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Direction for Nonlinear Elliptic Equations
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ABSTRACT. — We study the local L p regularity of the first derivatives, in the second commu-
tator’s direction, of local weak solutions of nonlinear elliptic equations on the Heisenberg
group.

Regolarità L p delle derivate secondo i commutatori del secondo ordine
per equazioni ellittiche nonlineari sul gruppo di heisenberg

SUNTO. — Si studia la regolarità L p locale delle derivate prime, nella direzione dei commuta-
tori del secondo ordine, di soluzioni deboli locali di equazioni ellittiche nonlineari sul gruppo
di Heisenberg.

1. - INTRODUCTION

The main purpose of this paper is to study the local L p regularity, pD1, of the first
derivatives, in the second commutator’s direction, of local weak solutions of nonlinear
elliptic equations on the Heisenberg group

divlH A(x , Xu) 40(1)

whose protype is

divlH [ (11NXuN2 )(p22)/2 Xu] 40 .

We establish the result for 11
1

k5
EpE11k5.

(*) Indirizzo dell’Autore: Dipartimento di Matematica, Università di Parma, via D’Aze-
glio, 85 - 43100 Parma, Italia.

(**) Memoria presentata il 22 gennaio 2002 dal Socio Marco Biroli.
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To be more precise, we need to introduce some notation. Let X1 , R , X2n be the
generators of the Lie algebra with their commutators up to the second order:

Xi4¯xi
12xi1n ¯t

Xi1n4¯xi1n
22xi ¯t

T424¯t

for i41, R , n , where [Xi , Xi1n ] 42[Xi1n , Xi ] 4T for i41, R , n , and
[Xi , Xk ] 4 [Xk , Xi ] 40 in any other case.

If V% lH n is an open set, k� lN and 1 GqE1Q , we denote by S k , q (lH n ) the
Sobolev space of L q (lH n ) functions whose horizontal derivatives (the ones along
X1 , R , X2n) of order less then or equal to k are in L q (lH n ) and by Sloc

k , q (V) the space
of functions f such that Wf�S k , q (lH n ) for any W�C0

Q (V).
Let pD1. Let A : lH n3 lR 2nK lR 2n be a differentiable vector-valued function of

scalar components A k , k41, R , 2n . We assume the existence of some constants c1 ,
c2 , c3D0 such that, for any (x , j) � lH n3 lR 2n

(a) Aj j
k (x , j) h k h jFc1 V(j)p22 NhN2 , h� lR 2n .

(Here and in the following repeated indices k or j denote summation from 1 to 2n)
and, for every k , j41, R , 2n and l41, R , 2n11

(b) NAj j
k (x , j)NGc2 V(j)p22

(c) NAxl
k (x , j)NGc3 V(j)p21

where V(j) »4 (11NjN2 )1/2 .
Let Xu4 (X1 u , R , X2n u). By a local weak solution of (1) we mean a function

u�Sloc
1 , p (V) such that

�
V

A k (x , Xu) Xk W dx40(2)

for all W�S 1, p (V) with supp W%V .
We can now state the main results of this paper. In the following V 8 will be an ar-

bitrary open bounded subset of V such that V 8%%V . From now on we will denote C
any positive constant which may depend only on V 8 and the structural constants
p , c1 , c2 , c3 , R , not necessarily the same at each occurrance.

THEOREM 1.1: Let 11
1

k5
EpE11k5 and let u�Sloc

1 , p (V) be a local weak solu-

tion of (1). Let B(3R) be an arbitrary gauge ball of radius 3R such that B(3R) %V 8 and
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let g be a cut-off function between B(R) and B(2R). Then Tu�Lloc
p (V 8 ) and

�
V 8

NT( g 4 u)Np dxGCR 24p �
V 8

(V p1NuNp ) dx(3)

where V4V(Xu).

THEOREM 1.2: Let 2 GpE11k5 and let u , g and B(R) be as in Theorem 1.1.
Then Tu�Sloc

1 , 2 (V 8 ) and

�
V 8

g 4 V p22 NXTuN2 dxGCR 22 �
V 8

(V p1NuNp ) dx(4)

where V4V(Xu).

