M Narhonale delle Scienze detta dei XL
Memorie di Matematics ¢ Applicaziont
117 (1999), Vol, XXIT, fase. 1, page, 125-166

B.W. SCHULZE - M. I. VISHIK . L WITT - 8. V. ZELIK (*}

The Trajectory Attractor for a Nonlinear Elliptic System in a
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T
con (t,x)eQ,, =4, dove u=uls, x) = (', .., w*) ¢ la funzione vettoriale
4, & 3000 funzioni assegnute, mentre 4 =

‘zoni abbastanza. Iluunf(

s¢c, per ll problema (1), Fariattore che descrive il

sendere di £ allinfinizo. Nel casa rridimyensionale (dim o = Rlnmdumdnl
ssintotico delle soluzioni del problema (1) in prossimick dei lat di R, x a1,

Tumeanicrion

I the half-cylinder @, =R, xmmn..mmwnlamm
R, we considet the following clliptic system:
o [«a}aumya,.-m:-g{r:‘
Ulieo=m,  Su|a=0.

Here (1, x) are the variables in @, = wit, x) = ta', ..., %), g= (g, ..., g*), and
fiu) ave secuorsvalucd funcrions, 4 s the Laplocian with respe 10 the variable x =
=(x', ... x7), and y and 2 are constant & & matrices with 4 =" > 0,
hh@mwmnmwmwmmmw
ase admitted. To be more rigorous, the domain e is said (o be polghedral if any of its
‘oundary poiiice & is either regular or there arc 1 polyhedron PCRY, &
boundary point &, of P, open subscs U, Vof R* with be U, b, V, and & € *diffeo.
morphism z: U— V such that 2(5) = s‘..d.-,rmnw-P V.

On the noalinear term (u) we impose the followiog

(1) feClRY,R"
©2) 2) flwaz =C+Glul’s 2<p<2+4hn=3);
@) A =0+ [af

Here and below -y denotes the inner product in RE
We suppose that the right-hand side g belongs to the space [L2.(Q , )]* and has a
fnite norm.

103) lelv=suple. Qrs< .

where 2= (T, T+l)nwhdrwdwdﬂm=byﬂ"(mm¢$nbdwwd
on U whose generalized derivatives up to the order [ belong to the spuce
ﬁﬁmmua}: ﬁm.aumwmﬂ‘{mm_infu“:ux-dl un,.,lnnudui
"o
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Assolution wd, % to the problem (0.1 is defined as a function that belongs 1o the.
space

04)  [H3Q)* = (H(T, T+1), L (@) AL (T, T+ 1), Hyt@)]*

for cach T 0 and savisfies Eq. (0.1) in the sense of distributions, Here we denote by
H(e) the domain of the Laplace operator — 4 in L () with the homogeneous Neu-
mann condition. Appendix A is devoted 10 a comprehensive study of
H3(@7). Let us notice slready here that for polyhedral domains in general
H&lw)-(uﬁ":w] .| 0}, in comrast to the case of smooth o (see [9).
s proved in the appendix that the third assumpsion of (0.2) implies that, for

.am&(n,)r the function f(1) belongs o [1*(7))". Henee Eg. (0.1) an be con-
sidercd a5 an cquality in the space [L2(2,)1%.
The initial data , are assumed to belang to the trace space Ve on {1 =0} of func.
tions in [H (2, )3

Fot domains w with smooth boundary, the problem (0.1) has been investigated
under different assumptions on the nonlinear part / and the right-band side g in (1),
. 141, (201
ﬂnmunob)uunu{xbup-p«uwwdyﬂwhchmuwddzm}mnm
bq(al:-n——tuim Aphedral e is of fun-
al significance in that sonpection:

03) B, 27,06 €U+ 201~ Ty "+ g, Bila) -

Here &= (max {0, T= 1}, T+ 2) % w, x(z} is the Heaviside ﬁmoﬂ
for 22 0 und y(z) = 0 for £ < 0, and the constant € s independent of
mlmkpou‘bkm.pp]y;h:mhndnwfdud-mofﬂummt(ﬁl ba]}lnlln
problem {0.1).

Furthermore, estimate (03] implies that every solution u(¢, x) to the problem (0.1)
is bounded a5 ¢+ =, ic.

08) bl = splle. @l o< =

“The subspace of functions a & [0 (82 ,.)1* which have finite norm (0.6) is denoted by ;'
Since the conditions that we impese o0 the nonlinear function f (sec (0.2)) guaran-
tee in general only the exissence (bt not the uniguencss) of a solution to the prableas
(0.1, in order to describe the behaviour of solutions as £ — + % we construet 4 trajec-
tory atteactor for the dynamical system generated by the semigroup (T, 520} of po-
stive shifts of the solutions to (0.1) along the f-uxis (see [7], (8], [201). Here, since g
explicitly depends on 1, it is nasutal to study the familly of cquations of the form (0.1)
gencrated by all positive shifts of this equation with respect to £ and theie limits in 4
suitable topalogy (sec § 3). The trajctory attractor A sttraces the sec K * of all trajec-
tories of the above family us == + 2. Recall that the antzacting property is wsually re-
«quired only for those subscts of the phase spuce K* which are, in a certain sensc,

},Ez) =1
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boanded. But in our case estimate (0.5) allows us to verify the following improved ver-
sion (sec alsa [22]): for any neighbourhoad O A) of the artractor A in the space K*,
there exists. a number T = T1c% such thar

(07) TK*ceA) forall s2T.

Moreover, lik is stricaly invariant with
mpamhmlymp(nsaolmdummedbynﬂmmih
semigroup that are defined and bounded for r&R.

We also study the problem of stabilization of the solutions to Eq. (0.1) as r— + =
mnkcuedmdwmlnmpm,fhnlpomﬁul{l-'vﬂF R*— R}, Especially, it

is shown that in the autonomous case (g(r, x) = gix)) every solusion to the problem
(0.I)|nltrwbﬂ|1wh-duﬂ R % is 1 heterodlinic orbit connecting two stationary

(see $4).

‘The second pat i devoted 1o the detsiled investigation of the three-dimensional
case (dim a =2} In § 5, the singular behavioir of functions e Fy' clote to a0 edge in
R, % 3w is described, This employs an approach for deriving edge asymptotics for
solutions to elliptic differential equations develaped by B.-W. Schulze and others (see
(141711

‘Funthermorc, there is a rom-canonical spliting of K * into s regular part and the
space K, which cantains the edge asymptotics of solutions belonging 1o K *. This
splitting i5 chosen in 8 way such that K,5 becomes invariant with respect ta the semi-

group {T,, 120} of positive shifts along the faxis:

(0.8) T Kb KL brs=0,
mmmmsm-memﬂp{n &0} restricted 1o K., possesses an at-
tractor A, which in tum is interpreted as the singular part of the trajectory sttractor
A of Eq.(0.1),
1. - A PRION ESTINATES

In this section we ohtain # prionf estimates for salutions w the problem (0.1). In
the sequel these estimates will be used 10 prove existence of solutions and to construct
the trajectory anractor.

Tugonen 1.J: Let u be a solution to (0.1). Then
i3] o, 9B £ C0 4+ 1 = Dl # e Do 2D
where € is tndependent of u.

Procr: By definition of V. there exists a function ve [Hj 4@ . 1) fsee Defini-
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 tion A2) such that suppec Dy, o], o= o, and
2 llew Pl % Cllolivee

where the constant C is independent of .
Let us rewrite Eq. (0.1) for the function w= s — .

s [-{ﬂ,wd-dul+7B,wfﬂw+-!-g(rl—dé‘,#idlrirya,v-#(lh
wljan=0.

From the choice of v it follows that

141 16y @sls,2 6 Cllig, @rlbs #2010 = Tl -

Let @le) = p(f) be the following cut-off function:

(1= e=T=1/2[PHe-?,  for 1a(T=1/2,T+372),

0, for 1@ (T—1/2,T+372).

It is readily seen that ¢ & L™ (R). Morcover, the following estimate is valid:

(L5 |90 = Cpe)'2*'7  for reR .

Mutiplying Eq. (13) by i in R and intcgrating over 2, gives us

(16) {aBiiw, pe) + (adio, gus) + {yB,w, guay = (flo + ), gur} = (b, puw).
From the positivity of a-and (1.5), it follows that

07 - (o8, g 2 Gl 3l 1) = (I8l |w)> Culo|ul’. 1=

o

- L Clpaml' 1= G P, 1) > Clplaml' 1= Gl o, 1)
Applying Holder's inequality to the third term in (1.6), we obtain the estimare
B [(ydue g <ul@ldwl’ 1)+ Gl 1) =

< alglolt 154+ Clo™ Ll 1)

for any jt >0 with some constant G, > 0.
In view of assumption (0.2) on. the nonlinear rerm f(x), we fusther have

08 (flw =), ¢ = {flw + o) (w4 o), g = (flw+ o), o) &

2 —CHC{pluws el 1)-CL+ |whel"™, plo|}=

= -G+ I+ Gl 12 — G+ =Tiladll) + G e ™ 1
Here we hive employed (1.2} and the embedding (A-11);
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Using the positivity of 4 again, after integration by parts we find

(1.10) —{aduw, pu) > Clp|Vul?, 1).
Finally, from (1.4] and Hélder’s inequality we conclude
(LI [(hguo)| €40 151%0) + (o)1)=

=CUpLel. 1421 = Tl ) + G, (97 o], 1).
By inscrring all the estimates (1.7)-(1.11) into (1.6), a short calculation yields
(112} (|3 )+ (]| V1) 4 (o [l )= Clp ™ o 1y

S+ (plel, 1)+ 201 = Tilwglf,) .

