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Asstract. — In this paper we study the multiplication operator defined in a weighted
Sobolev space and with values in a suitable Lebesgue space. Some boundedness and compact-
ness results for such operator are obtained.

Teoremi di immersione e compattezza per aperti non regolari

Sunto. — In questo lavoro si studia I'operatore di moltiplicazione definito in uno spazio di
Sobolev con peso e a valori in un opportuno spazio di Lebesgue. Si trovano delle condizioni sul
fattore di moltiplicazione affinché I'operatore risulti limitato o compatto.

Introduction

Let Q be an open subset of R”, =2, and X(£) a Sobolev space. Consider the
multiplication operator

(1) u — gu

defined in X(£2) with values in a suitable L?(£2). Several results about boundedness and
compactness of the operator (1), under various assumptions on g, are already known

(see, for instance, [14], [12], [16], [2], [9]1, [7], [8]1, [15], [17]1, [18], [11], [3], [5]). In
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particular, in [11] the authors studied the multiplication operator

2) ueWwr

PO,PI(Q’ Ay, al) - gayVELP(Q),

where me N, re {0, 1, ..., m—1},p, po, pre[1, +»[, ag, a, are L;}.(£2) weight
functions and W, , (2, a,, a;) is the space of distributions # on £ such that
ai®uelL?(RQ) and al? 8”ue L?(R), endowed with a suitable norm. Moreover, g

is a function in L2 (Q) for some o, satisfying the condition

) SUB B’ eleoense 1) <+,

where B(x, 1) is the open unit ball of R” centered at x and ' is a function related to
ay and a;. In this situation, some conditions for the boundedness or the compactness
of the operator (2) were given.

In this paper we study the operator (2), under much weaker hypotheses than those
assumed in [11]. In fact, fixed a weight function ¢ in A(£2) (see Section 4 for the defi-
nition of A(£)) and denoted by S, the subset of 32 where @ goes to zero, we suppose
here that g belongs to L. (2\S,) and that

(4) sup (8" ()|l gllLot@nbir, o) < + 2,

where B(x, o(x)) is the open ball of R” with center in x and radius o(x), and 5" is a
function related to a, a; and 9. We obtain some results on the boundedness and the
compactness of the operator (2).

Observe finally that our theorems also generalize the results in [5] (see also [3]),
which have been used in the study of a class of second order linear differential equa-
tions of elliptic type with singular data (see [6]). In fact, in [5] the operator (1) is de-
fined on a weighted Sobolev space, where the weight functions are suitable powers of
a function ¢ € A(£), and g belongs to L. (2 \S,) for some ¢ and satisfies a condition
like (4) with 8" a suitable power of ¢ and with ¢ instead of o.

The first part of the paper deals with some function spaces, in which the function g
can be chosen, while the last part is devoted to the proofs of our boundedness and
compactness theorems for the operator (2).

1. - NoTATIONS

In the following, if A is a Lebesgue measurable subset of R”, |A| denotes its
Lebesgue measure, D(A) is the collection of the restrictions to A of the functions
teCy (R") with supt ENAcA and L{ (A) is the space of the functions f: A—C
such that {fe L?(A) for all e D(A), pe[l, + ]

If feL?(A), pell, +»], put

|f|p,A = Hf”LP(A)-
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If pell, + [ and 5 is a weight function on A (i.e. a nonnegative measurable
function on A), L?(A, n) is the space of measurable functions : A— C such that
n'?fe L?(A). For every fe L?(A, n), define

(1.1) ||f||L!’<A,n) = |’71/pf|p,A;

it is clear that (1.1) is a norm on L? (A, #) if and only if # is almost everywhere positive
on A.
We will use the standard multi-index notations

¢:= (gl)gZ)"'v gﬂ)ENg7 |g| :gl++gn’ o° :aagqla)gc:)
where

d .
0, == —, i=1,2,...,n.
' Ox;
Moreover, if meIN, py, pye[1, + o[ and a,, a, are L. (A) a.e. positive weight
functions on A, we will denote by

o Wy (A, ay, a,) the space of distributions # on A such that ze L™(A, a,)
and 3"ue L (A, a,) with |u| =m, endowed with the norm
(1.2) ”u”Wp'S,p](A,ao,a]) = ||u||LPo<A,a0> + ‘uémnaﬂ ””LPl(A,al);
o W (A, ay, a,) the closure of M(A) in W, , (A, a,, a,).
Finally we put
|3m%|p,/1 = | |2 |3”%|p,/1, ”a'u””LP(A,n) = | ‘2 ||a”%||LP(A,r;>,
ul=m ul=m
WP;Z’Pl (A) = WPKPl(A’ 1, 1), WZ)»M (A) = WZLP] (A, 1,1).