If 2 GpE11k5 Theorems 1.1 and 1.2 can be easily extended to the case A k4

4A k (x , u , j), for k41, R , 2n , on condition that (a), (b) and (c) hold and, on addi-
tion, A k is differentiable with respect to u , with

(d) NAu
k (x , u , j)NGc4 V(j)p22

for any (x , u , j) � lH n3 lR3 lR 2n , where c4 is a suitable positive constant.
Any new technique is required in this case because every adding term coming from

the differentiation of A k with respect to u results by (d) of the same type of some other
appearing yet in the proofs (see the following formula (20)).

The extension of Theorem 1.2 to the case pE2 is more tricky. This will be the sub-
ject of a next paper.

If 2 GpE11k5 we stated Theorem 1.1 for the simpler case Ae4 (e1

1NXuNp22 ) Xu , for eD0, in a previous paper [8] where we applied it to prove the Cloc
1 , a

regularity for the solutions relative to A4NXuNp22 Xu .
Although if that is not the main goal of this paper, it should be noted that, thanks

to Theorem 1.1, the cited result could be improved to obtain, for the same range of p ,
the regularity Cloc

1 , a for the solutions of

divlH A(x , u , Xu) 40

satisfying (a), R , (d) with V(j) 4NjN . The method, yet applied in [8] and essentially
due to Di Benedetto [3], is suitable for all the equations which can be approximated
by a sequence of «non degenerate» ones divlH Ae (x , u , Xu) 40 satisfying (a), R , (d),
with V(j)24e1NjN2 , for arbitrary eD0, whose solutions we denote by ue . The first
step of the method is proving ue�Sloc

2 , 2 (V).
We avoid these computations as they require only few and obvious adaptations

from [3], [8].
In virtue of this result it is possible to differentiate the approximating equations in

order to obtain ue�Cloc
1 , a (V), «uniformly on e». A limit argument could give then the

result for e40.
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We observe that Theorem 1.1 intervenes in the first step: to prove ue�Sloc
2 , 2 (V) we

need appropriate test functions which require Tue�Lloc
p (V) (see [8], Theorem 4.1).

These results could be used to prove regularity results for obstacle problems (see
for example [10], [9]).

We would point out that, if p42, L. Capogna [1] established Tu�Sloc
1 , 2 (V) di-

rectly for A4A(x , j), satisfying (a), (b), (c) with V(j) 4NjN , and, as a by-product, he
proved u�Cloc

1 , a (V).
The proof of Theorem 1.1 is characterized by repeated recourses to Lemma 3.4

(see the following) and imbeddings between functional spaces. These impose some re-
strictions on p which generate the bounds to its range.

2. - BASIC KNOWLEDGE

The Heisenberg group lH n is the Lie group whose underlying manifold is lR 2n11

with the following group law: for all x4 (x 8 , t) 4 (x1 , R , x2n , t), y4 (y 8 , s) 4

4 (y1 , R , y2n , s)

x i y4 (x 81y 8 , t1 s12[x 8 , y 8] )

where [x 8 , y 8] »4 !
i41

n

(yi xi1n2xi yi1n ).

lH n is a homogeneous group, that is a group with dilations, defined as

dl (x 8 , t) 4 (lx 8 , l 2 t)

where the direction t plays a particular role (the space is non-isotropic) corresponding
to the definition of the group action.

A norm for lH n which is homogeneous of degree 1 with respect to the dilations is

NxN44N(x 8 , t)N44Nx 8 N41 t 2

for any x4 (x 8 , t) � lH n and the associated distance is

d(x , y) »4Ny 21
i xN

for x , y� lH n where y 2142y .
B(x , r) will denote the homogeneous ball centered in x� lH n with radius

rD0.
The existence of cut-off functions in the Heisenberg group follows by standard

methods wheanever one observes that the horizontal gradient of the gauge distance
has lenght less or equal than one (this is a trivial computation from the definition).

For every function c defined on lH n , both left and right translations are defined
on lH n as

Ly c(x) 4c(y i x)

Ry c(x) 4c(x i y) .
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The Lebesgue measure is invariant with respect to the translations of the group,
though the shape of the ball changes if one shifts its center, and it is proportional to
the Q-th power of the radius, where Q42n12 is the homogeneous dimension of
lH n, that is NB(x , r)NC r Q NB(0 , 1 )N .

An operator N on lH n is left-invariant if Ly (Nc) 4N(Ly c), and similarly for
right-invariance.