We cstimate the last term of the lefi-hand side in (1.12) using Halder's inequali-
L

@l 1= (o'l 1) < Clplul”, 177 € alpliol, 1) + G

which holds for any 4 > 0. Choosing >0 sufficiently small, this estinute inserced
inta (1,12) yields

(L13) iS00+ (@] Fwl’ut) + (rhie ) S G+ 1)+ 01 = ol
Recall that ¢11) > >0 for re (T, T+ 1), Hence from (1.13) we infer thar
(L14) B, @rB = 00 4 01 - T, + Nl Bef8 )

Theorem 1.1 is proved. %

Revaxc 1.2: In u similar masiner it follows from (1.13) thar
(L13) B, 2206, = O+ 00 = Tl B, + e, 8508 2)

Tutosew 1.3: Let u be a solution ‘o (0.1). Then, for each T2 0, we bave
(116) o, QPRGN = O+ - Tl + g BB + e, B0,
The expanent p is defmed in (02).

We fix some T3 0 and take anather cut-off function g{r) & € (R) such

Procr:
that @i} =1 for 1& (T, T+1), ¢lt) =0 for 1&(T~1,T+2), and 0 S i) £ 1.
Multiplying Eq. (13} by gue|w|] ™", where ||, = (a0}, and afterwards inte-
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grating over 82.., we obuain the following equality:

m {al G + duw), groue]s ) =

= = {gyduw,; wlwl}™)+ (ftw + v, wli™)+ (@b, wlali ).

By definition of [H32p)V, &lw+dwe (LE@))F. By (All), the Euncdm

,w|wi"'mdﬂw+v)ahnbdnmmﬂ.i (1)1 Hence, all the integrals in (1.17) are
defined. roue of Theoeem A7, we bave wlio £~ HAD)

- Thus, o the Il and st of 1 17), we can integrate by parts and get

(118)  (aBlw, guolw]l ) =~ (o3, Slgw|n]l )=

-- %(w'- U1 = (@18l (]2} = (p = 2Kplad, . P, wli” Y=

{pallwl?), 34 |wi) =

= L, iy~ Gl ) - H52
=G e, BrlE., - Galgd 1 a]2), [T
Analogously,
(adw, quefuols ™) & ~ GV 2, Felwll™).
Hence we obtain
(L19) = (@8 w + dw), pwlw|} ") 2 Gl Belb., +
+G:leal |wli®), G 1eli)+ (e¥Ulels™), V(|wli®)) .
Tt follows from Holder's inequality that
1200 [{rBe, gulwli™)] % uwd,wl2), Al + Glell', 1)
and
421 (b, gwle ") Sutplel" )4 Clalbl 1) €
‘Mwl-ﬂ""” 1)+ Gl Dl + 200~ Tl ) -

Here 4 >0 is an arbitsary
Aqwnsufw{lﬁ)lbvnwrbldn

1220 (fiw+oh gulwll=) > =G +{pe]¥", 1) + Gl 1) =
= =G0+ x0 = Dl ™) + Gl 1 1),
Now replacing all terms in equality (1.17) by their corresponding bounds in (1.19) 10
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11.22) and taking w >0 sufficienty emall, ufter a short calculation we get
0.2 (gl 1S Ol #p1 = Tl =104 g, B + o 306, ).
This proves Theorem 13. =

CosouLary 14: Let w be a solution 10 10.1), Then, for each T30, we have
(1.24) U, Rl % €01+ 21— Tl +1g. Telk.s) -

This foilows from the estimates (1.13), (1.16),

Tzowey 15 (The main estimate): Let o be a sofution to the problens (0.1). Then
the folloroing estimare. botds:

125 I, 21l o % 11+ (1 = Tl ' + g Bell. ) .

Paoos: Rewrite Eq, (13) in the following form:

Blgw) + Algw) = b, (1),

Pl mnir-10) =0 @wlimraa=0,  3(gud|n=0.
Here ¢ is a cur-off fusction as in the proof of Theorem 1.3 and

(1.27) Bo(t) =g w+ 2¢" dw—a "M (@hle) + gfla) - paias) .

By (L1} and (1.24) we have the estimare

(1.28) 1s, Bl s € €0 4 (2 - Tl i + g, Brll o).

where Ty = (max {0, T—2}, T+ 3) x . By the L¥regularity theorem (see Ap-
pendix A), we obsin

129)  fw, Rl o % G bow, Bele o5
<Ol Brkoa = Gt + 2 = Dl + s, Br )
This completes the proof of Theorem 15, =
Rasunk 161 Let the condition (03) be satisficd. Then each salution w to (0.1) thar
is in [H{, (2. 1)* belongs auromatically to the space [H, (2., )1*. More precisely,
we have the cstimate
(1300 el = supl, 97l o = €1+ o+ [es).

In faer, (131) is & consequence of (1.23).

1.26)
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2. - Trm EXISTENCE OF SOLUTIONS

1n this scction we shall prove: solvability for the problem (0.1). We first solve the
following suxiliary problem in a finite cylinder:

{d&}ui’d-hﬁ,a—ﬂnl-g(ﬂ.
ulpeo=te  Wheu=u Fawla=0.

2n

'ﬂm.v.n..v..udu [HA(25, 31", Then we shall obtain a solution 4 to the main
problem (0.1) as the limit as M— % of solutions uy 1o the corresponding au-
sy

Tunorest 2.1: Let u be the solution to the problem (2.1). Then the following esti-
mate bolds wmiformly with: respect 1o M— =:

22) le@rho=Cli+201~ ah
42T =M+ Dl + e, 8r0 Qo) .

“The proof of (2.2) is analogous to that of (1.25) given in § 1 in the case of the half:
cylinder.

Timosms 2.2 For every o, wy& Vy, the problem (2.1) Bav at least one solution.

PBroor: Introduce the space
@ W= (we (HE(@o w1
and reformulsce problem (2.1) with respect to the new funsion w = u—v, whese
we Wy, ve [HY@, 015
St A= = po0+ flo+ bt g (0)
wleg=0.  wlew=0,  deln=0.

=m0}

24)

Here gy = —a(3l0 + o)~ y3,u + 2
Let A denote the inverse to the Laplace operator with respect to the varisbles

(£, %) € 2, 4 and the boundary conditions t[,.p = 0, %]y = 0, dy| s = 0. Then

from Appendix A we get

@23 A3 1= Wy

Applying the operator A w both sides of Eq. (24) we obtain

26 w0+ Flic) = b= - AT 0+ de),




where
Flieh = = Aa ™ { =y, + flo+ w) +5 - yd0) .
Now we use the Leray-Schavder principle in the following form (see [10]):

Leaav-ScHAuoen Mscrt: Lt D be o bownded apen set in a Banach space W and
let Fi B — W be o compact and continisous operator. Furtber let the paint b & D be such
shot

@ w sFwo) b for all wedD, re0,1).
Then the equation
w+ Flee) = b

bas at least owe solutiom i D,

Ler By be sn open ball in Wy of suficiently large radius und suppose that
28 i, + sy =8 for some w, 3D, se [0, 1],
Eq.(28) can be rewritten in the form
29 {ltaf!.i‘dl,}+wé,n,*a’(#.l-um.

Blemo=ta =y Ao |a=0,

et b

Lessia 2.3 Let io, be a solution fo Eq.(29), 1e [0, 1). Then the following esti-
mate bolds:

2100 s o il 0 % Gl 5 + 5 + 2. o sl ).
Moreover, the constant C in (2.10) is independent of s€ [0, 1]

The proof of this lemma is analogous to the proof of Theorem 1.5 and even simpler
than ir, since we need not use cut-off functions ${s) and (s}

Rean 24: Eq. (2.9) has the form (2.1), hence for any s > 0 inequality (2.10) is »
consequence of Theorem 2.1, But the estimates thus. obtained do not hold uaiformly
with respeet to 7 (0, 11, Indeed, for 5 = 0, (2.9} s a lineat equation, and then the c3-
timates (1.1) and (1.25) are evidently impossible. Actually, the proof of Theorem 1.1
‘which is based on the special choice of the cut-off fanction @ does not go through if
=0, However, in the estimate (2.10) no uniformity with respect to M~ is incly-
ded, hence in its proof there is no need for any cur-off function.
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Since @ is independent of 5, it follows from Lemmu 2.3 that
s oy 5 5

for all solutions &, 10 (2.9) uniformly in se [0, 11. Therefore, candition (2.7) i ful-
filled if the radius of By is choscn larger than K.

