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AsstracT. — We study the existence and the asymptotic behaviour of bounded solutions of
a quasi-linear relaxed Dirichlet problem, involving a Dirichlet form. The classical problem, that
is when the Dirichlet form is associated with the Laplace operator with Dirichlet boundary con-
dition, has been studied by S. Finzi Vita, F.Murat and N.Tchou in [16]. The same classical
problem, in the non-relaxed case, has been treated by L. Boccardo, F. Murat and J. P. Puel in
[7]. We prove the existence result under a suitable assumption on non-linear term that, in [16],
corresponds to the requirement of quadratic growth with respect to the gradient. As in [16],
the proof is divided in five steps of which first three steps extend the techniques used in [7]. We
also show a stability property of solutions with respect to the y-convergence of measures when
the limit measure is sufficiently regular. In this case, the assumption on the non-linear term cor-
responds, in [16], to the requirement of strictly subquadratic growth with respect to the gradi-
ent. The proof makes essential use of correctors result of M. Biroli, C. Picard and N. A. Tchou

([4]).

I problemi di dirichlet rilassati quasi-lineari per una forma di dirichlet

Sunto. — Studiamo Desistenza ed il comportamento asintotico delle soluzioni limitate del
problema di Dirichlet rilassato, quasi-lineare, per una forma di Dirichlet. I problema classico,
ossia quando la forma di Dirichlet & associata all’operatore di Laplace con condizioni di Diri-
chlet al bordo, ¢ stato studiato da S. Finzi Vita, F. Murat and N. Tchou in [16]. Lo stesso pro-
blema classico, nel caso non-rilassato, ¢ stato trattato da L. Boccardo, F. Murat and J. P. Puel in
[7]. Proviamo il risultato di esistenza sotto un’opportuna ipotesi sul termine non-lineare che, in
[16], corrisponde alla richiesta di crescita quadratica rispetto al gradiente. Come in [16], la di-
mostrazione ¢ divisa in cinque passi dei quali, i primi tre, estendono le tecniche usate in [7].
Mostriamo anche una proprieta di stabilita delle soluzioni rispetto alla y-convergenza di misu-
re, quando la misura limite & sufficientemente regolare. In questo caso, I'ipotesi sul termine
non-lineare corrisponde, in [16], alla richiesta di crescita strettamente sottoquadratica ri-
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spetto al gradiente. Nella dimostrazione si fa un uso essenziale del risultato dei correttori

di M. Biroli, C. Picard e N. A. Tchou ([4]).

1. - INTRODUCTION

In this paper we are interested in the study of the existence and the asymptotic be-
haviour of bounded solutions of quasi-linear relaxed Dirichlet problems involving a
Dirichlet form. The problem, in the classical case of the Dirichlet form a(u, v) =
= JVU Vv dx with domain Hy (£2), was studied by S. Finzi Vita, F. Murat and N. Tchou

Q
in [16]. In this case, the Dirichlet form is associated with the Laplace operator with
Dirichlet boundary condition on 3£ and the problem can be formally written as

(1.1) { —Au+dou+uu=f(x, u,Du) in Q

u=0 on 0

where Q is a bounded domain in R”, 4 is a positive constant, fis a given function that
satisfies a quadratic growth hypothesis with respect to Du and u is a measure in the
class 9, () of all non-negative Borel measures on L2 that vanish on subsets of 2 with
Zero capacity.

Let us recall that the relaxed Dirichlet problem in the linear case have been intro-
duced by G. Dal Maso and U. Mosco in [11] and [12] to study limits of Dirichlet
problems in highly perturbed domains. The generalisation when a Dirichlet form ap-
pears has been studied by G. Dal Maso, V. De Cicco, L. Notarantonio, N. Tchou in
[10] and by M. Biroli and N.Tchou in [5] in the symmetric case, by S. Mataloni and N.
Tchou in [24] without any assumption of symmetry. In all these works a particular
class of Dirichlet forms has been considered: the strongly local regular Dirichlet forms
satisfying, as it will be explain with details in Section 2, a Poincaré inequality and a
suitable duplication condition. These forms are called regular Poincaré-Dirichlet
forms and their properties have been investigated by M. Biroli and U.Mosco in [2].
They prove that this framework is «rich enough» in the sense that the theory that they
developed includes some aspects of the classical variational theory of second order el-
liptic equations and also a wide class of degenerate elliptic operators with discontinu-
ous coefficients, such as weighted and subelliptic operators.

Let us come back to our problem to explain it more precisely.

Let X be an arbitrary connected locally compact separable Hausdorff space and let
m be a given positive Radon measure supported on the whole of X. Let (4, D(a)) a
regular Poincaré-Dirichlet form on the Lebesgue space L2(X), with energy measure
alu, u)(x) e L} (), and let Q be a relatively compact open subset of X. Let us denote
by Dy(a, 2) the closure in D(a) of D(a) N Cy(R). Let us define V,)(£2) as the space
Dy(a, 2) N L7 (L) where the measure u belongs to the space of the non-negative
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Borel measures on © that vanish on subsets of £ with zero a-capacity (Definition 3.1).
We are interested in the bounded solutions of the following problem

ue V(2 NLI(Q)

(1.2) alu, v) +lojuvdm + juvdﬂ = Jqﬁ(x, u(x), a(u, u)(x)) vdm
I} o 2

Yove V;(Q) NLZ(Q)

where 1,>0 and ¢ is a Carathéodory function defined on 2 X R X R* such
that

|p(x, 5, p) | <o+ b(|s|) p?

for some constant ¢, and an increasing function 4.

In order to prove the existence of bounded solutions of (1.2) we use the tech-
niques of [16] that extend which ones used by L. Boccardo, F. Murat, J. P. Puel in [7]
in the classical (non relaxed) case. More precisely, as in [7], we prove the existence of
a sequence {z,} of solutions of approximate problems and we show that such a se-
quence is uniformly bounded in V! (2) N L, (). In the last two steps, as in [16], we
prove the strongly convergence of the sequence {z,} in Dy(a, £2) and in L () to a
function « that we will prove to be the solution of the problem (1.2). In particular let
us show that the uniform bound in V) (2) N L,7 () of the solution of (1.2) is inde-
pendent of the measure u. This property will be essential to prove in Section 4 the ho-
mogenization result of Theorem 4.10. In this theorem we show a stability property of
solutions of (1.2) with respect to the y-convergence of measures (Definition 4.2),
when the limit measure is sufficiently regular, under a suitable assumption on ¢ that in
the classical case (1.1) correspond to the requirement on the growth of # with respect
to Du to be strictly subquadratic. Let us underline that, in the proof of Theorem 4.10,
an important role is played by the use of the correctors result in the linear case of M.
Biroli, C. Picard, N. Tchou (Proposition 4.7).