The Lie algebra L(X) of left-invariant vector fields corresponding to lH n is gene-
rated by Xi , Xi1n for i41, R , n and their second commutator T . For this reason the
vector fields Xi , i41, R , 2n satisfy the Hörmander condition of order 2 [2].

The vector fields Xi don’t commute with right translations. In particular we cannot
interchange them with difference quotiens operators

Dh c(x) 4
c(x i h)2c(x)

NhN
, D2h c(x) 4

c(x i h 21 )2c(x)

2NhN

for x , h� lH .
For any i41, R , 2n and for any sD0, let hs

i , (hs
i )21 be the elements of the group

whose j-th component is s , or resp. 2s , if j4 i and 0 otherwise. We have

Xi D6h i
s
4D6h i

s
Xi

for every i41, R , 2n , but Xk D6h i
s
cD6h i

s
Xk if kc i .

For any a� (0 , 1 ), sD0 we will denote hs*4 (0 , s) and (hs*)214 (0 , 2s). For
every i41, R , 2n we have

Xi D6hs , a* 4D6hs , a* Xi .(5)

Finally we observe that

D2hs , a* Dhs , a* c4
c(x i hs*)1c(x i (hs*)21 )22c(x)

s 2a
4Dhs , a* D2hs , a* c .

3. - PRELIMINARIES RESULTS

The proof of the following Lemma is an easy calculation, so we will omit it.

LEMMA 3.1: Let pD1. For any function c�L p (V) with compact support v%V and
for any h such that NhNEd(v , ¯V), we have

�
V

f D6h c dx42�
V

c D
Zh f dx

for any f�Lloc
p/(p21) (V).
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LEMMA 3.2: For any c�C0
Q (V) and for any i41, R , 2n

lim
sK01

D6hs , 1* c4¯t c , lim
sK01

D6hs
i c4Xi c .

PROOF: Let’s observe that

Dhs , 1* c4�
0

1

(¯t c)(x i du hs*) du .

Therefore, taking into account that x i du hs*Kx when sK01 , we conclude the
proof. The proofs of the other limits are similar.

LEMMA 3.3 ([1], Proposition 2.3): Let pD1 and let c�Lloc
p (V) and g�C0

Q (V)
with v4 supp g%%V. Let i� ]1, R , 2n(. If there are some constants e 0D0 and
CD0 such that

sup
0 E sEe0

�
v

ND6hs
i cNp dxGC p(6)

then Xi c�L p (v) and VXi cVL p (v)GC. Conversely, if Xi c�Lloc
p (V), then (6) holds for

any v4 supp g%%V , v�C0
Q (V) and C42VXi cVL p (v) . The same result holds if we

substitute D6hs
i and Xi by resp. D6hs , 1* and ¯t .

LEMMA 3.4: Let c�C Q (V) and let g�C0
Q (B(R) ), where B(R) is a homogeneous

gauge ball such that B(2R) %V. Then there exists a positive constant C such that, for
any small e 0D0 and any pD1

(7) sup
0 E sEe0

�
V

ND6hs , 1/2* (cg)Np dxG

GC !
i41

2n { sup
0 E sEe0

�
V

NDhs
i (cg)Np dx1 sup

0 E sEe0

�
V

ND2hs
i (cg)Np dx} .

PROOF: We will suppose n41 for sake of simplicity. We start estimating for small
sD0 the integral s

V
ND2hs , 1/2* (cg)Np dx by the right-hand side of (7). Further, we will

estimate s
V

NDhs , 1/2* (cg)Np dx as well.

If x4 (x1 , x2 , t) �V and if we put for small sD0

y»4x i h
ks/2
1

z»4y i h
ks/2
2

w»4z i (h
ks/2
1 )21
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then we obtain w i (h
ks/2
2 )214x i (hs*)21 and, if we set v4cg , then

Nv(x i (hs*)21 )2v(x)N

GNv(w i (h
ks/2
2 )21 )2v(w)N

1Nv(z i (h
ks/2
1 )21 )2v(z)N

1Nv(y i h
ks/2
2 )2v(y)N

1Nv(x i h
ks/2
1 )2v(x)N .

Let’s divide both sides of the latter by ks/2 and integrate with respect to x�V the
p-th power of them.