We prove compactess for the operator F. Tt s sufficient to prove compactness for
the nonlincar part Aa ~'flw + ). To do this decompose the nonlinear part as a com-
position of three continuous operators A Fy o Fy, with one of them being compact:
Fy: Wy—[L3 (8, 311" is the embedding which s compact because of 2(p~
— 1) < gy lsee Theorem A7) and Fyw = a =" flo + w). The operator F; is continuous
from [L" @y )1 10 (L3(R5 y)* in view of condition (0.2), and Krasnoselski's
theorem (see [11])). Hence the operator F is compact and pecording to the Leray-
Schauder principle the problem (2.1) has at least one soluion, 8

Tusones 2.5: The problem (0.1) bas ar least one solntion u e [HE /(2 11"

Proor: Consider u sequence iy, M=1.2, ., of solutians.to the muxiiary pro-
bleras (2,13 with ;| = 0. T fllown from Thoorem 2.1 tha, for cvery fised N,

s @, o =l N, 5}

holds uniformly with respect to M N, Using Cantor's diagonalization procedure we
extract 8 subsequence from. 4y, again denoted by iy, cbeying the following
propenty:

s lo v rla,,  weakly in [HE(@o 01
for a certain we [Hj 4(& . )1, We finally show that u s a solution o (0.1). It is suffi-
cient o prove that, for every e [C77 (2. )T, the following cquality helds:
@I ~{adu, §B) — {aVu, VDY + (y3u, )~ (lu). @) = (g, ®).
From the definition of sy we conclude that
212) ~(ad s, 3B}~ (oVing, TO)+ (73,0, B} = flowa), #) = g, @)

when M is sufficiently lasge. Taking the limit M~ = in (212) we obsain (2.1}, Tn
fact, the only non-trivial part in its proof is (o show that

@13} (fla). #) = {(flu), @)

holds. Suppose that mppoca., . By Thoorem A7, the embedding [ugm, .AJ‘
CILP (2, IF is compact. Hence ay—u in [L3 (R, )1 and, by cond:

tian (021 M) —f(w) in rL‘lav 18 Tlmm 25 is proved.  ®
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3. - THE TRACTORY ATTHACTOR FOK THE NONLINEAR ELLITIC SYSTEM.
MNow we are going to construct the trajectory attractor for the problem (0.1). First

we bricfly recall the main cancepts and definitions from the abstract theory of trajec-
tory witractars for dynamical sysems (scc (6], (7] far more detals).

Dersancs 3.1: The right-hand side g of (0.1) i said to be transdation-compact in
2* m [LL(R. L) P

if ts hull
W (g =[Tg 52005, (T =gle+n

is compact in 5*, Here [1g+ means the closure in the space 7.

The right-hand side g of (0.1 is said 1o be weakly translation-compact in the space
E* if s weak hull

Mg lg)=1Tg, 52015

s compact in 5. Here 52 denotes the space 5 equipped with the weak topology.

Reans 3.2; 1f the function g is translation-compact for the strong topology, then
it is weakly translation-compact and
41 2t (g) = 26 (g
lsee [20]).

Rox 33: A funcrions g that is almost-periodic in ¢ with values in L% {w) in the
sense of Bochner, in particular, a periodic or o quasi-periodic function, s cvidently
translation compact in the space '(I‘ofi:wm‘mpolml Hence trundltioncom-
pactness is a 1 of the concept of al

Reaenn: 3.4: Tt follows from the definition of the bull that
B2) Tac (goact (g TA(pcin(g) fore>0,
fe l!lraul:yunp {T., ;;umm.mmaru)-d:mg: cespectively.

irions for

uldwﬂkrm\dmmp-mmmehg,ws‘
Tusowem 3.5 [8]: (1) A function g is weakly translation-compact in Z* if and only
if it 15 bounded twith respect 10 t— =, e, [g|i< .

12) A function g s iranslotion-compact in Z* if and only if the following condi-
tions bold:
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{a) for any fived t>0, the st fﬁz)-ﬁ.uk'] it precompact in the
space (L7 (] :
(b) shere exises a funcrion Pls), 520, Bls) =0 a5 51— +0. such shar

i
03 [ B~ sle+ Dy ds SR for all $SR. ity 14 1R

Rewns 36 Condition (3.3) is fulfiled, e if
T2 ek 2 <€, 520,
for a suitable 8 >0,
To construct the trajectory attractor for the problem (0.1), we consider the family
of problems of the form (0.1) obtsined from all pasitive shifts of the initial problem
{0.1) together with all limits in the appropriate topology:

64 {-(afuu,)-,ﬁ,u-ﬂua-mn. geX,
o=t Brtla=0.
ke X = 3¢ (g), if g is translation-compact for the strong topology, and X =
=202 (g) otherwise.

Durnamoss 3.7: For cach 06 5, K.' denotes the space of all solutions to {3.4) with
an arbitrary o Vo, Further define Ky' as the union of all K<

K= UK

Te follows from (3.2) tha the semigroup {T,, 52 0} of non-negative shifts along
the s (1T, 0)(6) = {2 +5)) scts en the space K3, ie.
33 TKScKS  fors320.
The ser Kz is endowed with the relative topology induced from the embedding.
Ki O f T 50" (g) lin case of the strang topology] and induced from the cmbed-
ding K< € (@3 1 if X = 563 (g) lin case of the weak topology), respectively. (For the
definition of @7, sce Appendix 1)

Derremo 3.8: The (global) attractar of the semigroup (T, 3% 0) acting on the
topological space Kz is called the trajectory atiructor of the family (3.4). That means
that 2 set elzc Kyt is the trajectary attractor of the familly (5.4) if the following condi-
tians hold:

(1) @iz is compacs in K35
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12} @y is strongly invaciant with' respect 1o {T,, 520}, ic.,
Tidg=Ay  forall 1305

13) €1y is atracting for {1, 520}, Le, for any ncighbourhood ©= oXely) in
the topology of Ky there is an 5> 0 such that

3.6 T,XEco forall sy,

Rewsaxt 3.9: The anracting property is usually required only for (in some sense}
bounded subsets of Ky’ . In view of estimatc (126}, however, the set T, K is already
beunded both in Fy* and 6. Hence the ansacting property (3.6) is ausomatically im-
plied for all subscts of Ky, with the same constant s, fsce also (22),

Towowms 3.10 [8]: Let dhe following comditions be satitfied
(1) There exists a compact attracting ses PR3 far the semigronp {T,, 52
=0,

12) the set K3 i closed in the space O i case of the strong sepology and se-
quentially closed in the space (@3 )" in ase of the weak topolagy, respectively.
Then the family (3.6) posscsses @ tngiectory atiractor A = @y in K.

Dirwsanion 3.11: ‘The teajectory attractor A% of the family (3.6) with 2 = 3G ()
(the case of the weak topology) is called the weak tracstory attracior of the initisl
problem (0.1).

Analogously the trajectory attractor A = A’ of the family (3.6 with X = 3¢° (g1
(the case of the strong sopology) is called the (strong) trajectory attractor of the initial
problem (0.1),

Tmowsd 3.12 (1) Let comiition (0.3) bold. Then the problem (0.1) possesses
weak trajectory attractor A%,

12) Let the right-hand side g be translation-compact in 5° (endowed with the
strong topologs).. Then the: problens (01) posseser @ strowg msiectory attractor
A=Al

We check the conditions of Thearem 3.10.

Lesaa 3.13: The set K5 is sequentially closcd in the space (63 1.

Prooe: Let u. e K, o, —+uin (8 1%, Withoue boss. of gencrality we may suppose
that o, —+0 weakly in *, since X is compact in 27 . We have to prove thar ve K.*.
By definition, the functions w.(t) are bounded solutions to' the following pro-




blems:

B + )+ pBu = flug) = a0,
M l-p=ul,  whEVy

G67)

As in the proof of Theorem 2.5, taking the limit m— = in (3.7) we obtain that
wek'. =

Hence the second condition of Thearem 3.10 holds. Let us check the first condi-
tion. From the estimate (1.25) we infer that the set

P=BnKs, x>0,

whese By is a sufficiently large ball in the space F", is an absorbing set for the semi-
group {T,, 73 0} First we consider the case of the weak ropology. The set By s 3
coripact and metzizable subset of (817 1% Lo fact, the ball By is bousded in € and
Ggunlﬁ‘umlndmlrﬁﬁﬁnu'-m,hmuﬂkmlmmpﬂmdm
able for the weak topalogy. Duc to convexi s,-.mu:mrmlm
ma 3.15 we finally conclude that the set P is compact in
Nwhmmp.m-l-uhen@x-hndade;uhscpmwummm
compact for the strong topology.