2. - Ej(A) spaces

In this section A denotes an open subset of R”, #=2. Consider a family JF=
= {A(x)},ca of nonempty open, bounded subsets of R” such that

(@) VxeA, xeAlx)cA;

(b $:=A\ U A0 =0;

(0 EccA\S = Ap:={xeA:Ax)NE=0}ccA\S;

(d 3FceR,,A:A-R,: 1T eLE(ANS), |Alx)| <c lx) VxeA.
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In Section 4 (see (4.7)) a family JF of this type will be chosen, which will play a cen-

tral role in our arguments.
We point out that

(2.1) L2 (A\S) c ﬂAL”(A(x)), pell, + 1,

where equality holds, for instance, when the following condition is satisfied:
_ k

(2.2) EcA, EccA\S = 3JkeN, 3Ix,...,x,eE: EcC _EJlA(xl.).

Now, for any pe[1, + ] and f: A— R, such that

(e) BeLig(A\S),

we define Ef(A) as the space of functions ge L (A \S) such that
Blx)

(23) gllegia) = su (PT lglp, a0 <+,

endowed with the norm defined by (2.3), where we mean that 1 =0 when
p = +4 o0, 4

If ¢ : A—>R, isin L2 (A\S) and there exists a constant ce R, such that 8 < c¢
then

(2.4) EJ(A) <Ef(A), 1<p<g< -+,

Moreover, it turns out that

(2.5) MDAN\S) cEf(A).

In fact, if ge MA\S), then supt g=: Kcc A\S and so, using (¢) — (e), we have

- Blx)
”gHEg =su P llT lglp, acn

< su p( Bz el A|Ax>m<|“f’)

Zl/p

<c' gl Iﬂl ©, dg:

Therefore the space %% (A) := CF (A is well-defined.
In next section two characterizations of Ej(A) for pe [1, + o[ will be given. In
order to obtain them, consider a function a e C%(A) N C*(A) such that

a(x) ~ dist (x, 0A)

(z.e. there exist two positive constants ¢; and ¢, such that, for any xe A, ¢; a(x) <
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< dist (x, 0A) < ¢, a(x)), and put

(26) Ak::

1
xeA:|x|<k,a(x)>Z], ke .
Moreover, fixed a function fe M([0, + ©[) such that

0<f<1, fn=1 ifz<%, A =0 if t>1,

we define

wk:erH(l—f(ka(x)))f(%), ke,
It is easy to prove that, for any £e N, ¢, belongs to C;”(A) and
Osy,s1, Yz =1, supt 9, C Ay, VeV =Ye.

Remark 2.1: If ge L?(A), for every k£ € I\ there exists a constant c(£) € R, , which
does not depend on g, such that:

(2.8) ||1/1kg||15,§<A> <dk)lglpa-
In fact, setting K :=supti,, if p= 4+ o, using (¢) and (¢), we have

||1/Jkg||E,;°(A) = SUIA} (B) | 28|, A k)

< sup (B(x) |g]| w. a0 n)

xeAg
< Bl ag |8l w, a5

if pe[1, + [, using (c)-(e), we obtain

Blx)
”wkgHE/‘}(A) = Sulz T (%) [V eglp, acnk

xe ll/p(x
Bx)
s XSBEK([lT(X) |g|P,A(xm1<)

_ Y
< (esshnfl(x)) ! 1B, a¢ 2], a- u
xeAg
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(e}
3. - CHARACTERIZATIONS OF Ef(A)

In this section we suppose that pe [1, + «[.

Lemma 3.1: A function g belongs to I%%(A) if and only if ge Ef(A) and

G.1) Jim (1 = ye) gy =0,
where (Yp)pen o5 defined by (2.7).