For s small enough we have

�
B(2R)

N
v(y i h

ks/2
2 )2v(y)N

ks/2
N

p
dx

G �
B(3R)

N
v(x i h

ks/2
2 )2v(x)

ks/2
N

p
dx

(the modulus of the Jacobian of the application xKx i h
ks/2
1 is equal to 1) and the

other integrals in the right-hand side can be estimated in the same way.
So the first part of the conclusion easily follows. About the second part we pro-

ceed similarly by putting

y »4x i h
ks/2
2

z »4 y i h
ks/2
1

w »4 z i (h
ks/2
2 )21 .

We obtain w i (h
ks/2
1 )214x i hs* and the same arguments of the former case give as

well the result.
From Propositions 3.3 and 3.4 we easily deduce

COROLLARY 3.5: Let the hypothesis of Proposition 3.4 be hold. Then there exists a
constant CD0 such that, for any small e 0D0 and any pD1

sup
0 E sEe0

�
V

ND6hs , 1/2* (cg)Np dxGC�
V

NX(cg)Np dx(8)
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4. - PROOF OF THEOREM 1.1

Let’s multiply the equation (1) by the test function W4D2hs , 1/2* ( g 4 Dhs , 1/2* u), g be-
ing a cut-off function between B(R) and B(2R). Let’s observe that W�S0

1, p (V) in
virtue of (5). On account of (5) we obtain

(9) I114 I2 »4�
V

(Dhs , 1/2* A k )(Xk Dhs , 1/2* u) g 4 dx1

14 �
V

(Dhs , 1/2* A k )(Dhs , 1/2* u) g 3 Xk g dx40 .

Estimate of I1 For sake of simplicity we will denote Aj
k »4Aj j

k , j , k41, R , 2n . Let’s
observe that

(10) Dhs , 1/2* A k4�
0

1

Aj
k (x , Xu1us 1/2 Dhs , 1/2* Xu) du Dhs , 1/2* Xj u1

1�
0

1

Axl
k (x1us 1/2 Dhs , 1/2* x , Xu) du Dhs , 1/2* xl

where the repetition of the index l denotes summation from 1 to 2n11. If we
denote

a hs*
kj

»4�
0

1

Aj
k (x , Xu1us 1/2 Dhs , 1/2* Xu) du

b hs*
kl

»4�
0

1

Axl
k (x1us 1/2 Dhs , 1/2* x , Xu) du

then from (5), (9) and (10) we obtain

(11) I14 �
V 8

g 4 a hs*
kj Dhs , 1/2* Xk u Dhs , 1/2* Xj u dx1

1 �
V 8

g 4 b hs*
kl Dhs , 1/2* Xk u Dhs , 1/2* xl u dx4: J11 J2 .

From (a), (b), (c) and using Giusti’s technique ([6], Lemma 8.3), we obtain, for
j� lR 2n and suitable positive constants C

a hs*
kj j k j jFC�

0

1

V p22 (Xu1us 1/2 Dhs , 1/2* Xu) du j k j jFCWhs*
p22 NjN2(12)

Na hs*
kj NGCWhs*

p22 , Nb hs*
kl NGCWhs*

p21(13)
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where Whs*
2 »411NXu(x)N21NXu(x i hs*)N2 . On account of (12) we have

J1FC �
V 8

g 4 Whs*
p22 NDhs , 1/2* XuN2 dx .(14)

On account of the decomposition p21 4
p1 (p22)

2
we obtain from (13) and

Young’s inequality

(15) NJ2NGC �
V 8

g 4 Whs*
p21 NDhs , 1/2* XuNNDhs , 1/2* xNdxG

Gd �
V 8

g 4 Whs*
p22 NDhs , 1/2* XuN2 dx1d21 �

V 8

g 4 Whs*
p NDhs , 1/2* xN2 dx .

Let’s observe that, for sER , we have

�
B(2R)

Whs*
p dxG �

B(3R)

V p dx .(16)

On account of (14), (15) and (16) and for small d we obtain

I1FC1 �
V 8

g 4 Whs*
p22 NDhs , 1/2* XuN2 dx2C2 �

V 8

V p dx(17)

where C1 and C2 are suitable positive constants.

