € C*(Q) and x,y € Q with the so-called amplitude function a € 8" (Q2 x Q x R”)
and with the special phase function ¢p(x,y,&) = (x —y) - &

The following theorem is relevant to domain integral operators.

Tueorem 2.5: Every operator A € L (Q) can be written as
A=Ax,D)+R
where Ay(x,D) € OPS™(Q x R”") is properly supported and R € L™°(Q) with
=[] £7(Q) = OPS™(Q x 2 x R")

meR

Some clarifications of this theorem are in order.
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o Smoothing operator. The operator R € L£L7°°(€) is called a smoothing operator and it
has a C*(Q x Q) Schwartz kernel.

o Symbol of a properly supported operator. It Ay € OPS™(Q x R") is properly sup-
ported then

alx, &) = e (A’ ) (%)
is the symbol.
o Complete symbol. It A € L£7(Q) is properly supported, then we have
alx, &) = e ™ (A) (x) € 87 (Q x R”),

and A = A(x, D). Furthermore, if a(x, y, &) € $”(Q x Q x R”) is an amplitude for A, we
have the asymptotic expansion

O~ ((8%)( - z‘%)“m,y, é))

0

ly=+
The symbol a(x, &) is called the complete symbol of A.

o Complete symbol class. The operator Ay in the Theorem 2.5 is not unique. Hence
for A € £L7(Q), we choose a properly supported operator Ay € L”(2) such that
A — Ay € L2(Q), and we define

o4 := the equivalence class of complete symbols of A,
in 8§7(Q x R")/$7(Q x R”).
This equivalence class is called the complete symbol class of A € L7(Q).

o Principle symbol class. The equivalence class defined by the complete symbols of
Ap in §7(2 x R")/S$™1(Q x R") is called the principal symbol class of A and denoted
by ,4.

We remark that for equivalence classes in general one often uses just one representative of
the class a4 or g,,4, respectively, to identify the whole class in $”(2 x R").

We also need a subclass of £”(€), the so-called classical wdO class which is very
important in connection with elliptic boundary value problems and boundary integral
equations. First, we need the definition of the subclass of symbols.

DeriNiTioN 2.6: A symbol a € 8"(Q2 x R”) is called classical symbol, if there exists a
sequence of functions a,—; € "7 (Q x R”), j € No which are of homogeneous degree
m; = m — j such that

o0
an~ E Ay
7=0
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in the sense that if for every k > 0 there holds
ﬂ—de e §7(Q x R").

The set of all classical symbols of order m will be denoted by S}, x R”).

In Definition 2.6, by a homogeneous degree m; function a,,, we mean a,, has the
property:
(%, 18) = 1" a,, (x,&) for £>1 and [&] > 1.

We remark that for a € S7/(Q x R”), the homogeneous functions a,, (x, &) for |£| > 1 are
uniquely determined. The leading term a,,, € S (Q x R”) is called the principal symbol.

Derintrion 2.7: AwdO A € L7(Q) is said to be classical, if its complete symbol 64 has a
representative in the class ST (Q x R"). We denote by L7(Q x R") the set of all classical
wdOs of order m.

For A € L7(Q), the principal symbol class ¢,,4 has a representative

(2.5) a%(x, &) :=1¢"ay, (x7 é)

which belongs to C>(Q2 x (R”\ {0})) and is positively homogeneous of degree 7z with
respect to &; i.e.,

& (x,18) = 74" (x,&) for every + >0 and for all &€ R”\ {0}.

The function % (x, &) is called the homogeneous principal symbol of A € L7)(Q). If we
denote by

(2.6) &, 8 = |8 a (x %)

the homogeneous parts of the asymptotic expansion of the classical symbol 7,,4, which
have the properties

@), (%8 = a,x% for ¢ > 1 and
agj_]—(x,z‘f) = tm’/'angf-(X,f) forall ¥ > 0 and £#0,

then ¢,,4 may be represented asymptotically by the formal sum Z%czgz_]-(x, ).
=

3. - BOUNDARY INTEGRAL OPERATORS GENERATED BY dOs oN DomaIns

This section is devoted to the connection between classical wdOs and the boundary
integral operators. A large class of boundary integral operators, as appeared in the
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FiG. 1. - A local surface representation.

model problem, belong to the special class of classical ydOs on compact manifolds
having symbols of the so-called rational type. We are particularly interested in
strongly elliptic systems of wdOs providing the Garing inequality (see Theorem 4.2
in Section 4). The particular class of operators having symbols of rational type enjoys
many special properties such as their relation to Newton potentials which define
genuine wdOs in R”. The traces of their composition with tensor product
distributions involving (55@ generate in a natural way boundary operators wdOs on
the boundary manifold.