Proor: If ge Ej(A), for every fixed &> 0 there exists g, € Cy” (A) such that
e — g ”E;;(A) Se.
Since

1
A\Ay={xeA: |x| =k or a(x)SZ , keN,

with A, defined by (2.6), we can find an index £,eIN such that
(A\A) Nsuptg, =0 Vb= £,
Thus, observing that 1 z; =1, we obtain
(1—vu)g=0 Vk=k,
and hence
It = 92) dllggia =1 = ) (g = g llepa)
<lg-glgw=<e Vezk,

ze. (3.1) holds.
Conversely, if ge Ef(A) and (3.1) holds, then for every fixed & >0 there exists
k. e N such that

1T =) gllepa) <

N | ™

Since ge L. (A\S) and Yok € G (A), P2 g belongs to L?(A) and so a function
¢.€Cy" (A) can be found such that

&

2¢(k,)’

|w2k€g_¢s|p,/l$

where ¢(£,) is the constant of (2.8) with £ = £,. Hence, using (2.8) and the properties
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of ¥, we obtain

lg = v, @ ellepen < =) dlspea + e g =i pellgga

< 2+ @ane =00l
< g k) Y218~ b |, a<e.
The lemma is proved. =
Lemma 3.2: A function g belongs to Ej(A) if and only if ge Ef(A) and (3.2)

VeeR, Ja.eR,, b,eN such that

(Eez(), sup |[A)NEN A, | <a) = llarellgon <e,
xeA

where 3(A) is the o-algebra of the Lebesgue measurable subsets of A and x i is the char-
acteristic function of E.

Proor: If ge Ej(A), for every fixed £ >0 there exists g, € Cy” (A) such that

llg = gellegea <

€
2
Setting K, :=suptg, and c, := (essinfl(x)) 1B . A,

xeAg,

fined for (c)-(e)), for any E e 3(A) we have

% |« 4 (which is well-de-

N
I

€
> +lgexellepa

B(x)
= 2 +s P( ZI/P( |g£XE|p Alx K)

B(x)
= 5 + sup mlge|p,A(x)ﬂEﬂK,.

xeAg,

HgXE”E§<A)

<

+csup [Alx) NENK, |'7.
xeA

»
Therefore, choosing 4, := (21) and b.eN such that A4, >K,, (3.2) follows
immediately. “
Conversely, assume that ge Ef(A) and (3.2) holds. Fixed &> 0, since

(A\AYNA, =0 VEk=b,
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we deduce that
(1 =) dlegn <llgxanllegm <e V=,

Hence (3.1) holds and so ge %%(A) by Lemma 3.1. =

4. - WEIGHT FUNCTIONS IN (A(A)

If A is an open subset of R”, # = 2, we denote by @(A) the collection of functions
0: A—R, such that

4.1) sup

and by @,(A) the subset of measurable functions of A(A).
One can easily show that 0 : A—R, verifies (4.1) if and only if there exists
a constant ys€ R, such that

(4.2) yilo(y) SO8(x) Sys0(y)  VyeA,VxeAly, d(y)),
where
Alx, r) :=ANB(x, r), B(x, r):={yeR": |y—x| <r}, xeR”, reR,.

For examples and properties of functions in @A(A), we refer to [20] and also
to [3], [5], [4]. We just recall (see, for instance, [4]) that for any & e A(A),
if

(43) S5 = {2€9A: lim 8(x) =0},
then
(4.4) Alx, 8 NS, =0 VxeA;

moreover, if ze 9A, the following equivalence holds:
(4.5) ze€8y & Ox) < |x—z| VxeAd.
For all 6 € y(A) we also have

(4.6) deLz(@), o leLZ(@A\S,).

Remark 4.1: If 0 € A(A), setting

(4.7) Alx) == Alx, 6(x)), VxeA,
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and
(4.8) S:=A\ UAA(x) ,
one has §=3;.

