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k R GRANDE - P. SANTUCCI(*)

Anisotropic Sobolev-Besicovitch Spaces
and a Semielliptic Differential Equation (**)

Spazi di Sobolev-Besicovitch anisotropi
© una cquazione differenziale semicllittica

— In questo i i spazi di Sob i wye
Hj € 5i prescnsano alcune dell Joro propeieta. Si dimostra un teoremn di immcrsione conti-
s pe o spario. H2# in spai di fucaion continue. Inole | risulati oticrusi 3000 applicati ablo
sudio i una equazione differcoziale semiellitica

1. - Demopvcron 1

This short note is concemed with some questions about spaces of almost periodic
functions, which can be considered as the anisotropi counterpant of the Sabolev Besi-
conitch H* und W' spaces. !

The stody of the isowopic Sobole-Besicoviteh spaces, introduced by Shubin [
[14), Pankov (151 and in a different way by Avantaggiati [2], has been developed |

ly by Iannacci er Al [10], Dell'Acqua-Santucci [9] and Bruno.Grande [7).
These suthors obuin continuous and compact embbeddings in BS spaces. as. well
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 Universith di Roma «La Sapicnaus, Via A Scacpa, 16, 00161 Roma.
{%*) Memoria prescouata i 15 apeile 1957 da Mario Troisi, uno dei XL
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ws in the CJ space, if subspaces (that contain periodic functions) with fixed
frequence spectrum are considered.

As we will show, also in the anksotropic case, it is possible 1o obtain some continuous
embedding results, comparsble with the classical embeddings, if the structure of the
spectrum possesses certain summability propertics.

Now we briefly describe the coments of the paper. In Section 2 we define the

Sobolcv-Besicovitch spaces W* and F¢ and here we present some of
their clementary propertics. Further in this section, an equivalent sorm in the space
Wi is given.

A simple continuoas embedding result for the spaces H3* in spaces of regular al-

most periodic functions is obtained in Section 3. As we have mentioned before, the

 structure of the spectrum plays 8 crucial rele in our proof.

Finally, the last section is reserved to the study of the following semielliptic differ-
ential operator

tal, ux0,

e

in the anisotropic Sebolev-Besicovitch spaces framework and its spectral analysis.

2. - Avasomomc Sosovev Besicoviron: seaces

We refer the reader to the monographs by Amerio-Prouse (1], Corduncan (8],
Levitan (1], Levitan-Zhikov [12] for the elassical theory of the uniformly almost peri-
odic functions and to the papers by Avantaggiai [1], Avantaggiati-Bruno-Tannac [5],
Bruno-Grande [6), Pankow [13] for the main propertics of the BS spaces, Morcover,
for more information about isotropic Sobolev. Besicovitch spaces the reade is referred
1o the papers quored in the imroduction.

Here we only recall that #RY) is the vector spaces over € of the generalized
rigonometric polynomials

FPlx) = f:lz,.-*“.
where x, AR (NeN), #-x=dn+dn+.. +dxy ¢ geC for j=

=12, "
=0, W=

w the set

otP)={1',4%,....a"} cRY,
is called the speetrune of P and the function a(+; P) defined in RY x #(RY ), by means of




ifi=iealP),
if dgolP),

Pixy= Eald; Pret.
W
let N'= N, # N, that is R = R¥ R"J.Amdh‘mbmm{llnde-
A1, the projoction of @ subset A ¢ R *¥ over the subspace RY., For every
,Mun,u:mzumumr.w‘muu'uu
With these notations, we can describe A in the following way

A (A AT @ RA Y puch that '€ A, wd 40 45000

iunuiﬁeﬂmd,:a. ) docs not depends on A, that is A4 = A, % Ay, but in general
: l'hhmnemﬂhwér‘““‘mﬂb
hd::lnlnszd Thenif 1< A4 and I % 0 we denote by I the projection of I

™ an therefore [ can be described as

I={(2",2") @R "% such thar 4'a 1, and A% L,(4")},

Ted = l.cn, and L&) cA;).
the notations given above, if x, 48 RY '™ we set 5 = [x*,x"),
i) vk e ¥ cR"' . Therefore, 2 wigonomaric polyaomial P e
am""“'lw rqxunndmgseﬁmmuw
P =Pt 5} = B ath; Pher= e B AT Py
From now on, we restrict oursell 1o the case N = 2, thut i R = R x K. In this situ-
stion. we.simply write (e’ x") = x,y) € R,
hmygcll.-*ﬁlund--k,,:,).x.,nlh‘..“mv?lﬂll"l

IPL,:=|P|,+6I: l”"z: L
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Let us observe that, for any fixed ¢, (2.1) defines a norm on S{R? ) and marcover | o,
“ s equivalen 1o [ [,

Derermon 2.1: For any fixed g & [1, + =] we denote by W3 (R?) the comple-
tion of #{R?) with respect 10 the norm [l , defined by (2.1).