We consider the boundary I of Q as a manifold immersed into R” in the sense of
differential geometry and associate I” with a so-called atlas 2 which is a family of local
charts {(O,,U,,x,)|r € I}. We recall that each of the local charts is a triplet:
U, = x,(0,) € R"™! an open subset of the parametric space of I in R"!; The
parametric representation x = T,(p') = y""V(p') for p' € U, defines a parameterized
patch O, := T,(U,) of the surface I" (or, respectively, U, = x,(O,)). The mappings T,
and y, are both bijective and bi-continuous, hence T, = x{~! is a homeomorphism. For
an atlas we require I = |J O,. Moreover, if O,; := O, N O, = O, # ) then the mapping

rel
(3.1) Dy =y,0T, =7, 01571) 0 %,(O0y) — x,(Oy)

is supposed to be a sufficiently smooth diffeomorphism.
We begin with the class £”(I'):

DeriNition 3.1: Let A : D(I') — E(I) be a continuous linear operator. Then A is said to
be in the class L”(I') of wdOs, if for every local chart {(O,, U,, y,)|r € 1} the associated local
operator

(3.2) A, = 1. Ayx; - DWU)—EWU,)

belongs to L™ (U,), where y,. and x* are pushforward and pullback respectively.
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D(O,) E(Oy)
X Xr.
D(U,) EU;)

AXr = XT* AX;
FiG. 2. - wdOs on boundary manifold.

We are interested in boundary operators on functions given on I, in some n-
dimensional domain that contains I” in its interior. This amounts to study the trace of
adO A given on some tubular neighborhood of I". To this end, let { O,, U, x,)|lr €1}

be any local chart of a atlas U for I with the parametrization T, = ). Then for every
point x € O, C R” where O, is an open set Contalnmg O,, we deﬁne the mapping

for o' € U, c R" ! and 0, € (—¢,e) with € > 0. Then, 6, = Y’,(U, x (= 575)) c R”.
Note that for a smooth surface I" and appropriate & > 0, the inverse mapping @, =¥~
exists,

(3.4) 0=d,(x) for x€O,,

which maps 2N O, onto (o', 0,) € Uy x (= ¢,0). The boundary patch O, is mapped to
U, x {0},i.e. 0, =0.Wecall @ := |J O, C R" atubular neighborhood of I' (see Figure 3).

rel

Now we are in position to state the main result.

TheorEM 3.2: Let A € L7(QU Q) with m € R. Then the limit

Qrv(x') = lim O(Qrv)(x), x=x"+p,n(y, &) € Q

0>p,—

p?l

™

FiG. 3. - A tubular neighborhood of O,.
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always exists if m < —1, and Qr € L’ZH(F) is a wdO of order m + 1 on I, where
(Qrv)(x) =Aw®@dr)x) for x=x+p,n(y,X))

with x € 5, \I" and v € CF(O,), (x',0) € I. Furthermore, the homogeneous principal
symbol ¢, | of Qr is given by the contour integral

£ & = %Ja;«x’, 0), (&', )z,

C
where &Y, is the homogeneous principal symbol of A, and the contour ¢ C C consisting of
points
c={zel-a,alU{z=ce®:0>3>-n}}

in the lower-half plane is clockwise oriented where cy > 0 is chosen sufficiently large so that

all the poles of 45, ((x’ ,0), (& ,z)) in the lower half-plane are enclosed in the interior

complex domain with boundary ¢ C C.

Remark 3.3: We remark that Theorem 3.2 remains valid for m > —1, including the case
when m + 1 € Ny, provided additional conditions are satisfied for Q (to be precise, the so-
called extension and Tricom:i conditions, see Theorem 8.5.1 in [19]).