2. - SETTING AND NOTATION

Let X be an arbitrary connected locally compact separable Hausdorff space and let
m be a given positive Radon measure supported on the whole of X. We denote by

L2(X) the usual Lebesgue space endowed with the inner product (#, v) = f uv dm

and the norm [lu/lf2 = («, u). '

We assume that we are given a strongly local, regular, symmetric Dirichlet form
a(-, -) on L2(X) whose domain will be denoted by D(z). Such a form admits the inte-
gral representation a(u, v) = ja(u, v)(dx) for every u, veD(a) where a(u, v) is a

. X . . . .
non-negative Radon measure on X, uniquely associated with the functions # and » and
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is called the energy measure of the form . Let us recall that a form a(-, -) is regular if
there exists a core Cc Cy(X) N D(a), which is dense in Cy(X) with respect to the uni-
form norm and in D(a) with respect to the intrinsic norm:

e, = (alet, u) + |lullf2)"72.

We assume that C is an mz-separating core, see [2], that is for every x, ye X, x Zy,
there exists ¢ € C such that ¢(x) # ¢(y) and a(¢, ¢) < 7 where the last inequality is
understood in the sense of measures on X.

By the strong locality of the form, for any open subset A of X the restriction of the
energy measure a(«, v) to A depends only on the restrictions of z and v to A, then this
property allows us to define D(a, A) as the set of all functions # |, when « € D(a). We
define Dy(a, A) as the closure of D(a) N Cy(A) in D(a) endowed with the intrinsic
norm. We refer to [2], [17], [22] for the properties of a(z, v) with respect to Leibnitz,
chain and truncation rules.

We define a distance d associated with the form by

d(x, y) = sup{p(x) — ¢(y): ¢ € D(a) N Cy(X) with ale, ¢) <m on X}

and denote by B(x, 7) the ball {yeX: d(x, y) <r}.
Moreover, for every compact set Kc X, we make the following assumptions:
(D) The metric topology induced by the distance d on X is equivalent to the given
topology of X. Further we assume that there exist three constants v, Ry>0 and
Cy > 1 (with v independent of K) such that a duplication property holds for the balls
B(x, r) with xeK and »r<2r<R <R, that is

m(B(x, 7)) = co(%) m(B(x, R)).

Then metric space (X, d), together with this doubling measure 72 is a locally space of
homogeneous type or a homogeneous space in the sense of Coifman-Weiss (see
[9]).

Let us remark that if X is the union of a sequence of balls of radius R, then the
separability of X is a consequence of the homogenity.

(P) For every ball B(x, ), xe K, (r<R,) and every fe D,;,.(B(x,kr)) the Poincaré
inequality

[ 1=t PdmsCr® [ alf, P

B(x, r) B(x, kr)

holds, where C; >0 and £ =1 are constants independent of x, <R, and f, , is the
average of f on B(x, r) with respect to the measure 7z.

From property (P), assuming that B(x, ) ¢B(x, 27) # X (r < % ), we obtain, by
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standard methods, the inequality

(P,) j /|2 dim < Cyr? j alf, £)(dx)

Bl(x, r) B(x, r)
for every fe Dy(a, B(x, r)); by a covering argument it is easy to prove that the inequa-
lity (Py) holds also if » = %, with a constant C, that depends on R,.

We recall that in this assumption the following embedding result holds:

Treorem 2.1 Compact embedding property: Let Bgx a ball in X. Then the
property

Dy(a, Bg) is compactly embedded into L2(Bg)
is fulfilled.

Proor: See Lemma 2.5 in [5]. =

Finally, for any open subset A of X, we assume the existence of Radon Nikodym
derivative
a(u, u)(dx)
(A) alu, u)(-) = ————— e L) (A).
dm
Let us conclude this section with some examples in which our results can be
applied:

(a) forms connected with second order elliptic operators for X = R”, » = 2 and
dx := m the Lebesgue measure on X. Here the distance is equivalent to the usual Eu-
clidean distance;

(b) forms connected with degenerate elliptic operators with a weight w in the
Muckenhoupt’s class A,; let us recall that in the model case X = R” and # = 2, w(x) =
= |x|“ the requirement w € A, means that —# < a < 7. Here the distance is equivalent
to the usual Euclidean distance (refer to [15] for the validity of properties (D) and

P));

(c) forms connected with subelliptic operators in the case of smooth or non-
smooth coefficients. Here the distance is defined in relation with the operator (we re-
fer to [19] for properties (D) and (P));

(d) forms connected with vector fields satisfying Hormander condition in the
case of smooth or non-smooth coefficients, given by a matrix, that is uniformly elliptic
with respect to a weight in the intrinsic Muckenhoupt’s class: here the distance is the
same as in the non-weighted case, property (D) derives from the definition of the in-
trinsic Muckenhoupt’s class and we refer to [23] for property (P) — see also [18], [25]
for the non-weighted case.
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3. - THE PROBLEM. EXISTENCE RESULT

From now on let Q be a relatively compact open set in X such that Q ¢ BxCB;x
with B,z # X. For every Borel subset E, let

cap’(E, Q) = inf{a(v, v)/veD(a) N C;(L2), v=1 on a neighbourhood of E}.

We refer, for all properties holding for the capacity related to a Dirichlet form, to the
book of Fukushima [17], only observing that they hold again, in our case, due to val-
idity of property (P,).

In particular we say that a property P(X) holds guasi everywhere (abridged as g.e.) in
aset ECEc @, if it holds for all x € E except of a subset N of E with cap’(N, ) = 0.
A function z : 2 —R is said to be guasi continuous if for every € > 0 there exists a set
AcQ, with cap’(4, Q) <e¢, such that the restriction of # to Q\A is continuous.

Every ue D(a, ) has a quasi continuous representative, which is uniquely de-
fined up to a set of capacity zero. In the sequel we shall always identify # with is quasi
continuous representative, so the pointwise values of a function # € D(a, 22) are de-
fined quasi everywhere.