Lesisen 3,141 Let the previous candition hold Then the set T,P is compact in 8
Jor all 520,

Prccr: Without loss of generality we suppose that s = 1. Let {uu}, e Be N KL,
be an arbitrary sequence. We can supposc that @, —+ain 5*, since the hull 2 is com-
pact in * (for the strong topology). Further we unsuppan that {a, } is is weakly
convergent to some & K, since P is weakdy com,

To prove the lemma umm:awabowlhu«..—lcm [H3(S21))* for an arbitrary
T21. The functions uy satisfy Eq. 0.7). Multiplying .7) by a cut-off funciion
Q(C."(R)wrhthuldul-lhul’r T+1)end gple) = 0for te(T-1,T+2),

we obrain
Fpug) + Alpus) =a ' (o, + @flug) - y93,u.) +

3.8) +28,93,u.+ (F) wam b0,
Pt fim7-1 =0, Ptmraria=0,  Afpua) |a=0,

Thens arguing as In the peoof of Thearem 2.5 we can show thit flug) —f(u) and
Bua—tdin 5*. S0 bi—+bin [L{Qr-, 7. )1 md

Puaru  in G




(sec Appendix Al. Hence,
me—rain [HAQF
The proof is finished,  ®
Therefore, all conditioas of Theorem 3.10 hold; 50 the proof of Thearem 3,12 is

Comoeiany 3.3 Let the rightband side g be transiation-compect in 5
Then

disty o1, 1, TLKS . M7, yA1=0  as s+,
where
disty, (M, N) = nﬁ,h_lj‘lv—n 2yl 0
Here Iy, v, denotes the. restriction i ¢ to.the interval (T, Ty).
This. corollary is immediate from the definition of trajectory. antractar.
Tbm(‘.omu:v 3161 Let the right-hand side g be weakly translation-compact i 5,

distype, s UMy R LK M AV =0 55— 4@,

disty, (M, 5, TLKE My, A0 gt sstm,
where €20 is sufficiently small and ¢ < 2n+1)/n =3).

This corollary follows from the compactness of the embeddings IHé(a,”r,)J‘
(2, ,)]‘ and [H3(27, r,l]': (L4, 7} proved in Appendix A

Next we investigate the strucrure of the trojectory attmctor A

lnniﬂlhrbcaﬂhnwm(ﬁrlﬂ.ﬂmloﬁhw\ﬂsnnp [z.,ao)mm
the compact space X. It is non-empty and can be represenred

alﬂ.‘l-'n [UTI

Isce (21). Here [}y denotes the closure in the space 3

Darnmos 3.17: A funcion §(2), teR, is called a complete symbol of (3.4)




i*
M, &) ewlD) for all reR.

Here £,(1) = §(¢+ 1), The operator 11, is-the restrction to the half-axis R...

" The set of all complete symbols of (3.4) is denored by Z(E).

 Lenoun 3,18 (8 Far vach o wo{Z), there exists & complete symbod £ 205 suck

bt 1, 8=0.

 Demimon 3,19 For £ 215), Ky is the set of all bounded solutions t0 Eq. 0.4)

o the whole axis t& R, where o(s) is.replaced by §r).

Taprszs 3.20 [8): The attractor A bas the followwing structure:

69 A=1, U K.

Gniix

Conottarr 321 [200¢ Let the right-hand side g be translation-cowpact in =, Then
tbe. weak trgiectory atirsctor of the problem (0.1) cuincides with the strong, trajectory
attractor:

A= AS

4. - STAMLIZATION OF SOLUTIONS [N THE POTENTIAL CASE.

Tn this section we shall study the long-term behaviour of solutions when the right-
hand side g} of (0.1) bas the form

“1) =g +glr X,
where g, L2 w) s independent of ¢ nd g, satisies the condicion.
42) Tp—0 ms—=+x.

:‘n:"mdté"l’.mpecmrdx.khmdfﬁmhmmlhumdxﬁmmd*{um-
tion g is strongly translation-compact in *, while in the second case i is weakly
wranslation-compact in 5.

Tueomes 4.1: Swppose tht comdition (42) bolds. Then the problem (0.1) wonth

right hand. side (4.1) passesses n stramg o sweak tjectory attactor A= A, vespec:
tively. It coincides with the attractor of the limit automomous equition

43 @i+ Au) = ydu—fla) = g,




iey
44 AmAL
Proor: The existence of the taajectory antractor follows immediately from Theo.
rem 3,12 Thus we show (4.4),
From condirion {4.2) we get that
Zig) = 2UE) = wlE) =g
Here X is the respectively strong and weak hull of the right-hand side g in the space

Z* (see §3). Hence formula (4.4) halds i view of Theorem 320, Theorem 4.1 is
proved =

Now we sssume that the socliaeas term /(i) on the left-hand side of Eq. (0.1) is
gradient-like, i.e.,
3 fu) = -FFw),  FeOR',R).
For we [H}, 1(2 , )1%, we introduce the function & (2) by

@O )= a0, St} - 30, Tatt)) = (Fate), 1) = . )

where (¢, ) s the Liscalar product in the eross-section.

Thizoase 42 (1) For cvery we [HY (201, the function 3, is well-defined and
beiongs to the space Hi' 'R, ).

(2) If w is & solutran fo the problem (0.1), then

) 5, B + 5101 i)

Puoor: Let we [, 452, ), Then, according to the embedding (A.19), the fist,
the second. and the fourth term on the right-hand side of (4.6) are well-defined. It re-
mains (o consider the third term. From (0.2) und (4.5) we infer that
@3 |Fla) | < CU+ [a]f).

Then (A.15) und Krusnoselskd's theorem sicld that
(Fisa), 1) @ IR,

Hence (1) is well-defined.
When calculating the derivative, using standard methods of distribution theory,




we obiain that %< H}''(R.),

T (eldfut ) = flnd =g, ) -

dFin
149
i a

Hence the first part of the proof is finished.
Now suppose that & is a solution 1o the problem (0.1). THEIH.S!MMIII!W&
“dimely from (4.9). The second part of the proof is also finished.

Thecwen 4.3 Suppose that conditions (4.2) and (4.5) kold. Furtber suppose that the
weatrix y on the left-band side of 10.1) s sign-defimirc, ic.,

cither y+y*>0 or z+y*<0,
and the function g,(6) =gyt x) satisfies at least ome of the following conditions:
(L] fug‘(nu..,dmm
3
W3 Gy 8 g e LR, Ly(w)) and J’IB._:,(I)PN‘,Jmm:
W
(i) ;gnlc.. Qulo3< @ for some Gy such that 3,G, =g,
hew cvery solatian u i the problem (0.1) passesies the fimite disipative. integrol

[ ]'-Ila,u(f)b.* dicm,
4

Paocr: We integrate (4.6) over 1 [0, T and obtain
v ;
[Crdim, duu dem F00) =~ FT)+ [(ay, o e
‘ i
Now it follows from the sign-definiteness of the matrix y thar
; ;
ta12) [\B,um\ﬂ ,asq.f.m—s.mu+c“u..a,um|.
i i

“Theorem 4.2 implics that function F(T) is bounded as T— =. Hence it suffices w0
show the boundedness: of the integral on the right-hand side of (4.12).




I

Suppese thar condition (i) of (4.10) holds. Then

, ;
@ | i 30| < [l ol i <
5 é

: =
el Ran(0) 2= e g (0

Thes r i aumluwsr»u
Now suppase that conditon () of (4.10) holds. Then we abiain by integraion by
pars
r i
(4.14) “{g..a,uid:!‘i(g.lT!.l{TlH*‘l‘mel. Mlli*l]ﬁ.a;('l- aln))de .
i §

The intcgral on the right-hand side of (4.14) is estimated in the same manner as the in-
tegeal in (4.13). To estimate the first two tcrma on the right hand side it sufices 10
prove that under the above wsumptions g, Gy (R, . L (@), Let [N, N+ 11c R,
be an arbitrary interval and let ¢, T] be in that interval. Then

@15 ety < llzobs +lat T -gtaly =
<Tuiohs [l st ik a0
Integrating (4.15) over v [N, N+ 1], we ger
1Tk o<l nxn,.uuﬂra.x.u);,.,a IR

Since the constant N was chosen arbitrarily, we find g Gy (R, L(@).
Now suppese that condition (i of (4.10) holds, Again integruting by parts we ob-

tain that

; .
[Jis amrae| < 16Gm. 1 4 166,00 3t00 + | [0, sEmenar
: :

The first two terms on the right-hand side can be estimated as before. The third term




is cstimated as follows:

|f(qm. Sl dr { < fm,mn‘,‘,uai.m||,,,as
R o

;:E:us.. 25l ,Ila,‘u.a,.l,‘,t-CMni_',vIG,.au[L a

Theorem 4.3 is proved.  ®

Tupomest 4.4: Suppose that all the assumptions of the previous theorem bold. Fir.
ther suppose that the linie problem i the crass section w.

16 [ ado = fle () =g 5],
Bs|w=0.

har only & finite mameber of solutions

an ve eV m {ud (x), oo, 0d (30}

The, for every solution u o the problens (0.1), there exists en egulibritn v} (x) & V.

such that
(4.18) (T, x)—=olix)  in @ arg—+m.
Here @ dewates the space @5 :fguxtmwlytmmwmmmm_md.b.m
(851" if g is weukly iranslation-compact in E, respectively.

Restamy: As is known (sce, for instance, [2]), there exists an open dense subset in
L {w) such that ¥, is fnie for every g. belonging to this set.