As a simple illustration, we consider the simple layer operator V := y,V for the
Laplacian in R’. It is clear that the Newton potential operator N,

1
Nf(x) := Jmf (y)dy
R’

belongs to L(2U Q) with 72 = —2. The corresponding operator Qp according to
Theorem 3.2 with A replaced by A is defined by
Qr(x) :=N(r @ dr))
1 / _ 1 /
- | =0 @0y = | oty
R r
This implies that
V(') :=Qrtlx’) = }EI} (Qro)(x) = J

r

1 /! !
mf(j} )dsy/, X € F,
and hence Vis in £/"'(I") with m +1 = — 1.
To conclude this section, we now return to the model problem in Section 1. Based on
Theorem 3.2 the mapping properties of those domain and boundary operators for ¢
sufficiently smooth can now be summarized as follows.



e wdOs on Q. The operators N' € L2(QU Q) and T € L2( U Q) map

N H™ Q) — H*(Q)
T :H'™(@Q) — HP2(Q), s> —3/2

e Surface potential operators. The operators V and W define surface potentials and
map
Vv :H71+s+1/2(1—v) N H1+S(Q)

W :H1+571/2(1—v) N HIJ”(Q)
o Operators defined on I' by traces of wdOs on domains. They have the mapping

properties:
YN H(Q) —» HP V(D) s —1>—1/2
yN H(Q) - H'W V20 s — 1> 1/2
VOT :Hlﬂ(.Q) _ I_Ilﬂ+271/2(r)7 145> _1/2
nT H™W(Q) — H 220 145> 1/2

e wdOs on I'. These are basic boundary integral operators belonging to the class
7(I') with 72 = —1,0,0, 1, respectively:

oV tH™H12(r) — Hs 2
»oW CHYV2(r) o g2

p Y H U2y o 2 ()
"W CHYSV2() o OS2

4. - StrRONG ELLIPTICITY

One of the advantages of considering integral operators as ydOs is that the mapping
properties of the boundary integral operators can be deduced by examining the symbols of
the wdos. On the other hand, Garding’s inequality for the integral operators plays a
fundamental role in the variational formulation of the integral equations. The latter follows
from the definition of strong ellipticity of wdOs. Since the wdOs on the boundary I" are
characterized by their representations with respect to an atlas 2 of I" and its local charts
= {(O,, U,, x,)|r € I}, the concept of the strong ellipticity can be introduced in accordance
with [26] with respect to local charts. The strong elliptic yields immediately stability
properties for approximations of boundary integral equations via Galerkin methods and is
in this regards fundamentally important. The definition of the strong ellipticity reads.

DErINITION 4.1: Let A = ((A))pxp be a system of wdOs Ay, € L,"™(I') on I'. We call

Y
the system ((Ap))pxp strongly elliptic, if to the principal symbol matrices a°(x,&) =

= ((af;/iolk (1), EN)pxp 01 the charts (O,,U,, x,) of the atlas 2 there exists a C> matrix-
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valued function O(x) = ((0jy)),xp on I', and a constant yy > 0 such that
Re{" 00" (x, &)L > o[
is satisfied for all x € I',{ € CF and & € R"™" with |&] = 1.

In terms of the Bessel potential on I" defined by
A= (= Ar + D",

where A is the Laplace-Beltrami operator for the Laplacian on I, the following Garding
inequality holds.

TheOREM 4.2: If A = ((AR))pxp s a strongly elliptic system of wdOs on I, then there
exist constants yy > 0 and p; > 0 such that Garding’s inequality holds in the form

(4'1) Re(wvA(IZ@A;UAZU)HZZIHWWJ/Z(F) > yO”w”i—E’:1 He(I) — y1||w||i—li’:1 He~Y(T)

for all w € HZZ:1 H“(I'), where AT = ((Asr’éjg))pxp. The last term in (4.1) defines a linear
compact operator

» »
C:[[H ()= [[H W),
=1 =1
which is given by
(@, Cw)HLI He—sor2(ry) = 71 (v, w)Hizl He YD)
With this compact operator C, the Gairding inequality (4.1) takes the form
(4.2) Re(w, (A304;7A 4 Ow) T 1o 2 71 ”w”ZHL .

ReMARK 4.3: As a consequence of (4.2), any strongly elliptic wdO or any strongly elliptic
system of wdOs defines a Fredholm operator of index zero and the classical Fredholm al-
ternative holds for the corresponding sesqulinear form

av,w) = (v, (A‘}@A;"Aw) TT., Heor)

REMARK 4.4: In the special case when a;, = 20 is a constant, where 2a. is the same order
for all Ay, we may choose a. = s; = t, and if the system is strongly elliptic, then Girding’s
inequality (4.2) reduces to the familiar form:

Re(w, (@A + C)w)LZ(r) >yllwl, forall we H*I).