DeriNiTION 3.1: For a relatively compact open set Qc X, let NG () be the set of all
non-negative Borel measures u on Q which are absolutely continuous with respect to
cap?, ie., u(E) =0 for every Borel set Ec Q with cap’(E, Q) =0.

Let us consider a Carathéodory function ¢ on QX RXR" that is ¢ is such that

ED) [ 7) V(s,p)eRxR", x—>¢(x, s, p) is a measurable function

i) for a.e. xef, (s,p) —@lx, s, p) is a continuous function

and let us assume that the following inequality holds:
(E2) for ae. xeQ,VseR, VpeR", |p(x, s, p) | <o+ b(]|s|) p?

where b(+) is an increasing function from R* to R* and ¢;e R*. Let us remark that
the assumption «b increasing» is not a restriction indeed we can replace  with 4 de-
fined as A(s) = sup b(r) for any se R*. Moreover let us consider

0srs<s
(E3) Ao>0 ue ().
We are interested in bounded solutions of the following problem

ueVy(2)N L (RQ)

(3.1) a,lo(u,v)—kjuvdu= J'qf)(x,u,am(u,u))vdm
2 Q

Yve V‘L?(Q) NL>(2)
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where V:(Q) =Dy(a, ) ﬁL/f(Q), a,(u, v) =alu, v) +Ao(u, v). (a,Da)) is a
Dirichlet form with the assumptions of the previous section and a(x, «) is its energy
measure. Let us observe that, since zeD(a, Q)NL,(2), the function
o(x, u(x), a'*(u, u)(x)) belongs to L1(2) by (E2), indeed:

j | (e, ulx), @ (u, u)(x)) | dm < com(Q) + b(|lu].) jaw, u) dm < o |
Q Q

Tueorem 3.2: Under assumptions (E1), (E2), (E3), there exists at least a bounded
solution u of problem (3.1).

Remark 3.3: Theorem 3.2 extends the result of [16] (Theorem 3.2) when the re-
laxed Dirichlet problem involves a Dirichlet form.

Proor or THEOREM 3.2.

Step 1: Existence of approximate solutions.

For sake of simplicity we introduce the operator @ from D(a, Q)N L, () to
L1(Q) defined as

D(u) = Pplx, u, a'?(u, u)).

We construct a sequence of problems that approximate (3.1) by introducing for any
€ >0 the bounded operator

b
& ()= — W
1+ |D(u)|e
Let us note that
1
(3.2) |D.(u) | < " | P ()| < |P(u)| ae..

We shall first prove, for € > 0 fixed, the existence of a solution #, of the quasi-linear
problem

U, € V/?(Q) NLy(2)

(3.1,) 4, v)+fugvdu= J¢£(ue)ydm Yoe V(Q).
Q Q

Claim: the mapping §: V] (Q)—V.)(2) that associates with each function
we V() the unique solution @ = Sw of the linear problem (whose existence is as-
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sured by [10] (Prop. 4.2)
weV)(Q)
a,,(w, v) + Jﬁva’,u = Jd?s(w) vdm VveV)(2)
2 2

satisfies the hypothesis of Schauder fixed-point theorem. Indeed let us denote by V
the following set

m(g)m

Aoe

Vi= {ve V() [lellve i <

where 2o =min (1, 4,) and
1/2
Iohpean = (< 0t |v|zdu)
Q

and let us observe that, for every 1 =0, 4; (v, v) and 4, (v, v) are equivalent norms on
Dy(a, Q). It results that, if weV/?(Q) then Swe V/f(Q) and

W(Q)l/z

a3, (Sw, Sw) + [ |Sw]? du <[, ez ISl < ISzelye
Q

then
m(g)l/z
Aot

HSw

<
Vi ™

that is SweV.

S is a compact operator: let {w, } be a bounded sequence of V(). For & fixed,
®,(u) e L7 (2) hence @, (w,) is bounded in L2(£2) uniformly with respect to 7 and
D, (w,) =P weakly in L (2). Let {w, } := {Sw,} € V(). Since w,, is bounded in
V2(R), there exists a subsequence {#,} such that #,—% weakly in Dy(a, Q), u,—u
weakly in L7 (£2) and #,— u strongly in L, (L) -since the embedding of Dy(a, 2) in
L2(R) is compact, see Theorem 2.1. Let us denote by {#,} the subsequence of {w,}
such that Su, = u, for every neIN. It results that

4, @, %, — ) + faﬂ@ — @) du= f@s(un)(ﬁn — %) dm
Q Q

then

a3, @, =78, ~ ) + [ @, = TP du+ 4, 0,7, ~7) + [0, ) du= [ @, (u,)@,~7) dm .
Q Q Q
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Letting 7 to infinity we have
lim a;, (7, 7,7, 7) =0
and

lim @, - 2? du=0
Q

that is %,— % in V,)(2). Thus the mapping § has a fixed point that is the problem
(3.1,) has at least a solution that belongs to V(). Moreover, this solution is in
L2 (), with

(3.3) -

1
—<u s —.
Aoe AoE

1 +

To prove this, we use the function |z, — =z, as the test function in problem

&
(3.1,). This is possible since z, € Dy(a, 2) and since 0 < 2 < u," then z, belongs to
L7(2) and thus to V(). Then, since 4 =0 and by (3.2) we have

0= ﬂ(zsy Zs) = Ja(zw Zs) dm = JX{%S>(1MUE)}a(Hs) Zs) dm <
Q Q

fa(ug, 2.) dm + fzwj du = alu,, z,) + J-zsugd,u =
o) o)

Q

j( —Aoue + P (u,)) z.dm < J(—loug + ! ) 2. dm
€

Q Q

1 I
=j —Aotte+ — |, — — | dm<0
I3 Ao€

Q

so that z, = 0. This proves one of the inequality of (3.3). The other inequality is proved

. o . 1\~ w
in the same way by considering the test function — |z, + — - Thus u.e L, ().