In fact, it follows from (4.4) that Ssc S. Conversely, let z € S and assume by contra-
diction that z¢Ss. Then (4.5) yields that there exists an element x, in A such that

0(xg) > |xo — z|; s0 z€ S N B(xy, 6(xy)) and it is easy to show that z e A(x,), which is
not true. u

Remark 4.2: If 0 is an element of @dy(A) such that S;# @, then the assumptions
(a), (b), (¢) and (d), introduced in the first part of Section 2, are verified by the family
of sets defined by (4.7) and (4.8).

In fact, (2) and () are obvious. Concerning (¢), for every Ecc A\ S, in this case
we have

Ap={xeA: d(x) >dist(x, E)},

so that Ay is bounded by Theorem 1.3 in [20], and Azc A\S by (4.4). Finally,
setting

(4.9) lx) :==0"(x), xeA,

the condition (d) follows from the second property in (4.6). =

Consider now the following condition:

hy) there exist d € Ay(A) and 906]0, %[ such that
VxeA 3Cy, (x): Co,(x, 0(x)) CcA,
where Cy(x), xeR”, O e

and Cy(x, h) :=Cy(x) N B(x, h), heR,.

Fixed an open subset A of R” verifying the h,)-property, we denote by I'(A, 0, b)
the family of open cones C with aperture 6, height 4 and such that Ccc A. Let 6 and
6, be the function and the parameter in the condition A, ), respectively, and let y 5 be a
constant for which (4.2) is verified by the function 6. For every xe A, denote by
G, (x) the union of all cones C in I'(A, 0, y5'(x)) such that xe C. It is easy to
show that G, (x) has the cone property with a cone Ce I'(A, 6, 1,3(x)), where 0,
and A, depend only on 7, 6, and y;, and that

Galx)cA(x) VxeA,

JT . . . . .
0, | is an open infinite cone with vertex x and aperture 0,

where A(x) is defined by (4.7). Put finally
Fi(x):={yeA:xeGyy)}, xeA.
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Then clearly
yeF (x) © xeGy(y), x,yeA;

moreover, for any x€ A, F,(x) is measurable and there exist ¢;, ¢; € R, depending
only on 7, 0, and y s, such that

(4.10) 0" (x) S |F4(x) | €0"(x) VxeA

(see, for instance, Lemma 4.1 in [4]).

5. - EMBEDDING THEOREMS

Let © be an open subset of R”, =2, and consider a function ¢ € A, (2) such
that §, # 0. Moreover, let a,, a;: 2R, g: 2—>C be functions and let 7z, r,
Do, D1, P> 4, ty, t1, T be parameters satisfying the following conditions:

(2, reN,, r<m,
1<Sp,Sp<+o, (p—-1)'<sp<+0, =01,

t
G) {1st<s+o, 7>1if1< ph o _ 7 ,

1+4 m—=r

-1 1+¢ 1+
Jae L,l: ‘ =L 4y L +(1—-a) 2
L m pT n pih n Poto

(2,) geLoz(ﬁ\SQ), a,eL}.(Q), a[lengc(ﬁ\Sg), i=0,1.

Put

. p‘L' . pz'tz'
T T

7=0,1, pTt=:0,

where ¢ = + o if 7=1. Write U, , (2, ay, a;) =W, , (2, ag, a;) if 2 has the
ho)-property with 6 = and U,y , (2, ay, ay) = W) ,(Q, a,, a;) if 2 does not
have the A,)-property.

In the following we shall denote by E an open subset of 2, Ecc 2 \S5,,, having the
cone property when @ has the A, )-property with 6 = o, while E:= EyN Q, where E,
is a bounded open subset of R” with the cone property, when 2 does not have the A,)-
property. Further we denote by 6 and 5 the aperture and the height of the characteris-

tic cone of E or E,, respectively. Put finally

Hz' ::bi|g|a,E|ai_1 ifpéy Z-:Oy 1>
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where

1 1
—rtn(———) - 1L
by:=h """, by :=h"

Lemma 5.1: If 4) and i) hold, then for every ue U, , (2, a,, a,) we have
go*ueL?(E) when |u| =r and
(5.1) |gd"u|, g < c(H, lod|| o wp) T Ho “H{ |lull oo, o) 187 ullf o e, ap)>

where ce R, depends only on m, r, q, qo, 41, a and 6.