As a concrete example, we now consider the simplest nontrivial elliptic system of
equations in linear elasticity, the Lamé system:

(4.3) Pu= —Aii = —udii — (u+ M) graddivii = f in QUQ C R,



— 41 —

where # is the displacement field, fa given body force. The parameters u and A are the
Lamé constants which characterize the elastic material (see e.g., [10], [11]), and satisfy the

. . . . . . 1
relation 4 = 2uv/(1 — 2v) in terms of the Poisson ratio v. It is required that 0 < v < >

The four basic boundary integral operators are strongly elliptic. In particular, we will
carry out the analysis for the simple and the hyper-singular boundary operators.
The quadratic symbol matrix of the partial differential operator P can be calculated

(44) op(&) = (HIEPOr + (e + DEE)5 5 5
and hence, the characteristic determinant is given by
det ap(&) = 12 (7. + 2p)[é]°.

Since det op(&) # 0 for all x € R? and for all & € R \ {0}, P is elliptic in the sense of
Agmon-Douglis-Nirenberg and the inverse to gp(£) defines the symbol of the Newton
potential operator N,

-1 _ A+
(4) (o) = 7 ((16Pon g 640)),.,
The Fourier inverse of (gp) ' defines the fundamental matrix E(x, y) for P,
(4.6)  Elx,y) =07 pf. J (0p()) "G
R’

1 1 ey
/1(271)3 <<pf Jlaze é

Itu O J 1
+— - . ZX } gd
7+ 20 anom P Bk ¢ .

_ 1 Gu+d) (( O Ati by —y)lu —yk)>>
8 (A+2w) \\ |x—y 3u+4 Ix — s
We remark that since the symbol in (4.5) is homogeneous, the fundamental solution
defines the Schwartz kernel of the Newton potential. Although one may still define a
parametrix as in our model problem by multiplying the homogeneous symbol in (4.5) by a

cut-off function y(¢). Alternatively, the Newton potential N € £,?(R’) can be
decomposed in the form

Nf = J E(x,v)f(y)dy

R?
= | Bt = sDf0Iy + [ B (1 = wlx = 1)
R? R?

:ZN()f-l-Rf,
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where N o € OPS2(R? x R?) is properly supported and R is smoothing. Here, y(2) €
€ C5°(R%) is a cut-off function with y(z) = 1 forall |z| < 1/2 and w(z) = O for all 2| > 1.

As for boundary integral operators, we begin with the sizple-layer boundary integral
operator

(4.7) Vilx') = JE(x',y’)r(y/)dsyr, x' eT.
T

Similar to the model problem, we define

QFT (f@é]")( )
- J E(x,y)(z(y") ® or)dy
R?
- JE(X,y/)T(y/)dfyH x g I
r

with E(x,y) given by (4.6). For x — I', the simple boundary integral operator

Vilx') = lim Ort(x) J (x',9")t(y"dsr(y') for x" € I

Qox—I
r

defines a wdO, V € £ (I").

To show V € £_,1(I) is strongly elliptic, we now compute the symbol g_; (x’, &'). For
simplicity, we identify I" with x; = 0. For general I", we refer to our monograph [19]. It
can be shown that the sy7bol of V can be calculated form a5 (¢) in (4.5) by the contour
integral as in Theorem 3.2,

1 1 Ojk
3 1ozl _ dv = — J d
g-1(x",&") ZnJ(J (&',2))dz Ju7{12+|f’|2} b4
f? , 6& o, iz
&é& o, f% , &z |dz.
flz ) 622 3 Zz

By using the residue formulas, this yields the complete homogeneous symbol matrix of V
on I,

B LJ A+ pu 1
n)p+2p) {2 +|&))

&g a8, 0
1 At 5
qfl(f/) = 5jk— ¢&i1& ¢ 0
2 l ) 13 ’ 2 ’
112 2 ’
— 0
SRS VI G P
- 13 } 2 —RG261 9 1 )
4|£ | ﬂ( L+ /u) 0 ’ 0 7 |é/|2
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A+ . . . . . . .
where k = M—Sﬂ Obviously, since 0 < & < 1, this symmetric matrix is positive definite,
u

therefore, g_1(£’) satisfies the estimate
Rel"q 1(ENE > || HEP forall 0#¢ € R? and (e P

with y, > 0. This shows that the simple-layer boundary integral operator is

1
204+ 2w
strongly elliptic.