Proor: Let u be a solurion 1o the problem (0.1). Considet the w-limis set ax(u) of
#a @ under the action of the semigroup {7,. 5> 0}. Recall that 1, ewl) if and
only if there exists the sequence {5 e 5=+ = such that

.19 Tyu—ra, in@°.

By Theorem 4.1, {T,, s 20} possesses an attractor A in Ky’ ¢ 8, hence ol) is
nonempty, compact, and connected subset of 87 (see [2)).
Let u. be in o(w). Lat {5}~ be & scquence as in (4.19). Then, for every
=0
Tou—u, weakly in Hy(Q7) a5 ==
In particular,
17,80 =3, 9k =0 s o,
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Now the finiteness of the dissipative integral (4.11) implies that
IT, 80 @l s =B, T, Rrk s =0 w5,

mrcfomlé,l,..ﬂr\k,-omd u, (1, x) = u, (x).
rom condition (42) and Lemma 3.3, however, we conclude that w. (x} is a sobu-
uonwdschmh pmha:num. Thus

#20) wlulc ..

Since au) is convected and D, is discrete, we eventually get

“an @la) = (o] for some N {1, ..., d}.

Finally (4.18) s a consequence of the attracting property for {T,, 120} (see §3).
Theorem 44 proved. ®

Cosouraxy 45: Both i the cose of strony translation-compaciness and of wesk
translation-compactness of 3, (4.20) meplics that

i B, )= 0¥ o =0,

im_[3wir, L2 =0,

where the cxponent py is defied fn Corollary A8 and ¢ <112,
This is obtained similarly to the proof of Corollary 3,16,

“a

CorouLary 4.6 Suppose thar the function g, - satisfies the condirions of Theo-
rem 4.4, Then, any solution u(#), 1€ R, to Eg. (44) in the full cylinder £ =R % w,
tobich 15 not an cquilibrium itself, it a heteroclinic arbit, ie., there exist two different
equilibria w,! and w," belanging 10 V, ich that
23 Tu—ew!  wi—mde, L= i,

In fact, in view of estimate (1.25), see Remark 17, any solution ui1) to the problem
(34) 48 bounded with respect 16 both ¢— 2 and 1— — %, Thus the convergence
{4.23) follows from Thearem 4.4. Hence it remains to prove that w,’ # 1, Intcgrat-
ing (47) over R, where g =0, we get

424 Flt =)= Fl-=) = Fye = Fom -vI(yassuld‘ao
Thus 10" # 107

We pow give examples for the perturbation term g, (7, x) satisfying the conditions
of Thearem 4.4,




Exawr 47 Let
425
where goo L¥{w) and

&t xh =gl golx),

Jsints?) |
+7

Then condition (i) of (410 is fulfilled. (4.2} holds for the strang topology.
Exaseae 4.8: Ler glr., x) be as in (425), where

4261 =

.27 .
21 o= ]“,

Then condition (i) of (4.10} is fulfilled. (4.2) holds for the strong topslogy.
Exarte 49 Let gi(r, x) be a5 in 425), where

(4.28) #le)=sinis'}.

Then condition (i) of (4.10) is fulfilled, (4.2) holds for the weak topelogy.

Part 2. Avympiotics w the three dimensional cite

Tn this second part, wduuhﬁeuympmmo(nlu:hmw:kchmsmn
corresponding to (0.1} when the half-cylinder @, = R, % @ s three-dimensional and
conclude from that the existence of the trajectory antractor for the singular part of the
salutions to the nonlinear elliptic system (0.1).

5. - EDGE ASYMITOTICE [N THE THREE-DIMENSIONAL CASE

“To stan with, we discuss elliptic repularity for the Newnann problem for the
Laplace opertor on an infinke cone £'c R and the infinite wedge R [CR’, Let
FcR? be an open cone with angle a. Throughout we shall suppose thar I'=
= {lr, 0); 0 <8 < a}. Here (r, 8 denote polar coordinaics in RY. We further suppose
that a > 7 (see Remark 33 (a)),

Since the model mrmﬁmmmmummmamm.mM

ical point of &w, we shall consider aperators 1— 4, = Miy, 5,} on T, where y=
-umrnwdmmanmmn’mdmy 5= (3 lensecond or
ial differcn e 1o the kot condlpions Fat p 4, |1 =

der

=2, heC*h lnd

tal) B Lein=d, b0 =0;
@) 1%k b ienn €K
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where B, = {y-R' |sl<e). For yeM, [p|s1 &
by, baeC™ (D an
(b1 m_ppb,,;a,n‘n [l i £ K;
12 - =2
for some constant K > 1 and a certain & = 8(K) sufficiently small, 0 <d < 1.

Let H3(I) denote the space of all variational solutions # to the problem
C3Y] (1-4,- My, 3 o=g, duls=0
with right-band side g& L} (7} (scc Appendix Al.

Rewe 5.1: It is u well- known fact that the space H3 (1) is independent
of the choice of the operator Mly, 3,) sutisfving (), (b) provided that >0 s small
enough (sce [13), 1711

Mareover, fror Theoter ALY 4nd It correspandiing venion for & model cone it
follows that a sclution to (5.1) belongs to H'%**(7) for a centain £>0,

For the special case Miy, 3,) =0, it is readily seen thar
520 HYUD =HIN@span{Sh,  S0) = pir] " osatia),
where H3(F) = {weH(; ,8]5r= 0} (o DL [, e PeGHTY is some
fiwed cur-off funcrion, depmdngoujy wwdubenauhlhnwlr)-l
in% beighbouhood. of 0 snd ¥ -qppm'md fficicatly dose 1.0 Notive: that
SeH!*¥*=4([) for any >0, buz SeH'* (D),

Lewws 520 For 8>0 sufficently sniell (depending on K, he differential
operator
53 1=4, - My, 8, HYUN = LN

induces an isomorphism, where B it the space given in (5.2). Moreaver, we bave
the estimate

5.4) letusgers = €10 = 4, = My, 8,))ellrcr
for v HEUTY, where the constant ©> 0 onfy depends ow &, K.

Proor: Tt is known that 1~ 4 is an samorphism fram H3 () vato L2(11, Fur.
lbcm:on it is scen that M(y, ,) maps H3(P) into L(F). and it can be shown

5.5 Mty 3 lgin v £ CLKY B2
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with some constant CK) > 0. To prove (5.5 it suffices 1o observe thir

ifSIL SCK! =g
244,

re

et

|z, Bl 0 €0 g
Tn fact, for ] = z,ubmb,c,:-rh(y)nhi m={:,m -, 5, {1y} di such thar
H&,IIL-.MnnSK-nd

| 1B asmias
wie

oy 1s
=c| J!L,Ir”‘r““‘"dﬂdr-O»Cf J1B = dpdes
' i e

& CIRHBKP™" + $H WK1 m CRP - gien,

Moreover, AP CH' {1 follows from the explicit description of HZ(I) and
Sobolev's cmbedding theorem. Now choose &> 0 dependent on K so small that
Bty 8 g~ i <0 =) heven i
whire (1 4)~" stands for the inverse to 1 = A: HE(I1 —1* (F). Then the differen-
tial expression 1 =4 = My, 8,) in (53) induces an isamorphix.

The estimate (54) immediatcly follows. @

Resam 5.3: {ulmmmmﬁdﬁmﬂé(ﬂlﬂﬁlnwgu<x
Tn subsequent discussion we always assume that @ > .
u,)F.mu:msnm:umd:uuamunmnd,kupmudhm
form

36 vEm+ds,

where gy e H3(I), d'a C. It is important to obscrve that the cocfficient d in (5.6) is in-
dependent of the particular cut-off function ¥, i.e., choosing another cut-off function
possessing the same propertics s ¢ we obtaln d a3 before,
wawmlmnlh-rhespm HE(R % 1) of variational solutions v to
()] (1-31-d,-My, 8)o=¢, Bo|rxar=0

with r@mhaﬂd:id:g:f.'[“ 5 ), whete Miy, 8,) & a second-order partal differen-
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tial operator s abave, but satisfying the sdditional conditions
2] wppbyCBuxOT, bl =mo for [y|<1.
Again it rurns out thar the space MA(R x 1) is independent of the operator Miy, 3,)
provided that 4> 0 s small 3

We need the following result in the cases =2, 5= 0. For a proof, sec [9],
{7l

Lowsss 54; Lt £CRE be an open cone, se R Then an cquivalens norm on
HUR I ir piven By

59 u-a.m..nu[ [t tuter 3o B -

shere Gr) = Fiw ult), Kix) = Ky, (2) = (14 [¢[4172, and
Fly) =2l A>0, yel,

Jor weHUDY.

Notice that (K}, is # strongly continuous group on H'(1). It consists of isome-
trics when £=0.

Lusaia 5.5: Let I'CR? be an open cone as above. Then we bave
(100 HYRxD=HYRxN@

BIFL e e} cos (x0ra) &)} de HA(R)) ,

where HYR X I) = {(ve HAR X I 8,0|xxsr=0}.