Proor: Fixed ue Uy , (2, a,, a,), since Ecc Q\S, and a; 'e L;.(2\S,), i =

=0, 1, it follows that e W , (E) and
(52) |amu|q1,Es |(,l1_1 ;1<pIE||amu||L”1(E,a|)>
(5.3) ot 4 £ < g tlo/,p%||%”LP0(E,ao)-

If E has the cone property, let
XﬁXEE'_)%, E*:=y(E), u*:=uoy 'iyeE*~ulhy).

We point out that:

1) E* has the cone property with characteristic cone having aperture 6 and uni-
tary height;

2) ureW”

40, 91

(E*) and |3%u*|, pe=h117""|0%], £.

From well-known embedding theorems for bounded open subset of R” endowed
with the cone property (see, for instance, [10], [13]), we deduce that 0*#* e L(E™)
when |u| =7 and

*|1—a

(5.4) |0"u* |, < c(|u g [0 ut |G pe 0 a0 E*)

) |q0,

where ce R, depends only on 2, 7, ¢, 9, q1, a and 6.
By the previous observations and from (5.4) it follows that

1 1 n n n
(55)  [8%ul, p<elth TR Jul g gt h T W TG T 0l ).

On the other hand, if E:= E, N Q and «, is the zero extension of # outside £, we can
define:

X * — *
Xl:erOHZ, Ej :=y,(E,y), ul =ug oyt ye Eg—uy(hy).
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Then, arguing as before, we can show that (5.4) holds with E; and #; instead of E*
and «™*, respectively; it follows that (5.5) is true with E, and #, instead of E and «, re-
spectively, so that (5.5) still holds with E:=E, N Q.
Therefore, by using (5.2), (5.3) and (5.5), we have

_ 1t
(5.6)  [g8"ul, b < |glop|8"ul, p<eh "W g0k | | lelluroce, o) +
(m=L)a—L(1-a)—r+ L .
T T T gl e | a1 107l o, )

and this completes the proof. ®
Define now the functions 3, 5;: 2 >R, as follows:

ot oLy 11/
Bolx):=(o(x)) "7 % |a ! zlopgzmw xef,
1 1 1
) = ()" TR T e M, ke,
e )

In the sequel we consider the following alternative assumptions:
73) Q has the hy)-property with 0 = g;

73) £2 does not have the hy)-property and there exists a function ¢ € Ao (R”\S,)
such that 9|0 =o0.

Write

V:ng y:VE)

We can now prove the following

TueoreM 5.1: If 4,), 2,) hold and, in addition, either i5) or i5) is satisfied, then for

every ge Ef (2) N Ef (Q ) and any ue U,! , (2, a,, a,) we have that gd"ue L?(Q)
when |u| =r and

(5.8)  |g3"uly o< clllglleg @ lellirig, a0 +

+[1dllt, o llgllzg, i 17 lli g, ap lellimfe, o),

where ce R, depends only on n, v, 04, m, v, q, qy, 41, a when i) holds, while it de-
pends only on n,y, m,r, q, qy, q1, a if i) is verified.

Proor: Assume that 7;), 7,) and 4) hold.
Given ge Ef (2) N Ef (2), ue W, , (2, a,, a;) and ue N such that |u| =7,
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from (4.10) it follows:
“1
(5.9) j|g|P|aﬂu|de=j|g|P|aﬂu|P( | dy)( | dy) dx
I 2 Folx) Folx)
< CIJQ_”(x) |g(x) || 9% u(x) |pde'xp_Q(x)(y) dy
I el
= cljdng‘”(x) [ g(oe) |7 | 0" (%) |? x po () dox
e 9

=afdy [ 0 ") g0 |7 |8  utx) |7 dx
»)

2  Go

<afe () dy [ g |79 ulx) | dx,
Q

Gal(y)

where ¢;, ;e R, depend only on #,y and 0,. From (5.9) and Lemma 5.1 we
have:

(—r+Z2 -2 -
(5.10) j|g|” |0 u|? dx < ¢ J(Q(y)) o0 glh ot 10 B0
Q Q

P/Po
-0 "(y) j ag |u|Pdx|  dy+
Go

()