&
We have also proved that u.eL,”(£2) since V,(£2) HLE(Q)CVL?(Q) NL7(Q).
Indeed if #e V) (2)NL, (L), its quasi-continuous representative # is such that
|| <k qg.e.Since #eL; () then u is u-measurable and since u e IG(£2) hence
|u| <k p-ae. that is ueL,” ().
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Step 2: The solutions u, of problem (3.1,) are uniformly bounded in L, (Q).
More precisely we can prove that

<
(34) U || oo < —

0

where ¢, is the constant that appears in (E2). Let us denote by

2 ( e || oo
t,= % and T.(v) = vexp (¢,0?).
Let us consider z, = u, — ;—0 and let us note that T,(z,") € V() by the chain rule

and since 2z, € VMO(.Q) N L,,% (2)NL7 (). To prove the uniform bound in L,’ (L)
(3.4) we use T.(z,") as test function in (3.1,):

a;,(z,, T,(z,")) + ng T, (z,") du =

Q

alz,, Tolz)) + Ag(z, To(z)) + J’zeTs(zj) du =

Q

alug, To(z.)) +io(ue - ;—O , Ts(zg*>) + fzg T.(z") du=

0 Q

it T )+ [0 Tole! ) du=ao [ T d = - [ 1.6 du=
o 0

°)
f@ u,) To(z." dm—cofT 2.") dm— — il fTJz;)d
Ao
2

since a4 is a strongly local form. Let us observe now that T, (v) =exp (¢,v2) +
+2t,v%exp (t,v?) hence, denoted by e, = exp [, (2.7 )?1, by chain and truncation rules
it results that

[atz, Tz dm = [T (@5 alz, 27) dm
Q Q

= fega(zs, z.") dm+2t5f(ze+)2€£a(zs, z") dm .
Q Q

Moreover let us note that a(z,, z." ) =y, >0 a(z, z.) = alz,", z."), then by previous
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computation, by (3.2) and by (E2), we have

f ealz, ) 2 ) dm+ 21, f (P eoales, 2 ) dm+ Ay J 2t e, dm

Q Q Q

+ J’zeze e, du = J@ ) €. 2, dm—cofegze dm— — Je z. du
o

Q

< blule) [t ) ez dor = 22 ez du
0
Q

Q

o) [ evatine, )22, atu, w2 dm

Q

= b(|[et, || o) fega(z;, 22 alzt, 2 ) 2 dm

Q
”u ||°° +12 + L+
— | ealzt, z7) dn+ ——— 5 e.(z." Valz', z.7) dm

where we have used the fact that
Yalzt, b)) =2 alz,, 2.) =zt alu,, u,).

Finally, by the definition of #, the last two terms are involved in the corresponding
terms that reduce the first term in the left hand-side, so

b? ©
% Jemt(zj, z.) dm + % Jeg(zg+ Yalzt, z5) dmn<0
o

) G ) .
then, since ¢,=1 we have z," =0 and #, < — . The inequality u, = — ;—O can be
proved by the same methods. 0 0

Step 3: Uniform estimate in Dy(a, Q).

Let ¢, =b( =2 |. To show the uniform estimate in Dy(a, £), we use as test func-
2
tion in (3.1,) the functlon T(u,) € V,)(2) where T(v) = vexp (tv?) and ¢ = % . In the
following we denote by E, = exp (tu ). We have

J.a(ug, T(u,)) + zojug T(u,) dm + ju T(u,) du = jrpgw T(u,) dm
o Q o

Q
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then, by chain rule,

f(E€+2tu€2Ee) olu,, u,) dm +/10J-u82E£dm+ Jungd,u
Q

Q

e}
= f@S(uE) E, u,dm
e}

< J(co+b(|u£|)a(u£,us))E£|us|dm

Q

< Jco |, | E.dm + Jcl |u. |E.olu,, u.) dm
o e}

2,2
Eecl Uy

2 E
< ¢yexp (1% ) &m(g) + j 7801(%5, u,) dm + J Ta(ug, u,) dm

Q Q

then

1 1
— nga(ug, u,) dm+ — JEscfufa(ug, ) dm+loju3E5dm+ fungsdﬂ
29 2.@ Q Q

2
< pexp (t%);—om(g).
0/ 4o

Since E, > 1 we have

o g c?
(3.5) fufdu + Ja(us, u,) dm<K:=2 ;L—exp m(Q),

/12
o o 0 0

which means that #, is uniformly bounded in V,)(£2). Extracting a subsequence (still
denoted by #,), we have proved the existence of a function # e V() N L * (L) such
that u,—u weakly in Dy(a, ), u,—u weakly in L7 (2), weakly * in L,7 (2) and »,—
—ua.e. in 2, then u,— u strongly in L2 () for any 1 < p < o . Hence we conclude in
particular that

.. < ;_‘:) and [, <K.

Note that the L,’ () bound as well as the Dy(a, ) bound do not depend on the
measure u but only on ¢y, 4y, ¢; and Q.
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Step 4: The sequence u, converges strongly in Dy(a, Q) and in L7 () to the
function u.

Let € and 5 be two positive parameters and #, and «, be the corresponding sol-
utions of (3.1,) and (3.1,). Let T(v) = vexp (tv?), ¢ = 16¢{ and ¢; = b(cy/A,). Subtract-
ing (3.1,) from (3.1,) and using the test function T(z, — u,) which belongs to V) (),
we obtain

Ja(us —uy, T(u, — u,)) dm + lof(ug —uy,) Tu, — u,) dm
2

Q

+ J(ug— uy) Ty — u,) du
Q

= [[. () = @, ()] T, ~ )
Q

< j[Zco + o alu,, u,) + ¢y aluy, w) | T(u, — u,) |dm
e

where we have use the hypothesis (E2) on @,(«,) and on @, (u,).
Let us observe now that for any «, v € D(a), since the density a(«, v)(:) is a sym-
metric bilinear form such that a(«, #)(-) =0, then

(3.7) |a(u, v)() | < —alu, u)(-) + %a(v, v)(+)

N|)—A

that implies

olu, ) )=alu—v+ov,u—v+v)()
=alu—v,u—v))+alv, ))+2alu—v, v)(+)
S2a(u—v, u—0v))+2alv, v)(-)

hence

[ etare =y, Tlate = ) o+ & [ (1 = ) Tlase = )
Q

Q

[ = ) Tl = ) e <
Q

fZCO | (et — u1,) | iz + 2 fcl | T, — uy) | Lo, — wy, u, — uy) + alu,, u)] dm
2 9

+ [ | T, = ) |t ) dim <
Q



[260 | Tt =) | i+ [ 360 | T, = ) |l ) dom
Q Q

+2 [0 | Tl = ) | alar, = 1y, 1= 20,)
Q

Since the second and third integrals of the left hand side are non-negative, we get by
the chain rule