Paocw: Let v be a solution to (5,6) with right-hand side g & L*(R % . Upon ap-
plying the Fourier transformation F, .., and aftcrwards the group action x{r)~" we ob.
tain the cquation

jeuss (1= 4 =My, ) KT "50) = (1) wte)"ie) in T,

i 2. (xr) ) ) ar =0
with parameter re R, where M,y 8,1 = (r) *M(r}"'5,().3,). Now it is-seen thar
the operator M, [y, 8,) = “;’:I“(r)"""b,((ﬂ"yﬁ; satisfics requirements (al,
(b) with the same 320, K> 1 us before. Indeed, for | €1, we pur by, ,(y} =
=@ BUNTY, by ) =0 B (KR md b, ) =0, by )=
= {e) by ((n ) i () > KA,
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Hence we conclude from Eq. (3.11) together with (3.1, (5.6) that

Meh~1ole) = e Ry e) + Hed STl S0 = pele) £ cos (aBla),
 Moreover, from (5.4) we detive the estimate
le) "Bt e + | ) 2 % Cr)~* k)™ e B
Therelore, we et

[ e i B+ [ (o)) e <
<C [ I g de = Clele
showing that vy & (R I, de H(R) by LemmaS4. From (5.14) we fnally
gt
515 v =+ B (A0 (60 Sih)

which gives us the decomposition (5.10), observing that the sum on the right hand
side of (3.10) is direct and is obviously contiined in HYRx 1. ®

Reswsx 5.6: The proof of Lemma 5.5 shows that
- 1
Bl cn={ [ @ e) i)y

8 an cquivalent norm op H3(R » I). Since H3(I)is  cone Sobolev spuce of func.
tions possessing asymptotics of a certain discrete asymptotic type near y = 0, H3(R x
X I s din fact 8 wedge Sobolev space in the scnsc of B.W. Schubc (scc [15-17)).

Next we discuss elliptic regularity and assmprotics for the olinder 2= R w

“The boundary du i in particular smooth except for & finse muraber of carical pois.
ol tha Goakal poit Vi un bhide sile deserve Forthes Tkt foi FlLreguit
oy holds up 10 conical poims with an acute angle (see Remark 33 (a)).

b denee she e o shs il s L, be the sl

or every j, 1575 K we choose an open cone [,CR? open

S A 0 Vim0 . ifivienphioes 2 Uit
that 3,06, = and %,@NU) = [y V, We assume.that I, = {(r, 6% 0.< 8 < 1}
Furthermore, we suppose that the diffcmorphisms , e chosen in such 4 manner
that /(<Vg}(6) s u posiive. sclic. muliiple of the identity for xe0w N Uy
Morcover, y,{5)eSO(2; R). It can be shown that such a choice is possible,
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UU,BMII,MMMWMNWWM
s preserved under the diffeomorphiss ¥,

Ntice thar the assumprion implies that
(5.14) (A =d4 My, )

close to.y =0, where M,E)'.alwlmdoldu differential operator (without zero-
‘acder terms). By shrinking U, f necessiry, we may suppose that M,(y, 3,) satisies, for
=0, K> 1 and &> 0 sufficienty small, the assumpions (s}, (B) previous o Lem-
ma 52 as well as condition (58).

Let U R be an open sct not mecting {5y, ..., .} such that {Up} U (U}1,
lm.ummmm.gumu(mu{p),..b“smmm unity,
Pt E.o,-lonw. ;=1 in a ncighbourhood of &, for all 7, 1 <7< k. Eventually
we assume that, for 1 %k, 9= (2, #; only depends on the radial variable 7, L.,
= wile).

Rewsx 5.7; Before we proceed we give an intrinsic interpretation of (5.4). There
is u shore split exact sequence

@15 0 Hi ) — Hilw)— )j c=0

with the surjection assigning 1o cach function e H3{w) s sequence (d;. ..., d,) of
shugilkic omickta: Thercoro ) Bsdiiind 2 - coulTEain dimsitiis B £
front of S for v= (z)a(pu), =T,

o ase that (515) I comecih defined abeseve that the coeficest d, s not anly in-
wxdauuhmudwemuﬁmw,(mwsuwLwdmmae-

x "“’

umm+ ﬁ 41" Uy ) rcos ()

for u e Hy(w), where us & Hi(w), d.& C are uniquely dercrmined. The cocfficients &
can be caleulated using the formula

(5.16) 4= Em B3G9 e, 0) = udlb), cos w0/ )iin, o0

where (4 - 2q ., denotes the scalar product in L2(0, ), #(6,) i the vlue of u at b,

o
nd Ilm!xﬂ/ﬂ)l’dﬁ} The valie () = Gz ba () 0) s well-defined by
Theorem A.13.
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Hosics: ik equbvalent et ok R CR 3 Ak piment oy
617 Blgmen= [uoqoin»;..,+’2‘:|er,>.:w.~:li¢;w]m

This follows from the fact that u & HA(R x @) if nd only if 9, e HY(R x w) forall/,
061 . and obviowsly ot € HA(R X ) if and caly IF pas & H? (R o), whike, for

1€ 5k pueHI(Rx o) if and only if (0. (9,x) e HE(R x ),
From Lemma 3.5 and (5.17) we conclude that

518 HYR d xmls{i’u,l'lﬂ:.‘,{ A
E

*cos (aifa,) 4(1)}): dia HHR), 1s1s=x],

Anslogously to 15.15) we have the following lemma.

Lewus 3.8 For we R being a hounded, polybedest domain as shave, there is a
shart splt exact sequence
6290 0 —+ IR x @) —+ HYR x o) "5 l'[H' o (R) —>0,
tobere: the operators T, are given by
(5200 vyt = i B r=112,)4 (900, 7, 01—, b)), con (w0, -

Marecuer, a splting of (5.19) i given by the mapping
21 Ui oy ;‘(z,l'(ﬂﬂ.(w,i-(l)) 300} rrcos (x0a)) .
Paoar: m(’!llmdlﬁelﬁmmﬂlﬂl‘ummlsli].ﬂtﬁm
dje HA(R) appearing in the representation of ue H3(R  w) as
P E.“‘”' (Fd Adr) el cos Lxbra, ) 71} )

. iu,)- 2wt date)]) rcos (e, ))

whete o€ HUR % ), are un!rwdy determined, independently of the choice of the

isans 7, and ctions 7, Likewise, the same is then true for
the functions -f,,-tb)"“ui,.H' =%(R). Therefoce, the susjection in (5.19) is
well-defined. Moreaer, it becomes clear that (3.19) is exact and a splirting of it is pro-
vided by (5.21).
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Thus it remains to show (5.20). From lf.l&J. -ppluﬂ to F= o= (z)als,u),
and Eq.(5.11), in which 4= d,, we conclude

3e)= B B2 (0 e} ale, ), 0) = () Yie, 0)), con (a0 Do, o =
i
= lim A7 () e (e, 1, 0) =, 00), contla i

the larter line upan replacing r with r{z), ie.,
dyled = (o) " (x) = Jim B77 (= (. r, ) = 7lr, 0)), costabla))is u )

daley= H_.:‘ B e () (g w8, v, ) = i, ), coslafa))yse,
This proves Lemma 5.8 complesely.

From (5.20) we obtain in particular that the teace operation on an edge is
Jocal,

Conouiay 59: For weHJ(R x @), we bave suppir,u)Csupp(u) (R x
x{b}).

Revarx 5.10: (a) To interpret the funcrions dy @ '~ **(R), 1 €% &, as coeffi-
cicats in the wsymptotic expansion of u € H)(R x ) close to the edge R % {5}, we
observe that P.‘.s,{mrn 3y (T)} = dy () when #=0.

{b) It can be shown

BTl ) e 7, 8) = e, b)), s (307a,) 30,56 H' (R)
for uh'gmxmm and convergence in (5.20) takes place in H'~"(R).
in this section is to conclude the form of asymptotics when going
mrrmng;mxmmmmwmua:mxm This is achieved by con-
a m-unpumousm i, twe of & Souspn projein (1
H}(R % w) by means of a reformulation of the asymprotic information.
Theckin 301 Let wCR’ be a bonnded, polybedrsl dmmain ax wbove. Then there
xiits d continsous projection Ty in HG(R % o) cheying the following properties:
(a) ker 1, = H(R % an);
) 1,1y = 11T, for il seR;
(c) suppug R implies supp [T;ug K- ;
() 1T, # (FG (R % wl, HE, (R % ) )-comtinuons:
(e Ty is (H 1R % @), HE, 1 (R x @) )-comtinuou.
In the proof of Theorem 5.11 we shall make use of the following result,




=

Lisous 5.12: Let FCR? be an open cone. Further fet ye (R), e s(R.),
dye H'=="(R). Then

6221 wilr) B2 tplrla) — pire)) & () r™* cos (a/ad e HAR x 1.