These spaces are called anisotropic Sobalev-Besicoritch spaces of (vectorial) order
& und of type W,

Hence we can define the norm on the space W3 in the following way:
f an
i=ut+ | 22 <]
OF course, Wit (R CBLIR™), Vi =5y, 5, 41, 5 € N, Vg 2 1.
T a similar way, for ang 9 €11, + @[, 8 = (5;, 521,11, 12 € R, and ¥P & SR}, with
f=olFlL:lwmnllckrdaenm|-I,..,d=ﬁwﬁl follnw!

@ [Pl = 2 3, [0+ WEr s RPRAY 2 pl

where 3" = ¢/lg - 11,

Dasvno: 22 We denote by H3 ¥ (R?) the completion of #{R* ) with respect ta
the o |l defined by (2.2).
These spaces are called anisotropic Sobolev-Besicovitch spaces of type H.
| Foemy,!-H“(K’).whl-J:O(fl.w inmroduce the norm
g Y Ll A"
W= 2 %ﬂlunlzl PR PO R, AT,
Obscrve that, Ys = (s;, 52, such that ;.52 0, Vg = 2, we have Hyf (R) € BY (RY),
.| l with eontinuoss

Usiig the same technique as in the proof of Theorem 4.1 in [T], i is possible 1o
prove. that
Wt (R HYt(RY), Vgell 2l Va=is.5) n.ueN,
I @ LR o Wt (RY), ¥g22, Va=(n,5), s.neN,

l from which Wy I(RY) = HEH(R), ¥a=0,5), s, 5€ N follows.
In the space W3 *(R?) we define a different norm

g
1= s
Provosmon 2.3 The ncms |-l 2 and |12 ; are epaioalent.

SRl
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-M'-Whﬁwﬁnllhlllf)’n\y‘-l[k’]‘ﬂ:mn he strong mixed
@ 3 ™ in B p.m.dndnsm,‘.,4u,,'.,s1

<O1R?) be a Cachy sequenc in Wi (RY) such tha it

mfumwmd\mfnrwprduinmbﬂs[KPKnc

g-aﬂlﬂ-rl,‘p+]p‘g=]fr<lm:hlhwm|

ds. By (2.3) with p =5, /my, ¢ =35 /m; and the Parseval equality, we get

g i e
EEL- 2, B W e

50 % ({E S R P o RO 1P PP RFY BT L
3 Al 4 -h(l il

L X ET NS S (R PR DT AR TR PR T i o PR S T LS

Pt

Se T F 0+ ERE 0 A PROF G Rl =

=P B = R

?vﬂ_cmdt'maﬁubkmm‘ﬂmﬁ:xqm
(2% =P, )/ (361 35}, . is a Conchy sequence in B2 1), hance it definc the
srong mincd derivative (27 *1F) { (3% 3y™ ) offin B (R?). Passing t0 the limit for
B In the previous inequality, we obsain

grrmp

Ztl<ewe.,

I = SR O

where ¢ is also & suitable positive constunt. This establishes one half of the desired in-
GM‘Onduurhrrhmd.uhnbydnerchq it follows
[-1540)-

Weom i 2] | 41 <+ | 34
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=

127 ]2 2" 2 |ogd” .J':f}P] =

= s
RO [~ AL

This establishes the other half of the desired inequality and completcs the proof of the
o "

3. AN pMIEDDING JEsULT
Let A be a nonempty subset R¥. According to Avantaggiar (4], we said that A sar.
isfics the ) comdition i
a) A is a countable semigroup in R (+) with a finite number of gencrators,
is comtained in @ convex cone in R¥(+), that is
A= {mdT 4 4 mgd] such that (ny, . m) € N8/ {01}
with the hypothesis
i) A7, .., 42 are Zlineary independent;
i) @At A7) N0} =0
Moveaver, we said tha A satisfies the #) condstion if there exists a positive number
 such that
i
1.24 W’<+ S

Tt is keown that if 4 suisfies the @) condition, then it sarisfes the f3) condition and the
mumber f is equal to the number of generators of the semigroup. See Avantaggiat [4]
and Tannacci et al. 10] Lemma 6.1

Naw, let us fx the ses A4, A5 € R satisfying the condition ) (with f; and f; gen-
erators respectively) and consider almost periodic functions f sich that a{f) ¢ A, X
* Ay




