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Compact Embedding Theorems for Sobolev-Besicovitch
Spaces of Almost Periodic Functions (“*)

Beskcovitch spaces of

Amstaact. — Some compast embedding results ate proved for Soboley
ope Hoand W, MMm&wummWo{mm sohutions of &
nondivear differential equation.

Teoremi di immersione compatta negli spaxi di Sobolev-Besicovitch
di funzioni quasi periodiche

Surero. — In quests st provano dei risubiasi gl spai &
‘Soboles-Besicoritch di 1ipo H ¢ W. Questi risultar sonos p uzzad per cusencre l'esistenza
solusioni quesi periodiche equatione differensi

1. - Inmeoucnion

This paper is concerned with some compact embedding results for Sobolev-Besi
covitch spaces wmmmrndﬁwm
Th:m;dyn(munm:mbeddma these functional spaces in the spaces BY, of
Besicovitch o periodic functions 4 well a in the space C3, of uniformy amost
periodic functions in the scnse of Bobr, hs been approached by Tanmacci et al. [10] for
H3'*, and W3:* with ¢ > 1, and by Dell Acqua-Santuccs [9] for W . They cansider
subspaces with fixed spectrum of the wide spaces HZ # and W3 * that contsin periodic
mhummmmmmmﬁm‘kwmm-
dings. Here, we alio consider these

o the proof of the Relich Kondrachov sheorem for the usual Sobolev space, the
clasical Kolmogorov-Fréchet theorem plays & sole 6, 151. In the contest

3 Aot Dipast di Metadi ek pet ke Scienze Ap-
p{mn Umﬁﬁluuuuh Supmup Vis A. Scarpa 16, 00161 Roma.
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of the Sabolev-Besicoitch spaces the same role is played by 3 compaciness criterion in
the BE spaces, given in 7] by the present authors.
ﬁ-pwhomudukmh&tmgumﬂmmmhth'
und the

Smm]ummdydﬂmmimm;svdddnmpm embedding theorems and
some corollaries.

Einally, in the last Section we apply the previous results to obtain the existence af al-
most peniodic sohution of the differential equation

=¥ i) = flx pil,
by means. the ool suggested by Avantagsiat in [1].

2 - DEFINIIONS ANI BASKC PROPERTIES

Referring the reader 10 the monographs by Ameria-Prouse [1], Corduncumy (8],
Levitan [12], mznwus]fuuchd‘uum”s.ummm
odic functions and 10 the papers by A
m-&maenjhunmm;amn;wmwvummw
the main results which we use in the fobowing,

The first result we will need is a simple interpolation inequality for the B4(R)
spaces.

Prorosmon 2.1: Let feBL(R), 1€5< 4=, Ler e Rosuch thar s S <+,
Follawsing sequality balds

Then for amy re R such that s Sr €1 the
@1 LT P i
whee L/r=afs+(1-a)ft, (0€as1). =

Proposition 2.1 Eollows by Halder insquality, in the ssme way as for the usual L

i HausdotfF-Young theorem for BS (R) spaces [3,5).
Temonen 22: Lot fe B (R') and ¢" = ¢ /(g — 1); ue haie

22 [,E,,i‘“-f"'}"""f'v- Fyall 2,

a» HIIL‘(

(2, }'-‘". Fesl2 +=[,

and the series in the rightband side of (23) may be diergens W
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Ve would like w point out, that the Hausdorfl-Young theorem plays. 4 crucial rolc

Fimlly, we m;-cm-nhaw&fﬂ}(ﬂ)spmﬂ':wﬁwmmdﬂh
ncpﬂ'[?]cl»fuullﬂ;emmudhmmd in the following.

powin 2.3 Let F be a collection of elemests of By, 1 €¢ < + =, dosed and
Then"the following statementr are equivalent:

1) 4 b compact Uor dhe B
2) F is By equivontimuiis aid Birequi-almort pericdic. W

In Tannacei et al. [10] the reader can find more informations shout the basic prop-
s of the Sobolew- Besiconitch W3 ¢ and H ¥ spaces. Here we only rell, for read-
definitions.

, the
" k_g-qqs[li-m]l\dlﬁh.,nmvf’(.’ml
) I oL R TR
=5 g
1Pl o= E 1P
that, for any fived g, (2.4) defines 2 norm on AR and we have

Let us observe
APl = 1P,
Dermirmon: 2.4: For any fixed g & [1+ = ] we denote by W3 (R) the comple-

mdﬂm-ﬂ:mmd.ml l—.dannedhytz.u
These spaces are called Sobolev-Besicovitch spaces of arder w and of npe W.

Hence we can define the norm on the spoce W3¢ in the following way:
W= S )

OF course, W3*(R) c BL(R), Vmz0, Vg=1.
In the same way, for any trigonometrical

L L Py
Pix) l‘zﬂ"ltl,i’h .

and Vg elt, + ol, meR, let us consider the norm |l defined a5 follows
@3 [PHfine = T 014 A bt P

dwwin)

where " = /(g ~ 1.
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Desismon 2.5 We denote Iin"'(R]rhemplmuufm’R)wh respect
1o the norm |+ = defined by
These spaces are called Sobolw-Benoumdu spaces of type H.
For any /& H*(R) we introduce the norm
i 3y gt AV
Wle {"};‘V’UHH e |-u.n|') .
Observe that, Yr = 0, ¥ 2 2 we have
7 *(R)CB3(R),
with continuous embedding.
i 2.6 1f £ HF *(R) then
|2y i . i
26 ‘_th F AP etk ] < =,
5o that the series (2.6) i summable with respect to any summation method und the sum
is the same, Therefore, since of /) Is countable, we have
= (s dai e Aok
and

L0+ REP Pl pl = £ e P e Dl

The following resl gives  simple but very useful characterization of the clements
in HYt.