Proce: Ler (e, o) = w3 (rd Fyz (p{r{e)) — plre)) () r¥% cos (a/ez). Then

we have

623 ldllatmxn=

o 2
-I | (zﬂmﬁ(w.lr:iwv(r»-m:)?.nm"mwnnmn-frl -

C 2
-[ [(rJ'Ilr)l‘lw;i-(r)"nw(rrwlm(»)nr“mcwa)mm.ﬁl' =

- i
qcl Jo |an|m] "
where d = (D)7 "*"d; e H'(R). Thereby,
[he sty M i) = glrmie))) 7@ cos (x0fa) g £ €

hlwmmchomﬂrummh&qﬂm
Palrd = py(r) r*"cos(xla) _ consiitutes bounded

{w2e 5, ; v2(0) = 0} into H(D, il {yytrtel ) o)~ plreh); ux)
for y & S(R), y; & S, ) is bounded in (v:-sﬁ.).h(ﬂ-ol Hence the right-
hand side in (5.23) is finite proving that we Hi(R X I,

Pacor oF Tisoas 5.11: Lemma 5.12 allows to F,J,[(r)w,:.-(‘)n-(:)y"
eos (afla,) d(r)} in (3.18) by yu0r) F25 {9, (rr) dy (21} r=" cos (6/a,) ic, we
have

HYR % w) = HIR* @)@

e{5:1;,1-mmr.-.'.{u,cm3,.(:);:’-mmm,n; .-H""m)]‘
where, for each 7, 1 %% &, ;€ SR}, vy @ G (R, ), 9,000 = 3,(0) = 1, and g is
supported in V; when considered as u function on I, If especially the ), are choscn in
a way such that suppF ™'y, c K- halds for all j then

524 M= fltz,-l‘(v,,(rl E ree, ) ~(0)} 7% cos (aba,))
=
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for weHJ(R X w) is o projection in HA(R x @) meeting all the requirements
(ahlel, That 11, is a projection follows from the fact that 1,15 = £, balds. for
e HY(R % w), (a), (<) are immediate, (b) is the locality of ihe trace aperator 7,
swﬁwvﬂnwji)iuddkmmhmnwohkpomdod&mnul ror
J,H ,_,(w,(rr! 3,(7)), where ¢ 0 is regarded as a parameter, and (d), () come
the cbservation that y,(r) F.J.len)(r,ul"tr:} r"“‘w(ﬂﬂ/ﬂ,) belonigs 1o
Hg.IRkJ))oMHQ;.IRxI'I. respectively, rwnbdmwwuwmxmmd
twelR % T,), 05 an casy calculation reveals.

The following consequences of Theorem 5.11 supply the projection 175 in HJ 4
(R, * ) onto its closed subspace comprising the asymprotic informarion as well as
the short exact sequences used in § 6,

Tionss 3.13; Lt wCR' be 4 boundes, polybedral domain as above. Then there
exists o contingas projection 117 in Hy 4(R. X w) obeying the following proper-
ties:

{a) kerIT5 = Hi, (R, x o
by THT5 = 03 T, for ail 520,
Moreover, IT3 is (HE, 1R, x aa), H3, 1o (R, % 00))-comtinuecuss,
Procs: The theorem follows from Theosem 5,11 (a)-(e) by continuous ekt

tension
of the projection [Ty 10 H 4{R X @) and its subscquent factorization to Hj ,(R. X
%),

Notice thut a projecrion 117 satisfying the requirements of Theorem 5.13 is
G2 iam B (o) B {7 (00} S costatia)

weHg 4(R. % o), where y, ¥, are asin (3.24). Here (1" u),,, means an abitrary ¢x
tension of 77" e H~"*(R. ) 10 s function in H}~*¥(R).

Comouary 5.14: The sbort exact sequence (5.19) extends by contimuity and foctors
subsequently to a short split exact sequence

0w LR, % o) — HA R, Xy "l'l'ﬂ.' R, | =0,

tobere (t7, ..., l the vectar of trace operators. A splitting is obtained froms (5.25)
Iy rplatng 55 4 by iR
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6. - REGULAR AND SINGULAR PART OF THE TRATECTORY ATTEACTOR

In this final section we show that the trajectory artractor A of the problem (0.1)
decompases into a regular part A, and a singular part A, . For brevity we suppose
thar the right-hand side g of the problem (0.1) i strongly translation-compuct in 5
The case of wek teanslition-compactness is treated anslogoudy.

Let K* = K; be the union of all selutions to the family (3.4) (see Definition 3.7),
Let J17 be the same as in Theorem 5.13. The regular and the singular part of the
union K * are introduecd by
®.1) K= R* Kh=M K", where Iy =1d -3,

Notiee that

©2) KaclHi w2 )Y,

and the iopology on K.y induced by the embedding K4 ¢ @3 coincides with the
ropology induced by the embedding (6.2).

From Theorem .13 it follows thas the semigroup {T,, 10} of postive shifts acts
both in K, and in KZ ie,
©3) TKLEK, and TKLCKI foralls20.

Dummos 6.1 The ariractor A of the semigroup {T,, £ 0} acting in the
wopological space K. is called the regular trajectory antractor for the problem (0.1)
(see Definition 3.7).

, the attractor Ay of the semigroup {T,, s =0} acting in the topo-
logical space Kz, is called the singular rsjectory atructor for the problem (0:1),

Tiwoamt 625 Un&rlkdhvrlmmp}mlﬁrpmﬂn!(ﬂl}pmﬁﬁ!ﬂlnp’n
trajectory attractor A, as well as a smguler trajectory attractor A, Moreover,
64 A=A, Au=TA
where A is the trgjectory attrictar for the problem (01).

Peoces We only verify that Ay =13 A A= 17 A is complesely analog:
ous.

First we ure concerned with the attracting groperty. Let @ = O(T] A be u neigh-
hourhoad of I7; A in K. By Theorem 5.13, (/7 ) is a neighbourhaod of A in
K", Hence from the anracting property for A we obrain that there exists a £ 0 such
that

(6.5 TK et for s>




-1

Applying 173 1o both sides of (65) and using assertion (b) of Theosem 5.13, we
find

T KL UT5)7'060 for 5255
‘This s the atracting property for 173 A. Secondly, by defintian, T,A = A for ol s
=0. Applying IT; 10 both sides and using (b) of Theorem .13 again we get
T A=MA  for 530,
This is the strict invariance of /13 A under the action of {T;, 52 0}. Finally, the com-
pactness of /77 Amx-hmﬁuncbemmmddxm‘ﬂm.&md
the continuity of 1T
Tﬁmﬂ‘Aul&uﬂgﬂnmmhhpmﬂu(ﬂH Theorem 6.2
is proved,
Comouiany 63: Let v/, 1SS K, be ihe trace operatars supplied
leySid Thos s sy (1, - =0} W iiiones it
T K7 c [HES ™R, ) and postesses the attrocrors A;=7] A
‘This is immediate from the topological isomorphism
0] o £ 0 T3 HE (R xal-'éﬂ’._"’"fﬁ.)

desived in § 5. Note that 7,' A has an invariant meaning, while 173 A depends on the
choice of the projection /13 .

i impose
ulnplwo‘it.lnpmmﬂu e f) = 9P b grodien ke (e 457 e she

6 ade, =flo,) =gy Buvs [aa=0

has only a finite mumber of solutions v. = in [HA@IY N=1
Let {4}, e the sequence of singular coefficients to o, ie.,

&7 wtt =+ 340 0,007 o))
where o= [7; vl'e (Hi ()] and & & C* (sec Remark 5.7),

Theonen 64: Let the assumptions of Theorem 4.4 be fulfilled. Then, for each sol-
wtion  to the problem (0.1), there exisis an equilibrium v} such that

(638) Tl in O] wi—o.




TH eI i =nll, T w070}

©9 Trpa—d® in HEPR,) e s,

Paooe: !M)usmmmei‘ﬂoewwu “The other assertions arc immediaze
from the contimiity of the operators M7, IT7, and t; in the appropriate
spaces. W

AppERpIX A, = ELLITIC REGULANTY

We formulate wuxiliary results concerning the regularity of solutions to linear el
liptic equations of the form (0.1).

Let € R he  bounded polyhedral domain. Then Hj(w) denotes the space of all
variational solutions v & H' (w} to the problem

an (=dle=g, Spla=0,

‘where the right-hand side 3 belongs 1o 17 (@), H}(w) is a Hilbert space in a notural
‘manner.

For the moment, let @, be the space of all variational solurion to the problem
(A1), with o replaced by Dy, ...z(r,—n Ty # 1) X w. When speaking on
n'.r,.n;h.uwm 2 bounded domain irself, but as

qinderRxmwcrdnebwnda!pdﬁndﬂldmdnmhMuhmd
e

Deswimos Al: Hj(Ds, 1,) is the space of all restrictions of functions from & to
Dy, 7, with the nom

(a2 e, 27, 1, = inf {fl: ne Gy, ala, ,, = v}

lnH&”lwldmomhtpctdiucumtbem{l-o)dﬁmdmbehom
10 HE{£2y) with the norm

Boo, dollia, g = in {lle, Dl gt #]i=n=ws}.
Dernmos A2: HY (2. ) denotes the Fréchet space of all distrbuions 4 oa

9, such that o, belongs to H(2+) for every T2 0,
H3, (2. denotes the Banach space of all functions from HJ (2. ) for




which the following norm is finite;
A3} Bl = suplle, 27k g,
A
Set Vo= [HY e, €5 = (H) (R )08 By = [HE 0,01
Lowsas A3: Let u be & variational solution 10 the problem

S {af.u»:;‘ 3% =0,

Wlon=a alar=

awhere sy, w0 Vo and ge L3 (@7, 7). Then ue HY(Qr, 7). Moreover, the following
estimate bolds:

. @, 1, o & Clls ol g By, ol g+ gy D3, o)
Procr: By definition, there i o function ve HY(Qr, 1) with o], =w;,
2] ya, =ty such thar
. 7,5l S iy, Wl + iy b ) -
We show that w = u—ve Hj(Qy, 7). The function w satisfies the equation
Slutdw=g@mg— (Blo+dr)el’ Gy 1),
wlan =0l =0, Juwla=0.