J[T’(us— uy) = 2¢y | T(ug — uy) | 1o, — wyy, we — ) dm
9

(3.8)
< IZCO | (e, — u,) | dime + IBCI | T, — u,) | (e, u,) dm .
Q Q

Let us observe that the left-hand side is weak lower semicontinuous. Indeed,

alu, = uy, u, — uy) Flu, — u,) dm =

S

jmcws — ), Glu, — u,)) dm
Q

where Fu, —u,) :=T"(u, — uy) —2¢; | T(u, — u,) | >0 (by the choice of 7) and
G'(u, — u,) := F'*(u, — u,), hence by the weak lower semicontinuity of the form a,
it results that

a(G(u, — u), G(u, — u)) < lim inf a(G(u, — u,), Glu, — u,))

n—0

= lim iglf alu, = uy, u, — uy) Flu, — u,) dm .
7]%

Now let # go to zero in (3.8). By the results of Step 3 on the sequence #,, the continu-
ity of functions T and T' and the weak lower semicontinuity of the left-hand side, we
easily pass to the limit in (3.8), so that

J[T'(ug—u)—261|T(u£—u)|] alu, — u, u,— u) dm

Q

< 26| Tlue = ) | dm + 30| Tl = ) |l ) dm
Q Q

< IZCO | T(ot, — ) | dm + Jécl | T(ote — u) |Lalor, — o, ue — ) + alu, u)] dm
9 2



then, by the choice of # that implies T'(v) — 8¢, |T(v) | = =, we have

™ I

%J’a(ue—u, Uy —u) dm < f[T’(ug—u)—861|T(u£—u)|]a(ug—u,us—u) dm

< JZCO | T(u, — u) | dm + Jécl | T(u, — ) |, u) dm .
o Q

Since the last integral tends to zero as ¢ tends to zero, we have proved that #, tends to
u strongly in Dy (a, ). The convergence is strong in L () too, since, coming back to
the first inequality in (3.6), we get

[ Nate =y |2 du < [ = a0y | | TCt, = 0,) |
Q

Q

< j[Zco + o alu,, u) + cyalu,, u)] | T(u, — u,) | dm

Q

that tends to zero as £¢—>0 and 5—0 since #,—u and wu,—u strongly in
Do(ﬂ, Q).

Step 5: Passing to the limit in (3. 1,) and proving that u is a solution of problem
(3.1).

By Step 4 we know that #, tends to « strongly in Dy(a, ) (up to the extraction of
a subsequence) that implies a(u,, #,) = a(u, u) a.e. in 2. Then, by the continuity of
¢ with respect to (s, p),
Px, u, a'?(u,, u,))

Polu) = 1+ eplx, g, @ (uy, u,)) =9 u, 6, 4) =B ae in 2.

Moreover, since a(u,, u,) —>a(u, u) in L} (L) hence, by Vitali’s Theorem, for any
subset Ec Q,

lim Ja(ug, u,) dm =0
mE)=0 -

uniformly with respect to ¢, and by (E2) with ¢, = b(;—o)
J | D@, (u,) | dm < J[co +calu,, u,)l dn
E E

then

lim J|d> |dm$ hm com(E) + lim clfa(us,ug)dm=0
m(E) —0 —0

m(E)—0
E



uniformly with respect to €. Applying Vitali’s theorem again,

12
b () ox, u,, " (u,,u,))

) = —¢(x, u, 0 (u,u)) = D(u) strongly in L (Q).
1+ep(x,u,, a?(u,,u,) ¢ &Y

This shows that # solves problem (3.1), as we wanted to prove. ®

Remark 3.4: As already observed in [7] Remark 3.3 and in [16] Remark 2.2, the
strict positivity of A, is essential in the proof of Theorem 3.2 because it allows us to ob-
tain the L, (2) bound on #,. Since the term containing the measure could degenerate
somewhere in Q (either with u = 0 or with u = + ), the existence of a solution is no
more guaranteed in the absence of the zero-order term in the operator. As a coun-
terexample, one could consider which one considered by J. L. Kazdan in [20] (see also
[7] Counter-ex. 3.1) with an extra term uz with either 4 =0 or or u = o, E being a
closed subset of 2 and oo being the measure defined by

0 if cap”(BNE, Q) =0

+ o otherwise .

°°E(B) = {

Of course, hypothesis (E3) can be replaced by
Ao=0, uedf(Q), u+iodm=aydm

for a strictly positive constant .

4. - HOMOGENIZATION

In this section we study the convergence of the solutions of (3.1) when the measure
u varies. For sake of simplicity we consider only non-linear terms that do not depend
explicitly on #z,. More precisely, let us consider the sequence of problems:

U, € V/?S(Q) NL,;(Q)
4.1,) a;,(u, v) + f%”dﬂg = fq’)(x, a'(u,, u,)) vdm
Q Q

Yoe VO (2)NLI(Q)

where 1> 0, {u,} € NME(L2) and Q is a relatively compact subset of X. Let suppose
that © is uniformly regular too, that is
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DErINITION 4.1: Q s an uniformly regular domain with respect to the form a if for
any x € 082

o Rcap”(QﬂB(x,s), B(x, 25)) ds
lim inf — =+,
=0 xes cap’(B(x, s5), B(x, 25)) s

Let us underline that this assumption is necessary in order to prove the corrector
result enunciated in Proposition 4.7 that play an important role in the proof of the ho-
mogenization theorem (Theorem 4.10). Let us recall the definition of y-convergence
of a sequence of measures in space I (). For any measure u € NG (L), let us consid-
er the following functional F* defined on L;(£2) N L7 (£):

(4.1) F“(v) :=

Q

J J'a(v, v) dm + Jvzdy if veVi(Q)
I}

[ + o otherwise .

DErFINITION 4.2: Let € be a sequence of positive numbers converging to zero, {u} a
sequence of measures in the space NG(Q) and u € NG(R). Let F* and F* the function-
als associated with {u.} and w, as in (4.1). Then

U y-converges to U

if the sequence of functionals F"¢ I'-converges in the sense of De-Giorgi and Franzoni
[14] to the functional F*.