5. - ESTIMATE OF I2

We count again on (10), (13), (b) and (c) to obtain

(18) NI2N4NDhs , 1/2* A k Dhs , 1/2* ug 3 Xk g dxNG

G N �
V 8

a hs*
kj Dhs , 1/2* Xj u Dhs , 1/2* ug 3 Xk g dxN1N �

V 8

b hs*
kl Dhs , 1/2* xl Dhs , 1/2* ug 3 Xk g dxN G

G �
V 8

Whs*
p22 NDhs , 1/2* XuNNDhs , 1/2* uNg 3 NXgNdx1 �

V 8

W p21 NDhs , 1/2* uNg 3 NXgNdx .

The case pF2. Applying Young’s inequality to (18) gives

(19) NI2NGd �
V 8

g 4 Whs*
p22 NDhs , 1/2* XuN2 dx1

1CR 22 �
V 8

g 2 Whs*
p22 NDhs , 1/2* uN2 dx1C �

V 8

W p21 NDhs , 1/2* uNg 3 NXgNdx .
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Let’s observe that

�
V 8

g 2 Whs*
p22 NDhs , 1/2* uN2 dxGC �

V 8

(Whs*
p 1g p NDhs , 1/2* uNp ) dx(20)

and

�
V 8

Whs*
p21 NDhs , 1/2* uNg 3 NXgNdxGC �

V 8

(R 22 Whs*
p 1g p NDhs , 1/2* uNp ) dx .(21)

Lemma 3.4 gives

�
V 8

NDhs , 1/2* ( gu)Np dxGC �
V 8

(V p1NuNp ) dx .(22)

On account of (16), (18), R , (22) we obtain

NI2NGd �
V 8

g 4 Whs*
p22 NDhs , 1/2* XuN2 dx1CR 22 �

V 8

(V p1NuNp ) dx .(23)

Combining the estimates (17) of I1 with (23) of I2 for small d we finally
obtain

�
V 8

g 4 Whs*
p22 NDhs , 1/2* XuN2 dxGCR 22 �

V 8

(V p1NuNp ) dx .(24)

As Ns 1/2 Dhs , 1/2* XuN24NXu(x i hs*)2Xu(x)N2G4[NXu(x i hs*)N21NXu(x)N2 ] G

G4Whs*
2 , then (24) gives

�
V 8

s
p22

2 NDhs , 1/2* X( g 4 u)NpGCR 22p �
V 8

(V p1NuNp ) dx .(25)

From (5), (25), Lemma 3.3 and Lemma 3.4 we have

�
V 8

s
p22

2 ND2hs , 1/2* Dhs , 1/2* ( g 4 u)NpGCR 22p �
V 8

(V p1NuNp ) dx

that is

�
V 8

ND s
2 ( g 4 u)Np s 212p/2 dxGCR 22p �

V 8

(V p1NuNp ) dx(26)

where D s
2 w4w(x i hs*)22w(x)1w(x i (hs*)21 ), and then, for any a� (0 , 1 ),

�
0

1

�
V 8

ND s
2 ( g 4 u)Np s 212pb dx dsGCR 22p �

V 8

(V p1NuNp ) dx(27)

where b4
a

p
1

1

2
.
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Let’s now briefly recall some notions about some known functional spaces on lR .
We refer the readers to [12] and [13] for the details. Let us denote by Bp , p

u , u� (0 , 1 ),
pD1, the Besov space defined as the completion of C0

Q (lR) with respect to the norm

VWVL p 1 gsVD s
2 WVL p

p NsN212pu dsh1/p
, where D s

2 W(t) 4W(t1 s)22W(t)1W(t2 s). It
results ([13]: (9) p. 37; (9) p. 90) Bp , p

u 4W u , p , where W u , p denotes the fractional
Sobolev space. For the same values of u , p let us consider the Bessel potential spaces
H u , p defined as the completion of C Q

0 (lR) with respect to the norm VF 21 ( (11

1NjN2 )u/2 FW)VL p , where F denotes the Fourier transform. It results
H u1t , p%W u , p%H u2t , p for any small tD0. Moreover the interpolation spaces

(L p , W 1, p )u , Q4 {W�L p : sup
0 ENsNEs

VW(Q1 s)2W(Q)V L p

NsNu
EQ} , for some positive constant

sD0, satisfy H u , p% (L p , W 1, p )u , Q%H u
A, p , for any 0 E u

A
Eu ([12]: Theorem 1 p. 64;

(1), (4) p. 25; (11) p. 185). Collecting the previous inclusions we obtain

(L p , W 1, p )u12t , Q%H u1t , p%W u , p4Bp , p
u %H u2t , p% (L p , W 1, p )u2t , Q(28)

for any u� (0 , 1 ), pD1 and any small tD0. It follows in particular

VWV (L p , W 1, p )b2t , Q
GCVWVBp , p

b(29)

for any W�C0
Q (lR), any small tD0 and any a� (0 , 1 ), where b4

a

p
1

1

2
.