Take a cut-off function ¢ G (R) with @) = 1 for 7 (Ty, To) and ¢y =0 for
1¢(T, —€, T, + ), where 0 <e<T; - T,. It is readily seen that

—wl2T,=1 for te(T,=1,T,),
Wi =gl i =gin{ win for r& (T, T),
—wl2Ty=1) for te(Ty, T+ 1)
belongs to . Indeed,
FW+ AW = pl0) (1) + 2600 3,30 + 9710 B L (Dr,- i)y

where  is defined similarly to . In addition, W’ satisties the appropriate boundary
conditions. Hence, according to Definition A:l, we H3(Qr, 7). ®

Towoms Ad: The space HA(Q5, ) OL=(Qy 1) i demse in HE(Q7, 7).

Paoa: It suffices to prove that G 1 L™ (R, 11+ 1} is dense in Gy, Take o fune-
tion we G and a function ge L (@7, -y 7,.1) which satisfy (A1), Let {ga}c




-t

€L*{Q1,-1,7,41) be a sequence such thar
(AS5) g in L@y n) s m—.
Let ity & &; be the variational solution to (A.1) with right-hand side .. It follows from
(A5) and the definition of the spce G that

by 0 Gy m o,
Hence Theorem A4 will be proved when we will have been shown that the functions

e € L%y 500
We use the following maximum principle.

rpe1) for =1, 2 be varigtronal solutions to (A1)

Loy AS: Let e H' (85,

it rightband rider g€ H'('r, 1, 11%. Assuene, i addition, that
A6 g @) E (e ®)  for all GaH Ry p) P30,
Then

@an wlt DBl x)  for (X & Rs2g 70 A8

Proor: Consider the function & = o — u;. Then
(AB) (3w, 8@+ (Vu, VO)+{u, ®)=0 for all el (Qyyr0) $20.

Now introduce #. (¢, x) = max {w, 0}, u_{t, ) = max{ ~a, 0}. Then w=n. =
— . It s known that w., u. & H'(Ry,_; 5,0)) and

(ue ) =0, (Su,, du_ )+ (Vu., Fu.}=0
{see [21]). Upon replacing @ in (A.8) with a_, we cbisin
(G, Bty = {Vu, Va) = (o, w YO

This implies tha {n. . w.} =0 or s (1, x) =0 for ¢,.2)@ Dr,-1, 7.1 &2. The lem:
ma s proved,

Comoriry A Let waH'(Qy,- . 1,01) be & variational solatiass to (A1) with
right-band side g L (Qr,-(.7,41). Then a& LDy ran).

Thic completes the proof of Theorem A4.

Tiwomn AT: The embedding
49 HYi@y, 1) c L@, 1)




bolds for

A0 ,s,,-z’—*;.

U g <o, then this embedding is compact, Furthermors, f we Hy(@y, ), tben
wlu]'n- “"‘eH'(Qr ) and
) Bl =27, @y, ], 2% G, 27, 73,

Paocr: Let uﬂqlﬁn,r,l By definitio, there s a function ZeH'(@7,_,, 1,4,
ilay, = u, such th
(A1) (35 5,8)+ (V5 V) + G ¢ =G @) forall $eH' @, 700
for & cenain right-hand side 3 & L’(R7,_y 1,41) and

| FE SR % 1o - PR

Ap FeLil@r,y 1,01) by o sequence (,.}:r.-:n,,.k aik a—ri in
L4 i e the solution 1 the variational problem (A.12)

st the ight-hand side 7 replaced with 1 Then iy L (25,1, 7.01) by Corel
lary A6, lence the function i | |/ belongs 10 H (@, gl 2=

=4/(n = 3) = (g~ 2)/2. Replacing i by i and ® by 7, | &, |+~* in (A12) and srgu-
ing as in the proof of estimate (1.19) we obeain the ineguality

(A1) i L %732, Q2 % €O+ i, i | |2 )
By Sobolev's embedding thearern, H'(87, 1, JCL™™ @y, 7). Tt fol-
lows that

(RN SR R R L - PR e
=iy |5 %7, @y B
By Hilder's incquality, we further obtain
Vs B [ 1)) % s @yl B @7 0 B
S, Qrior 01l o+ Gollgen @1,

where >0 i arbitrary. Applying these estimates to (A.13) for a sufficiently small
#>0, we ger

A1) B, Dy B B 3 %22, Q5 B

S0l riciien
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_w,um.l..(._,-.,mL (@1, -1 1,4 1) hence the sequence {f, } is bounded in the.
space (821, r,.1). Without loss of generality, we muy assune that &, — & weakly
in L%,y 7y00) Thus GaL®(@7y, ¢ 1, 4y) and

oy @l S W D11 o S CIE Dy 1 b S G, @, il
The statement ulu]*~* e H' (D7, ,,J is shown analogously.

We finally prove ihe compectness of embedding (A.9) for ¢ < . By the inwrpola-
tion incquality between H' and L%,

HiQp, pycH 1Dy, 1)

for some £>0. The assertion follows, since the embedding /1" 7CL7 is com-
 The ot of Theoven A7 comicie,

Comouiary A8 The embedding
(A13) H{@2y, p) QT T L))
bolds. Here py=2ly =2+ 4/n=3) is the maximumy value of p in 102).

In fact, the estimate (A.11) together with Sobolev’s cmbedding thearem imply that
alal 42T, T3], Llw)) i e H(Ry, 1), Morcover, we infer from the em-
bedding Hjc ! that ue CU[T,, T3], 1 (o). Now, employing standard argurments,
we finally obtain that we CI(T), To), L¥(w)).

Tisous A% Let weH}(Qy, o Then Suel}@r, 7). 3Vael @y, 1)
Moreaver, the foliowing estimate bolds:

4.16) 87w, 2y, mlo. 2+ 118, %0 R 1 b s S Clle, 27, 1]l

Procs: By definition, there exists # Runction & G that satisfies &g, , =

Fitdi-i=gl), Ai|a=0.

A7 i 4
ilpag-1=0y  @fep =0

for some function geL¥ (87, AL g, @5, 1,7, il s S Chos @, 5l - Be

Jow we only give the formal arguments for deriving sstimate (A.16). A rigorous proof

can be supplied by exploiting the Galerkin approximation method.
M—ulrlpbmsliqll\l?}hy?’vmﬁmwﬂnuwnnﬂ 13410 we obtain after an

integration by

(A18) uaful‘. DE(EA

{1 aE 1) = Sl




Applying Holder's inequality
s 1 i s
(e 83 € el 1+ SIS )

to the right-hand side in (A.18), we then find (A.16).
The proaf is finidhed. W

From Theorem A9 we conclude:
Cosouasy A10: We hae
(A19)  H3Ry ) HUIT, T) Hie)) NHT, Ty, L@

In particular, the functions t++ a8}l y and ¢+ 3 a(t) s, ; are defined and continuous
Jor every ue HY (R, 1,).

Cosouiasy AL Furhermore,
(A20)  H3@r, ) =H((T;, Ty), L a)) 0L UT,, T9), Hitw)) .

Reuane A12: For smooth domains ¢ R, ll previous results of this appendix
are consequences of L .clliptic regularity for the Laplace operator (see, e.g., [19]) es-
pecially of the fact
A21) Hy(Sy, 7)) = {we H (D7, 1,): 8| pa=0)

and Sobolev’s embedding theorem. For polybedral domains w, however, (A21) is in
geversl ot fulflled fsce § 5).

The following desp result may be found in [9].

Tirones A.13: Let wn R* be a bounded polybedral domain. Thes theve exists an s
satisfying 0 < ¢ % 112 such that

A22) Helwl gH?* ).

Comuiary Al4: Let @ R" be w bounded polybedral domamm. Then
(A23) g, THCH (05, v,),
where £ is the same as in Theorem A.L3.

(A23) is acrually 4 consequence of (A.20), (A.22).




e
Comouiany ALS: Lot weH) @y, 7). Then
B, ula e HY (T, To) x B0 .

| This follows from (A.23) and Sobolev's embedding theorers. In partculas, using
Green's farmula (see [121), we obtain that 3_u] s = 0 for ue H(Q, ). Thes sol-
utions & to the problem (0.1 which belong to @] satisfy the homogeneous Neurnann
boundary condition in the proper sense.
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