As in the classical case (i.e. a(u, v) = jVu Vv dx), it is possible to prove that the I'-

convergence of F#¢ to F* is equivalent to the L2 (2)-convergence of the solutions 7, of
the homogeneous relaxed Dirichlet problem with respect to the form «, the function
feD (a, 2) -dual space of Dy(a, 2)- and the sequence {u,}:

7,eV(Q)

(425) d(ﬁg, U) + jﬁng,ug = <f) U> Vve V/I'?é(g)
Q

to the solution % of the homogeneous relaxed Dirichlet problem with respect to the
form a, the function fe D ~!(a, 2) and the sequence {u}:

ZlEV;(Q)

“42) a(u, v) + Jﬁvdu =(f,v) VoeV)(Q)
o

for every feD ~!(a, Q). It is easy to prove that #,—% weakly in Dy(a, ).
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We want to prove a stability property for bounded solutions with respect to the y-
convergence of measures when the limit measure is sufficiently regular, making essen-
tial use of the correctors result of Biroli, Picard, Tchou. To this aim we recall here
some definitions and properties on Kato measures and correctors.

Firstly, let us recall (see [3]) the notion of Kato measure associated with a regular
Dirichlet form.

DeriniTioN 4.3: Let Q be a relatively compact open subset of X with 2 diam () =
= R < Ry where R is the constant which appears in doubling condition (D) of Section 2.
Assume that there exists xy€ 2 with B(xy, 4R) cc X and B(x,, 4R) # X. We say that u
is a Kato measure on Q if u is a Radon measure on Q such that

R

Jim sup j f ﬁdf || (dy) = 0

r=0 xeQ x,5))
QNBx, r) \dx,y)

where |u| denotes the total variation of the measure u. In [1], M. Biroli has studied
some properties of weak Kato measure associated with a regular Dirichlet form.

DerintTioN 4.4: Let Q and X as in the previous definition. We say that u is a weak
Kato measure on Q if u is a Radon measure on Q such that

407

k)
— uslul@y) =o.
f B o) &Il =0

QN Blx,r) \dx,y)

lim sup J.

r=0 xeQ

Let now z, be the solutions of the problems

€V, (2)=D(a, Q)NL2(2) z —1eDyla, 2)

(43) d(ZS,U)+stvdﬂ8=O VUE‘//Z(Q)
Q

and let z be the solution of the problem
2€V,(Q)=D(a, Q)NL(Q), z-1eDy(a, 2)

(4.4)
a(z, v) + fzvd,uzO YoeV)(Q).
o

Remarks 4.5: As in the classical case we always suppose that

D(a, 2)NL; (2)N{veD(a, 2):v—1eDy(a, 2)} #0
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and
D(a, 2) ﬂLﬁ(Q) N{veDla, 2):v—1e€Dyla, 2)} #0 .
By comparison principle it is simple to show that
0sz,z=1.

Moreover, as in [11] (Prop. 5.13) it is easy to prove that if

supp #,.cC Q and u,y-converges to u
then the sequence z, converges to z strongly in L2(2) and weakly in D(a, Q).

We are now in position to state the definition of correctors.

DErINITION 4.6: If the sequence ., y-converges to u, a sequence w, in V,_is said to
be a sequence of correctors for the problem (4. 1,) if for any ¢, defining u, and u as sol-
utions of (4. 1,) for u, and u respectively, one has, as € tends to 0

u, —w,u—0 strongly in Dy(a, Q).

In the following correctors result we would like to define the correctors as the
quotient w, := z,/z where z, and z are respectively the solutions of (4.3) and (4.4). In
order to do it we have to assume that there exists a positive constant d >0 such
that

2=20>0 m-ae. in Q.

Actually, using continuity arguments and Harnack inequality proved in Theorem 4.3
in [1], this assumption is satisfied if u is a weak Kato measure and Q is uniformly
regular.

ProrosiTioN 4.7: Let Q be an uniformly regular domain (see Definition 4.1), u a
weak positive Kato measure (see Definition 4.4) and f a weak Kato measure. Then the
Sfunctions

4.5) w, ==

where z, and z are defined in (4.3) and (4.4), belongs to V, () N L7 (). This se-
quence is a corrector sequence since there exist a function 6(t):[0, Tyl =R such that
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0(t) =0 as t— 0 and the following inequality holds for u, and u, defined in (4.1,) for
U, and u respectively, with |u, — w, u||L5 <T,,

fa(ug—wgu, u, — w,u)(dx) + f |ut, —w.u|’d,, <
Q Q

CO|jw, — 1

12)

Proor: See Theorem 4.1 in [4]. =

In order to prove our homogenization problem, in the following we will often use
the following proposition.

ProrosiTION 4.8: Let us assume that € D(a, Q) N L, (Q) and that
lo:ll < C  for some constant C
v,—v a.e. with respect to m
veD(a, 2)NL,;(2)
and the sequence w.e€ Dy(a, Q) verifies
lwlle <C  and w,—w weakly in Dy(a, Q)

then

fa(we, ) vgdm—>fa(w, W) vdm .
0

Q

Proor: See Lemma 3.3 in [5]. =

Let ¢(x, p) with xe Q, pe R* be a Carathéodory function. We assume the fol-
lowing hypothesis:

|p(x, p1) — @lx, p) | SK(L+pi "+ p577) |pr — p2|”

(H1) for any p;, p,eR" with 0 <y <1 and y<s5<2;
|p(x, 0) | < ¢

Ao>0, V#E(Q)ﬂ{veD(a,.Q):v—leDo(a, Q)}=0
(H2) uoweak positive Kato measure V, (2)N{veD(a, 2):v—1e€D,(a, 2)} #0
U.y-converges to o, supp U,CCE.
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Note that (H1) implies in particular that
(4.6) [p(x, p)| < (1+ |p|) for any peRTs<2

so hypothesis (E2) is satisfied. Therefore the existence result of Theorem 3.2 holds in
this case. On the other hand, hypothesis (H2) allows us to use the corrector result of
Proposition 4.7 and the properties described in Remarks 4.5. We also assume an addi-
tional hypothesis on the correctors w, defined by (4.5) We assume that

(H3) alw,, w,) —0 ae. in Q.

Remark 4.9: Hypothesis (H3) holds -for example- in the classical case for a peri-
odically perforated domains with holes of critical size (see [16], [6], [21]). Moreover
(H3) holds in the classical case for the correctors considered by Casado-Diaz in [8]
and Dal Maso Murat in [13].

We are going to prove the following theorem

TueoreM 4.10: Assume (H1), (H2), and (H3), and let ugeV!?s(Q) NL7(2) be
any sequence of solutions of (4.1,) with |ju.||. < co/Ao. Up to the extraction of a subse-
quence we have

u,—uy weakly in Dy(a, )
where uy is a solution of

eV (Q)NLF(Q)

“.7) az,(ug, v) + Juovdﬂo = f(,b(x, a'?(uy, uy)(x)) vdm Nve V) (2)NL7(2).
9 2

Proor: From now on, in order to simplify the writing, we pose, for any
ueD(a, Q)NL7(Q)

D(u) == (x, a'(u, u)(x)).