From (27) and (29) we obtain

sup
sEs

�
V 8

NDhs , b2t* ( g 4 u)Np dxGCR 22p �
V 8

(V p1NuNp ) dx .(30)

Let’s multiply equation (1) by the function D2hs , b2t* ( g 4 Dhs , b2t* u). Let’s observe that it
is a right test function for (1) in virtue of (5). Using (30) in place of Lemma 3.4 (possi-
bly modifying the domain of the cut-off function g) we can repeat the argument from
(9) until (25). More precisely, in place of (25) we have now

�
V 8

s (p22)(b2t) NDhs , b2t* X( g 4 u)Np dxGCR 24p �
V 8

(V p1NuNp ) dx(31)

from which, arguing as for (26), we obtain

�
V 8

ND s
2 ( g 4 u)Np s 22(b2t)2p/2 dxGCR 24p �

V 8

(V p1NuNp ) dx(32)

and then

�
0

1

�
V 8

ND s
2 ( g 4 u)Np s 2s dx dsGCR 24p �

V 8

(V p1NuNp ) dx(33)

where s42(b2t)1
p

2
1a .
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Let now E 8% lR 2n , F 8% lR be intervals such that V 8%E 83F 8 and let q , q 8D1 be

such that 1

q
1

1

q 8
41. Let’s choose q in such a way that 2p 8

q 8
E1, that is 2p

q
Dp11.

As Bp , 1
1 (lR) %W 1, p (lR) ([13]: (5), (10), p. 90), then we have

(34) �
V 8

NT( g 4 u)Np dx44 �
E 8

�
F 8

N¯t ( g 4 u)Np dt dx 8G

GC�
E 8

u �
0

1

VD s
2 ( g 4 u)VL p (F 8 ) s 22 dsvp

dx 8G

GC�
E 8

yu �
0

1

u �
F 8

ND s
2 ( g 4 u)Np dtv s

2
2p

q dsv u �
0

1

s
22p 8

q 8 dsv
p

p 8 z dx 8G

GC�
E 8

�
0

1

u �
F 8

ND s
2 ( g 4 u)Np dtv s

2
2p

q ds dx 84

4C�
0

1

�
V 8

ND s
2 ( g 4 u)Np s

2
2p

q dx ds .

Let’s now set 2p

q
4s . This can be done provided sDp11, and this holds for any

2 GpEa22t1k(a22t)214a . As (a22t)1k(a22t)214aK11k5
when aK1, tK0, then, for any 2GpE11k5, (3) follows from (33) and (34).

The case pE2. As

Ns 1/2 Dhs , 1/2* XuNG2Whs*

then, for g4
22p

p
, we obtain

N �
V 8

Dhs , 1/2* A k Dhs , 1/2* ug 3 Xk g dxN

G �
V 8

Whs*
p22 NDhs , 1/2* XuNNDhs , 1/2* uNg 3 NXk gNdx

GC �
V 8

Whs*
p221g s 2g/2 NDhs , 1/2* XuN12g NDhs , 1/2* uNg 3 NXk gNdx
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(by Young’s inequality with exponents p

p21
and p)

(35) Gd �
V 8

g 4 Whs*
p22 NDhs , 1/2* XuN2 dx1CR 2p d21 �

V 8

(NDhs , 1/2* ( gu)Np1NuNp ) s 2gp/2 dx .

Using Lemma 3.4 the second integral in the right hand-side of (35) can be estimated by

cR 2p d21 �
V 8

(V p1NuNp ) s 2gp/2 dx .