’iﬂlﬂ.lﬂ

By(Ay % Ay) = {faBL(R'): 0lf) g4, X Az},

30 Lat 1 €g < o ond vy, mye N be such that
1 B B
;;(mo‘;)o }’(.u,+-'.~)< i
e,
&z <.
Je HET A, % Az), where & = (s, 53) and ¢ &5 a suitable pasitive constant.
Proor: Choose ¥, s with ¥, >f1, 72> fs such that the following inequality
1 n 1 ¥z
;(m & 7) + ;(nr,+ T)< 1
2N oy
VR [”[r* *)]’
JA [ A7 % (20 |2 4 A= sy inemde
o holds, since 0 €my f5;+my [ <L

. Therefore, by Halde: inequality and (3.2) we get
A7 | [ fath A% ] =

s '«.I_g,n' |

3 . - 1 . ge
2 S el I'}Wm ald‘.a%f)] €

Z 2 l(1+14'\’w!-m+la-py-l'y'|.(1-,;-;,«;|v-)"',<

4%a, a5,

1 Uy
*.2 l'gna(uu.'pw|;-|n;u-‘-m--»z-.m‘) S

o




Since (3.1) holds, we see that

1
2 e

=3 _ =g
22 T

] L ! <
VA L [ [T PFON (1 A [ (AT [

1 - Ht g g 1
‘J‘z -?A‘ R jarp a-?‘d. IS i'-Eﬁ, 1amre

<w

o

for any fe Hy¥ (A X Az}, and the double scrics
JE T AT e e,

= Jald!  A7: )| <

comserges absolutely and usiornly in R 10 some g € C3(4, % Az).
On the other hand, the double series
E L E i peteet,
which repeesent f in BL{A; % A;) converges absolutely in R?,
:n;:d.m [4*1> 1 and [4*| > 1 definitively (by virtue of the §) condition,
we

s et il = “2“ ”_gul-u'.i':nh
+ w‘z“ fio ol |-1A',A";f)|ﬁe+u‘2" |s-n-|l [R5 1 el 2 ) < 0,
where ¢ is a sui

rable positive. constunt,
Then fa CoiA, X Az) lnd.’t*.))- lim, 5, (x, y) where
St =5 5 g, g et
e
Observe that

S by}

gty = amgym

in the sense of C5 (A, x Ay).
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14 ‘,"”-W
proof of the theorem s now camplete. W

3.2: The result given above can be considered as the almost periodic coun-

4. - AVPUICATIONS TO A SEMIELLIPTIC GPERATOR

Let s = (y,5:) = sy, 26 ) with 5, @ N. Then, Hy?(A; % A;) and WA, %
;) are considered

spaces in Section 3,
Now, we set 4.+2 = (5, + 2, 21, +4) and consider the following semielliptic

S ﬂ,_f--%—-+ﬂ+w‘ az0,

- where i o posiive constant, % the framework of the ansotrapic Sobolev.Besicovitch

Theon 4.1: Let 6, as in (4.1) and 3y & N. Then, there oxists a constamt o > 0 smch
ﬂ,ummﬁnmﬁmwh 'm Xd, :mW"M,xﬁ,Lm&
(> g

| Proor: Let (B, Juurs €044, X Ay) such that P =/ in W32 04, X A1), Henee
P, de-y in W32 304, X A3). Therefore, also (@, P Do is 8
W r oA, XA

k- ok -l - ar L+ || Liar- ﬂ.’.lln-

"&,‘m.!‘ a,P]n,
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On the other hand, by Proposition 23, we get
k- ap l,s"—[P p.Jﬂ,+‘Ea—“ -P.1l+hln.—r.1h
<P, - Pafilaa S dP - Pukiss.

|+

Lﬁdﬂ’.- ez

In the same way, we obtain
a~"

r-ra] s | 2t
<l gl o |5

uaﬁw P

| g2

a2~ ap] s~k

&
Thes, the following ivequaliny
42 e, - P boa st - Pl
holds. Hence, (6, P, ), . is 8 Cauchy sequence in W3 (A, X A,). Therefore, it de-
fines the elemen @, / in W3 (A, % A3)

Moreaver, passing to the linit for n — 5, (4.2) also shows that @, is a continuous
eperator from W' (A, X A;) in WEH(A, % As),

Now, we observe that

3 AR AT A fy= AP AT 4 e AT, ]
s ¢
@A VRaesdffion.= |
= B S [ PR 4 0 PP e A S
Vo 10
cc X O [0+ PP+
i, ey
S R A e R PR Bl PR ST B
sc 3 T [+ PR @ PrEx
e, K5,

® {1+ AP+ 00+ |4 PPF |atd' 4% 001 s




L (VY bl S

vy
A TP FL+ P14+ (27 4 2047 P a2, 47001
|1 definiively, there exists # > 0 such tha
[2 P salar].
dor any jo3 2 /(20 4 1) = p the incquality
uz.u)li.'l‘su‘n}(