Step 1: Bounds for the solutions u, and D(u,).

In view of (4.6), by Theorem 3.2, we know the existence of at least one solution #,
of (3.1,) with |||, < ;—0 It also follows from the proof of Theorem 3.2 that
0

(4.8) ot N, + llece

.MESK

and the constant depends only on ¢;, 4, and Q. We can thus extract a subsequence
(still denoted by #,) such that u, —u, weakly in Dy(a, Q), u,— u, strongly in L2 ()
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for any p < o, weakly* in L, (2) and a.e. in Q. Taking g = 2> 1, we get
s

[ V@) |2dm < et [(1 4 atue, u)) dm <
Q Q

const. J(l + alu,, u,)) dm < const.
2

Extracting a new subsequence, there exists a function @, such that @(ux,) — @, weak-
ly in LZ(£).

Step 2: A first passage to the limit in (4.1,).

In this step and in Step 3, we use the corrector result. Let us consider the sequence
of functions w, defined by (4.5) and let us mention below the main properties.

(4.9) w,—1 weakly in D(a, Q),

indeed, as we have observed in Remarks 4.5, z,—z weakly in D(q, ) and
L eD(a, Q) NL7(R) then %—1 weakly in D(a, ). This implies
2 2

(4.10) w,—1 strongly in L2(LQ).

Moreover, as a simple consequence of what observed just before Proposition 4.7,

1
(4.11) el < <
and then by (4.10) and (4.11)
(4.12) w,—1 strongly in L2(2) for any 1 <p< o and weakly* in L,” ().
We claim
0 e VO(QNLE(RQ), o]l < const., vye VO (2)
(4.13) v,—v, weakly in Dy(a, Q) =

fa(vs, w,) dm + fvgwg dy€—>J’vod,u0 as €—0.
@ Q Q

Indeed, by Leibnitz rule and by (4.3) with v = 2 we have
z

Ja(vp w,) dm + ngwedﬂs =

Q Q

Ja(vs, ﬁ)dm+fﬁvsdy£=
z g

Q
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jla(vf,zg)dm+fzga(vg, l)dm%—jﬁvedyg:
Z
Q

z e
Q Q

J'a(&;Ze)dm_fvga(iyzs)dm+f26a(vsv i)d}’ﬂ‘f",’ stgd/usz
p4 Z P4 p4
Q Q Q Q
J'zsa(vg, l)dm—J’veoc(l,ze—l)dm.
b4 s Z

Q

Let us observe that = eD(a, 2)NL,7(2), v, (z—1) eDyla, 2)NL, 7 (£). More-
z

over v,—1y, Z, — 1 —z — 1 weakly in D, (a, 2), thus letting ¢ — 0 by Proposition 4.8,
by using strong locality of the form, it results that

ja(vg, w,) dm + ngwgdﬂs

Q Q

ﬁfza(vo, l)dm—fvoa(l,z—l)dm=
z z
Q Q
—Jia(vo,z) dm—J'voa(l,z)dm=
z g z

Q
_J'a(@,z)dm:jﬁzdﬂoz’[vodﬂo
Q z Q N Q

by (4.4) with v= 2, so (4.13) is proved.

z
For y eV, (2) N L7 () take yw, which belongs to V! (2) NL,’ (£2), as a test
function in (4. 1,). This yields

(4.14) ay,(ug, Yw,) + fuewwgdyf = f@(ug) Yw, dm .
Q Q

Now w, tends to 1 strongly in L2(Q) for any p< o — see (4.12) — while

D(u,) =D weakly in L2 () with g = LN 1, thus the right-hand side of (4.14) con-
verges as € —>0 to g

f@olpdm.
0
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We rewrite the left-hand side of (4.14):

Ja(ue, Yw,) dm +/10J'u£1/)wedm + J'ugl/)wsdug =
Q Q

Q

j[wa(ug, w,) + w,alu,, P)1 dm +10Ju€ww£dm + Jugwwgdﬂg =
Q Q

Q

j[a(wug, w,) —u,a(y, w,) +w,alu,, Y)1 dm
ey

+lofu£ww£dm + fuswwgdﬂs =
Q Q
I+1I
with

I= ja(wus, w,) dm + fugl/)wgd,us
2

Q

and

II= J[—uga(w, w,) + w, alu,, P)] dm-l—/lofugi/)wgdm
I Q

= J[—usa(tp, w,— 1) +w.alu, ¥)] dm—l—lojugwwgdm.
Q I}

Let us pass to the limit as eé—0 using (4.13) with »,=wyu, in I, since
Yu, e V) (Q)NLI(Q), yueV) (Q), Yu—~pu, weakly in Dy(a, 2) and
el < Ul c0)/(2),

Q
By Proposition 4.8, letting e —0 in II, we have

lim I = fa(uo, Y) dm-l—/'LoJ'uowdm.
Q

e—0
Q

From Definition 4.1 of the y-convergence, we finally deduce that #, belongs to V ()

Ho
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and u, satisfies
uye Vo (2)N Ly (Q2)

a;, (g, ) + J%(ﬂ/}dﬂo: J@Owdm VyeV) (2)NLr(Q).
Q 2

Step 3: Correctors results for non-linear problem.

Let us take v = #, as a test function in (4.1,). We pass easily to the limit since #,
converges strongly to u, in L2() for any 1 <p < . We obtain

fa(ug, u,) dm + fuszd,ug= J¢(u£) ugdm—iofufdm

o Q o 1)

—>J<D0u0dm—loju02dm= fa(uo, uy) dm + fuéduo.
0 Q 0 Q

(4.15)

We now claim that for any yp eV, (2)NL, (Q)

Ja(us_ WY, U — wew) dm + J(”s—ws¢)2d#g
Q

Q

(416) ﬁJ’a(uO—'(/), z,{o—llj) dm + J'(UO_'(/))Zd,uO
0 Q

as €—0.