Next, we consider the hypersingular boundary integral operator D,

(4.8) Do(x'") == =T, J T, Ex',y") p(y")ds, for x' €T,
T

where T is the traction operator on I,

—

Tir = ( (div #@)77 +2,ug

+ uit X curl u)

r

We remark that this is exact the case where 724+ 1 € Ny. As we mentioned earlier,
additional conditions are needed in order to apply Theorem 2.5. Nevertheless, we shall
carry through the analysis. We define similarly

(49 Qro) = Alp @ dr)(x) = JTX(Ty/E(x, ) 0" )ds,
r
= J kalx,x —y)(p(y") @ or)dy for x ¢ I'.
R’

Here the Schwartz kernel is given by

_Low 1 ,
(410) il =) =1 L W((sz-mw{zﬂﬂ](x)zk

+ ﬂvnk(x)z/ + Az - n(x)éjk |5| n(x )Z,Zk}

+ 32{n(x) - n(y)zjzp + 7 n(0)n;(y)ze }
+2u{3z- n)zme(y) + |22, (m) + |27 () - n(3)S. }

—2(u— i)ﬂ,/(x)m(y)IdZ))
3x3

where z = x — . Since the hypersingular boundary integral operator is defined by
Dp(x') := Qilfflr Qrolx) = Qilffer((p ®dr)(x),

we need to compute the symbol of A. We note that the composition with the fundamental
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solution matrix given by

(TyE(x,y))T = Nw(x,y)

defines in the tubular neighborhood Q C R? of I' a pseudo-homogeneous Schwartz
kernel generating a wdO , Ay of order —1 with symbol of rational type, since both
T, and the elastic Newton potential operator N are of rational type. Hence the
wdO A is the composition of — T, and Aw. The idea here is to use standard
formula of wdOs to compute the g4 in terms of the composition of ¢_1, and agy,.
In order to facilitate the computation, g4, can be calculated in terms of its
transposed operator Ay, which has the kernel T,E(x,y). This yields the complete
symbol of A:

(411) O',TxOAW(X, f) =

=3 (i () im0+ o) + e ) 3005) %

1120

x{ L P (e, + 2u(n) - O52,) )

|E[* A+ 2u 3%3

i
- ﬁ (7m0, + (o) + () - &)1 ), | } .

We now confine ourselves to the computation of the principal symbol of
—TyoAw and of D on I' by choosing a =f =0 in (4.11). A straightforward
computation yields

AR L 1 )

. _ At
(12) e O = I T

+ 224 () - E) (Emple) + mi(0E) + 44 () - €)°EE)s5

- F ((P2[E[ i ()mp(x0) + 22 4 1) (mx) - ) (Emp(x) + mi(x)EL)

+ 12EEL + 18 (nlx) - 5)25&))3 X3 -

Again we identify I with x3 = 0 by setting 71 (x) = 75(x) = 0, 73(x) = 1, and & = 2,
we obtain
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2 (4/1(& + ) 2 1

0
Oop = — i3 Oap + -
A A A2 (24 d2) v a

)fa@h

3

A+ b4 b4
0 _ 0 _ _ =1.2:
O3 =03 = ﬂ)~+2ﬂ((zz+d(2))2 ZZ—ng)éa for a,f=1,2;
50 :4/¢(2+/¢)( N 5 )_ 7
P+ 2u \@+d2P T2+di) 42
By employing the contour integral formula
1
() = ZZJ«a‘,?m(f’,z)mdz

in view of
1 J 2 3
— | ———=dz = —>d,
2 ) ( 2)?

¢

we obtain the principal symbol of the hypersingular boundary integral operator
De LL(D):

‘éllz + 816% ) 816152 ) 0
y2i
(4.13) q%f@ a&é P +ad 0 :
0 , 0 . (e

h =-
where ¢; 7T 2

Obviously, for any &' € R? with |¢'| = 1, the matrix gh, is symmetric and positive
definite. Consequently, D satisfies the condition of strong ellipticity with @ = ((d;2))3x3
and y, = (1 — |e1]) > 0. Moreover, the hypersingular boundary integral operator matrix

and, hence, |e;| < 1.

D satisfies on I" the Garding inequality (4.2), where ¢, = s, = >

In closing, we remark that for details and more general results on integral equations
recast as pseudodifferential equations, we refer to our forthcoming monograph [19].
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