Hence, on account of (17) and (35) with small d , we obtain

�
V 8

g 4 Whs*
p22 NDhs , 1/2* XuN2 dxGCR 2p �

V 8

(V p1NuNp ) s 2gp/2 dx .(36)

If 2s4p(22p), then, by Young’s inequality with exponents 2

22p
and 2

p
, (36) gives

�
V 8

g 4 NDhs , 1/2* XuNp dx4 �
V 8

g 4 Whs*
s Whs*

2s NDhs , 1/2* XuNp dx

GC �
V 8

g 2 (Whs*
p 1Whs*

p22 NDhs , 1/2* XuN2 ) dxGCR 2p �
V 8

(V p1NuNp ) s 2gp/2 dx

and then

�
V 8

NDhs , 1/2* X( g 4 u)Np dxGCR 22p �
V 8

(V p1NuNp ) s 2gp/2 dx .(37)

From (37) and Lemma 3.4 we obtain

�
0

1

�
V 8

ND s
2 ( g 4 u)Np s 2p2a dx dsGCR 22p �

V 8

(V p1NuNp ) dx(38)

for any 0 EaE1/2 , where D s
2 w»4w(x i hs*)22w(x)1w(x i (hs*)21 ), and then

�
0

1

�
V 8

ND s
2 ( g 4 u)Np s 212pb dx dsGCR 22p �

V 8

(V p1NuNp ) dx(39)

where b»4a1 g12
1

p
h .

From (29) and (39) we obtain

sup
sEs

�
BR/2

NDhs , b2t* ( g 4 u)Np dxGCR 22p �
V 8

(V p1NuNp ) dx .(40)

Let’s multiply equation (1) by the function D2hs , b2t* ( g 4 Dhs , b2t* u). Let us observe that it
is a right test function in virtue of (5). If we repeat the argument from (9) until (35),
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then we obtain

(41) N �
V 8

Dhs , b2t* a k Dhs , b2t* ug 3 Xk g dxN Gd �
V 8

g 4 Whs*
p22 NDhs , b2t* XuN2 dx1

1Cd21 R 2p �
V 8

(NDhs , b2t* ( gu)Np1NuNp ) s 2gp(b2t) dx .

The second integral in the right hand-side of (41) can now be estimated using (40) in
place of Lemma 3.4 (possibly modifying the domain of the cut-off function) by

CR 23p d21 �
V 8

(V p1NuNp ) s 2gp(b2t) dx .

Hence, on account of (41) with small d and the above estimate we obtain now in place
of (36)

�
V 8

g 4 Whs*
p22 NDhs , b2t* XuN2 dxGcR 23p �

V 8

(V p1NuNp ) s 2gp(b2t) dx .(42)

We proceed from (42) as in (36), R , (38) to obtain

�
0

1

�
V 8

ND s
2 ( g 4 u)Np s

2
p

2
2p(b2t)2mp

dx dsGCR 24p �
V 8

(V p1NuNp ) dx(43)

where m� (0 , 1 ) satisfies mp1gp(b2t) E1. For any 11
1

k5
EpE2 we can choose

m and t in such a way that p

2
1p(b2t)1mp411p . In this case (43) gives

( g 4 u)(x 8 , Q) �Bp , p
1 (lR). As for any 1 EpE2 we have Bp , p

1 (lR) %W 1, p (lR) ([12]: (7)
p. 169; (8) p. 179) then (3) follows and the proof of Theorem 1.1 is finally
concluded.

6. - PROOF OF THEOREM 1.2

Let’s set W4D2hs , 1* ( g 4 Dhs , 1* u) in (2). Taking into account Theorem 1.1 in place of
Lemma 3.4 we can proceed as in Section 4 obtaining now

�
V 8

g 4 Whs*
p22 NDhs , 1* XuN2 dxGCR 22 �

V 8

(V p1NuNp ) dx .(44)

We deduce from (44) that Dhs , 1* Xu is bounded in L 2 (B(R) ). By Lemma 3.2, possibly
up to a subsequence, Dhs , 1* Xu converges in Lloc

2 (B(R) ) to ¯t Xu as sK0 and then
Tu�Sloc

1 , 2 (B(R) ). Moreover we can extract from it a subsequence converging for a.e.
x�B(R). By Lemma 3.2 Whs*K (112NXuN2 )1/2 for a.e x�B(R) as sK0. Passing to
the limit sK0 on (44) we conclude the proof.
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