To prove this claim, we write the left-hand side of (4.16) as

J[a(ug, u) + alw,, 2w, —2a(w,, Yu,) + wlaly, v) — 2w, alu,, ¥)] dn
Q
+2 J'uga(wg, y) dm + Jufdyg + szwfdﬂe—Z fwweugdyg =

o) e} I I

[ J-a(ug, u,) dm + fufd,ue] + [ fa(wg, Y2w,) dm + f(l/)zwe) wedug]
5 5 5

Q

—2|: Ja(ws, Yu,) dm + J’st%sdﬂe]
Q

Q

+

J[wfa(lp, Y) = 2w, alu,, )] dm + 2 Ju&.a(ws, YP) dm]
o o

I+0+I1I+1V.
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I= [ Ja(us, u,) dm + [ufd,us}
15

Q

—>[ ja(uo, uy) dm + Juozd,uo]
5

Q

as ¢ —0 by (4.15),

II= [ Ja(ws, Y2w,) dm + J'(lpzws) wgd,u{| — J'zpzdpto
o o o

as e—0 by (4.13) with v, = y?w,.

Q

I = —2[ Ja(ws, Yu,) dm + J(wug) wgd,us] — =2 quodﬂo
9 2

as e—0 by (4.13) with v, = u,. Moreover, by Proposition 4.8
IV =

f[wfa(w, W) dm — 2w, alu,, Y)1 dm + 2 Juga(ws, W) dm =
Q

Q

J[wﬁa(l/), Y) dm — 2w, alu,, Y)1 dm + 2 Juga(wg— 1, y) dm
2 2

%j[a(w, W) —2aluy, )] dm .
Q

Therefore
hmOI+H+IH+IV=

Ja(uo, uy) dm + fuédﬂ0+ fl/)za’uo

Q Q Q

-2 quodyo+ fa(l/), Y) dm — 2 fa(uo, V) dm =
Q Q Q

[t =y, wo =) dm + [(ao = ) duo,
Q

Q

that is (4.16) holds.
Taking now 3 = %, in (4.16) we obtain that

(4.17) u, — weuy—0 as &—0 strongly in Dy(a, 2).
Step 4: Identifying @y as P(uy) = Pp(x, o’ (uy, uy)).



Firstly let us make some remarks. Let us consider the inequality (3.7) when v is re-
placed by vo with v = (a'?(u, u)(x))/(a'?(v, v)(x)). The function a(z, v) is contin-
uous on 2 — E where 7(E) =0. Let xe 2 — E fixed. Then

(4.18) lalu, 0)() | < a'(u, u)(-) a' (v, 0)(-).
It implies
(@ (u, u)(-) = a'(v, v)(-))* =
(4.19) alu, u)(-) + alv, v)(-) = 2a'?(u, u)(-) a'*(v, v)(-)
<alu, u)-) +alv, v)(-) =2alu, v)(-) =alu —v, u—v)(-).

In the proof of this step we use hypothesis (H1) with p; = a'?(u,, u,) and p, =
=a'?(w, uy, w,uy). By (4.19) we have

| D(u,) — P(w,uy) | <

K1+ alu,, u,)" "2 + alw, uy, w,10)" ") alu, — we g, w4, — w, uy)">.

It can be easily proved that any term in the right-hand side converges to zero strongly
in L} (). Let us consider, for example, the last term in the case s > y. It is enough to

apply Holder’s inequality with p = 2 and p' = to get
s—y Y

2—s5+

fa(uows, wow) " alu, — ugw,, u, — ugw,)"* dm

9
(s=p)/2 2=s+9)72
= ( Ja(uowa) u()we) dm) ( J’a(?xlg_ﬂowg, ug—uowe)y/(z_“+7)dm
2 2
The condition s <2 implies that . _y+ <1, and the result follows from (4.17).
Then we have proved that Y
(4.20) D(u,) — Dw,uy) >0 as e—0 strongly in L1 (Q)

that is

o(x, a?(u,, u,)) — @(x, a'*(w,uy, wouy)) —0 as e—0 strongly in L1(R).
Let us now prove that

(4.21) D(w,uy) = DP(uy) as e—0 strongly in L1 (Q).

Let us observe that, by the Leibnitz rule,

(4.22)  alw,uy, wouy) = ud alw,, w,) + w? aluy, uy) + 2uyw, alw,, uy) .

Let us consider (4.18) with # = uy and v = w,. By (H3) a(w,, u,) converges to 0 a.e. in
Q. Thus, letting ¢ to zero in (4.22), using again (H3) and since w,—1 a.e. in 2 we
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have that a(w, uy, w, uy) = aluy, uy) a.e. in Q. By the continuity of ¢ with respect to
p we have

o(x, a'?(wouy, weuy)) = Plx, a'’(uy, uy)) as e—0 ae. in Q,
that is
D(w, uy) = P(uy) ae in Q.

On the other hand, by (4.6) and by (4.20)

j | P(w, uy) | dim
2

< clﬂl + o (w, uy, wsuo)] dm
o)

< const. J[1+ oo |* a2 (we, we) + |we | a (g, ug) + |weue | | (w,, uy) |1 drm.
Q

The limit of the right hand side is zero when 72(£2) tends to zero. Indeed we know that
w,, uye L, () (then also their product belongs to the same space), and since w,—1
weakly in D(a, Q) then w, is bounded in D(a, 2):

Ja(ws, w,) dm < const.
Q
Then, for any subset EcC Q,

e .. m<E)<2*”/2ja<wg, w,) dm =0
Q

lim J|u0|‘a‘/2(w£, w,) dm < lim
mE)=0 m(E) =0

and

S/Z(

lim J |, |* @ (uy, uo) < lim ||w§||oofa uy, uy) dm =20,
m(E) —0

m(E) —0
E E

by the equicontinuity of the Lebesgue integral. Moreover, since
1 1
f |aluy, w,) | < 5 J’a(uo, uy) + 5 J’a(ws, w,) < const. ,
Q Q o)

thus

Jim j |tot0, | 20wy, ) dm < im [Natg o)™ [l (B2 j |, uo) | dm=0.
E Q
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All these computations implies that, for any subset Ec 2,

m(lé?lobj | D(w,uy) | dme =0 .

The proof of (4.21) is then achieved using Vitali’s convergence Theorem. From (4.20)
and (4.21) we obtain that

D(u) =, (s, 1)) =P, a*(ug, up)) = Puy) as e—>0 strongly in L1(Q),
which proves that
D= plx, a'?(uy, uy)) = Dluy).

Using this result in the limit problem for #, at the end of Step 2, we complete the
proof of the Theorem. m
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