+ j(Q(y))(mfrJr%fq—”l)ap (Q(y))(fﬂr; 7q—0)(lfa)p'
Q

(1-a)p
1 yap/ (1-2) 1 -
‘lels Goly) o ' ?lp,%‘g(y) |g|ol, Gi_)(];) |ag 1|z0,”%g<y>9 "(y)-

(1-a)p

ap/py 7
: J ay |07 u|"dx f ag |u|Pdx dy),
Go

Goly) (y)

where ;e R, depend only on #, y, 0, m, 7, q, g9, ¢; and a.
Observe now that, from Lemma 1.2 in [19], one has:

p/po »/po
(5.11) f@’”(y) f ag |u|?dx dy$€4( fa0|”|p°dx)
Q

Go(y) Q
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and

(I—a)p

ap/p U-ap
(5'12) JQ—m(y)( J' a, |amulpldx) Q—n(l—a)(y)( f a0|u|p°dx) 20 dy
Gao

Q Goly) (y)

»/p1 a »/po 1-a
S(f@”(y)( J a1|<9’”u|”1dx) dy) (f@”(y)( J' a0|u|”°dx) dy)
Q Goly) Q Go

(y (y)
(1—a)p

ap/py 0
<o Ja1|3”’u|“dx Ja0|u|1’°dx ,

Q Q

where ¢;, cs € R, depend only on 7, v and 6. By using (5.10), (5.11), (5.12), we easily
deduce (5. 8) and the required result.
Suppose now that 7;), 7,) and Z') hold. It is easy to prove that

1
Q, = XEQB (x, Eg(x)),
has the hy)-property with 6 = 2%@ and for any 006]0, g .

Y o
Given ge Ef (Q) NEf (2), ue Wy, , (2, a,, a;) and u e Nj such that |u| =7,
the same arguments used to obtain (5.9) yield:

6.13) [ lel? 6" ulrdx= [ |a]”|8"m |"
Q Q,

< [a70dy [ || |8 u(x) |7 dx,
2 Gay(y)
where ¢, € R, depend only on # and ¥, and £, denotes the zero extension outside £ of

a function f defined on Q.
From (5.13) and Lemma 5.1 we deduce:

~ (-r+Z2-2)
(5.14) jlglpla”ulpdx<c7( [ @) "2l 2ns0, Lo
Q

Q9

P/po
-1 / ~_
g |ff‘an(y,%@<y>>Q ”(y)( f (a0)0|”0|P°dx) dy +
G_Qo(y)

n n

- ( + 2 -2y~ (—r+ 2 -2)1-a)p
+J(Q(y))m T ey T W 1215 20, L a0)°
Q9
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(1—a)p

ap/, (1-a)p ~_p
Jar P a by, L 558 |g|o .QﬂB ZL@ ylaeq! |zo,pf’m3(y,z%§<y))0 ()
' (1—a)p
ap/py 0
j (1) |87 g | dx j (cto)y | o |™ dx dy),
Ga,(y) Gay(y)
where ¢;e R, depend only on 7,9, m, r, q, q,, g; and a. 50
Observe now that, if ye Q,\Q, there exists xe Q such that yeB(y sz )
Hence it is easy to show that
1 . ~
QNBly, — 0y) |c2nNBlx, o(x))
2y
and so
~ —r+ L - — 1/po
o) yS;JEO(Q(y)) t |a0 lfo 2N By, —QJ’ |g|o QNBly, —g(m
—r+ L -
$Cgsug (o(x)) 7 @ |O£o1 ,lo/p?zm |2]o, o)
~ m—r+1—1—1 _ 1/p1
(5.16) ys:go(g(y)) ¢ a |ag! |t1 2050, L) lel, 2nso, Laon S
m—r+ -
< cosup (o(x)) ¢ a |OL ! Up‘ 0 18lo, e

xef

where ¢5, coe R, depend only on y, 2, r, g, g, and g;.
Using (5.14), (5.15) and (5.16), the same argument of the first case gives the re-
quired result. =

6. - COMPACTNESS RESULTS

For every £e N we denote by 2 an open subset of R” having the cone property
such that

supty,C 2,cc Q

where the functions 1, are the ones defined in Section 2.