R f‘] =

2
2241
20+ 1t 1 A0,
Now, we set ¢, = ¢+124 + 11. Then, we have
B
£q 2 ?: [+ 2 Prit+

A PP F o (4] (20 PF ad a s
Sa L I L+ PR+ 4 PrF a2t el =
=alla, MRz =da, /K.
¢, (4.5) shows that the operator ¢, has a continuows inverse, provided

tesins to prove that ¢, is also onto. To this end, we fic e W7 (A, X A3)
that
e~ BT Al A e e

s easy to verify, by means (4.3) and (4.5), dm

WAL,
fsp)= .?.a ‘-§4,(|¢ Tr AT m

W32, X Az) and @, f= 4. The proof of the theorem is now
-
Now, we deal with spectral nalysi for the differential operator
6 w:m-——+a’,,
i the space BL1A X A;), slready defined in Section 3,




—e—

Iuis known, see [4], that an slmost periodic fundamental solution £, 1, of the dif.
ferential operator (4.6) can be constructed and

-4 LB
LIER W+
We claim that the operator

eyt

Tif=Eyef~ T

R
from BA(A, KA,)IDE‘M. KA.}mmnpﬂﬂnduﬂd&o&m First of all, obscrve

that, by viniue of the ) condition, there exists 41 & A, and A1 & such that
| 1S 12], WA'ed, and [AT] % |3%], Wi"ea,.
| Let us set
B A= 1R, vem i 22
|‘ then we have
)
Aot vy’

Indeed, the Parseval equality gives

lata" 2% 017 1
4N BuarB= Z 2 TP S weni Ve

WeBLiA, % 4,).

Choose ftx) = e**¢™* in (47), we obtain the cquality.
Naw, let & = {fe a,'(A.xA)l Wk <1}, d:npmunll-lnfa'(/l.xﬁ,_)

We shall show that nlwmpt!mvfﬂ-flh % Ay ).Obscrve first that
iscosd and bounded. Thus, by the compactnss cresion (6, we need 1 show hat
r(mus’eqummu. and B-equi-almost periodie,
=5"8"), we hare,
r {0 57 0 i I
LN e T

LANNR I s 2P
2P+ 7

[LENT 8] Ll o) 0 o
=L, .5, EETE

£ opw,y 73 R L T T — —
hr e R e T e
where.¢ iy » sultsble posiéive constanc.



s 7 =Tl <e,  Wea,
1B+ [67 [* sufficiently small,
easy t0 verify that T(5) s also a B-squi-almost periodic set. To this end, fix
Then, there exists 4; & A, and 47 e Ay such that
g _lsanop
WIS w S (AT [T
We®.
2t 3= (&, £") & R* a solution of the following system of inequalites:
JesEO - g <, VRS IR VIS ),
8, >0 only depends on . Therefore, one has
i CER ol Lol T
W) WS arP+jas*p
Jald" A% )3 [ 00— 2
Puduieden T GrEeEE S
& AN L
wiZn B TP 1T 5 P ey

¢
<£,
s

]
Hg

8= Telua +wo¥,

It/ - 1lh<e, Waoa.
%ema'.,,mhemwmmm,uwm (4.8) has a relatively densc set in
R? of solutions. This shows that () is also 8 B2-equilmest periodic set.

Finally, to show that T is self-adjoint we simply observe that
Epxalt 0= EL =0
. From the previous argument, it follows that for the equation
1 (ap)-zm=/, zeC,
 the Fredtholm Aliernative Theorem holds. Tt is possible to construct the esobvent oper.




— b
ator Riz, @(D)) = {@(D) —z)™", and by a simple calculntion we find

A g,
B L R e e T e L

Thus, we are ready to prove

Temonss 42 For the equation
14.9) (D) —du=f, zeC, feBLiA,xA,),
she following, statements bold:

i The nomzero eigensalien are posiive real umbers and forne an infnite o de-
ervasiong, soqUECE ), s e mlsu,-et

) Every pasitive real nurher js, is an cigervalue for the operator QD) if and anly if
there exist a (A", ')uA.)(A,ud:nbﬂM [* 4 147 4= 1. Momsocer the wrultiplicity
of i &5 at st one.

I 2%y, &N then she equation bas & anigue solution for eeh fe
eBi(A; X Ay).
iv} If 2 = iy for some j & N the the equation bas & solution f and anfy of
ald', 2% =0,
Jor cach (A", A") mch that [A" [P+ [A" "= pp
Proor: All statements follow casly. @

Regularity results for the solution of (4.9) are posible. For instance, it should be
clear that w e H i1, X A;). Then by Theorem 3.1, if

1o 24 )

a(d’ A0

B e e B v Lo

which is almost periodic for any 1e €, z# |A° 7+ |4" [, (4" 3" e A, X A;, be-
longs 10 CL{A; % Az}
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