Lemma 6.1: If 4,), 4,) are satisfied and

(6.1) > 4+ —
p n 91

’

1 r 1 m
n

then, for every fixed e e R, and ke N, there exists c(e, k) € Ry such that for |u| =r
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the following holds:

(6.2) |vegd ul|, o< e|d"ul, o, +cle, k)|ul, o YueW)

o (825 @, ay).

Proor: Given ue W,! , (2, ay, a;) and ke N, clearly
6.3) |¥.g0"uly, o < |€9"ul; oy,
where Q2 is the open set defined above. Using (5.5) with E = Q}, we have
64) [20"ul, 01 < |8lo, 01 |0"u], a1 < cRI3"ully o |l ot 144, 21)

where (k) e R, does not depend on «.
If 2 <1, from (6.3) and (6.4), we easily deduce (6.2), while if 7,) is verified only for
a=1, we have

r—l_ 1 m.

>

,
rT " 91 n
hence it follows from (6.1) that 7 < 4 o, and so, for any AeR,, there exists
2,€L”(82}) such that
lg—gilo,0rS4.

Now clearly
65) |89 ulp 0 < [(g— &) " uly ap+ |&1] =, 019" u]p, 045
using (5.5) with E =, we have:
(6.6) [(g—g) d"ul, o, <|2— il o |a”%|q,9@Sflf(/e)”””w;g,ql(m),

with (&) e R, independent of # and 1.
On the other hand, (6.1) implies that there exists 4, & | —, 1[ such that
m

1 r 1 m 1
—z2—4g4[— - —|+1-g)—;
p 7 91 n 90

thus, by known results (see for instance [13]), it follows that for every # € R, there
exists c(n, £) e R, , independent of #, such that

(6.7) [0 ul, 0, <007 ul, op+cln, &) |uly o

Therefore from (6.3), (6.5)-(6.7) we deduce that (6.2) holds. m
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TueoreM 6.1: In the hypotheses of Theorem 5.1, if

e%" () when a<1,
©8) Jg &

l geﬁgo(Q) 0%01(9) when a=1,

and (6.1) holds, then for every e e R, there exist c(e) e Ry and an open set 2,cc
such that for |u|=r we have:

(6.9) |g0"ul, o< el Wy, (2, a0, @) +cle) |ul,y 0 VYueUy (2, ay, a).

po, P1

Proor: Given ueU)” , (2, a,, o)) and ue N with |u| =7, clearly
(6.10) |g0"ul|, o< |¥rg9"ul, o+ |(1 =) gd"ul, o,

where the functions 1, are the ones defined in Section 2.
Moreover, by Lemma 6.1 we have that for any ee R, and £eIN there exists
cle, k) e R, , independent of «, such that

(6.11) |20 u|, o < ello” ulliiigy, o))+ cle, &) |, 0

On the other hand, by Theorem 5.1 the following holds:

6.12) (1 =) g3"ul, o< c([(1—y) g E, (@) el ap) + 111 = 30) g””Eﬂ”l(Q)'

N0 =) dlleg fo) 187 dllionio, wn lellimie, )

with ce R, independent of # and k.
Let now a < 1. It follows from (6.12) that for any ¢ € R, there exists ¢;(¢) e R,
independent of # and £, such that

6.13)  |(1=ypp) gd"u|,0<el(1=v2) glleg @107 ulLr@.ap +

+a (@1 =) aleg @ lallme, a-
By Lemma 3.1, fixed e R, , there exists £, €N such that
(6.14) (1 =) gleg o <e-

The result can now be deduced from (6.10), (6.11), (6.13) and (6.14).
Consider the case 4 =1. By Lemma 3.1, fixed ee R, there exists &, €N such
that

(6.15) [(1—) g

g @) S €

gaoSe, (-

Then, from (6.10)-(6.12) and (6.15) we deduce the result. ®
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TueoREM 6.2: In the hypotheses of Theorem 6.1 and if

1 1
(6.16) — -2
q1 n 4o
then for |u|=r the operator
(6.17) uel) , (2, a, a;)—>gd"uel’(Q)

is compact.

Proor: It follows from Theorem 6.1 arguing as was done in [11] in order to de-
duce Theorem 3.3 from Theorem 3.2. =
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