Lusma 2.7 Ler fa HE¥(R), 1 < g < + =. The following staremonts. are eqiiea-
lest:
il fe HY*(R),
) dhene exists u pusitive constant C iuch that
eaf = Flunr s CIE,
Jor all neal mumbers b.

Proor; ii)=>i) Now, let fe HZ*(R), 15 ¢ < 2; then
en L’I:E»--.i‘ eI <+,

with ¢" 2 2. Let (P, ), , x be a sequence of trigonometric polynomials approximating f,
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have for every As o), 4y =0

r r
2 S s = B 2
1 Jm A Imx)e e =l zr-{(&’,k+b) Bol))e bt de

passing to the limit for n— + =
08— V) athe: f) = alha, 78S = ),
sccording to the definition of Bohr Fourier tramsfom. Hence, we have

I a1l D1 = 8 e m =P S €I

=7 wrosnr s cir.
Mmumma—owm&nn- we obtain,

29 .2, Vsl Jstss Ol = €7
9mﬁm2})ﬂﬂ9}h&lﬁwm
i (14 |41 alds; 1Y < o
Dnlheuhu hand, from the incquality ¢” +4° S 2 *(a + 57, Ya,beR?, Wre
10, 1] choosing r=2/g" ..-: b= Ll mm a+lris
SRR 4 14, ¢) hokd, s herefors we

WA E,ll+.Ih|'v“"‘|-(1.;f)|"<+m‘

Now, let ¢ 22, then ¢' e (1, 2], but
e il ne < e,
- sill holds. From the incquality #° + 87 % (a + bY, Ya, b a R” U {0}, ¥r > 1 choosing
F=2/4" > a= b= |47 icfolows (L + |47/ € (1+ |4;]7). Finally we
have.
W= 5,004 Wl Blatii A1 < 4o
that is f& HY(R).




-
=i} Now let fe H3*(R). Then

Vit = 5 004 (LR 2 Jalisi I < 4%
Since for every index &

131 lathes 1Y€ 00+ a0 PR 1
we have

Z Wl e I <+
Fusthermare, from the inequality
e

lathii vl =) =
for i ealf), 4, #0, it follows that

=L | elfetass ] % 12l b e

o etiint=pie < e 2 b o1,

that i 7. f = flliee = CB|, for a suitable positive constant C. &

3, - COMPACT EMBEDDING THEGREMS Fom Hy® seaces
Let s fix 4 set A CR\{0}, sarisfying the following properies:
) card A = cand N;
B) A bas an unigue limic poine and this is the point at infinity:
€) A s ordered with respect to the absoline value:
A={aydendeich with 3] S Jl €.
d) there exists B 0 such thar

(ER1] ;ﬁ<'o. Ve p.

We shall consider the almes: periodic functions such that a(f) cA.

huwm:dcﬂ\{o}mmuwm periodic functions
with asympeotic mean equal to

Furthermre, mmmm:ﬁmmmwmwwu

]nlM;usawlmmﬁxl.im\hemis(],l)hﬁdmmelrhavhxnflh
.ul«Mhmmkmiﬁ‘z‘lfk’.




Bi(Al = (fe B4 (R): ol )G},
nd, anslogously, Wt(A), HE*(A) and CS(A). Obscrve that these spaces are

n the following result holds.

| Temows 3.1: Sappone that A R\{0} saigie he previous asaamptions. Thew
Difg<fand g2,

Hyt (A)==B,(4) Vvl[
BDifg=pamd g2,
HE (AVSSBL A Yrely + 20
i) ifg> ¢
HEC(AN o Ca ).

1m Dmu'{ftﬂ,"(/l!.mnu<l},hmwwdynm=
 “Then, by Sobolcx embedding Theorem [10), theorem 5.1], 48 is a bounded subsct
BL(A), for any re lg.fg /1 - v)LW:MMMGh-mpnMM
%M:Mmuhw.ﬂwmw <compactness criterion
23, we need to show that & is B-equicomtinuous and B-equi-almos: periodic
Letg<r<y® <fg/(f~q). ind choose @ (0, 1) 5o that
CERT D bal O
=

G
Therefore, by Proposition 2.2, it follows that

Iesw = wl, € Hrow = wlsBran = ull
Also, by the Hausdorlf Young theorem for the B, spaces,

-l < {.i. Jatas ;:..-nr‘)w = Ry — s
holds with 1 /g +1 /g = 1.
Then by applying Lemma 2.7, we get

lesw =wlue=ClBl,  BeR\{D}

where € is a positive constat.




Herce
Iraw = all, < (Cl 1 bri ~ulj=" < (o] 2hal,.)' = = K o]
This shews that & is Bj-equi

equicontinuous.
Now we verify that s also a B cqui-almost periodic set, To this end, we fix £ > 0
and observe that, by Hausdorff-Young theorem,

) W
l4fal, = lim ﬁ_!\mm—mm <

/s
‘Lil lals; a¥a)|”

From (2:8) it follows, by Holder inequality

IR TR At el o
2."“‘"” ull ‘gma.,n )l s | T

T R P |
P T PPN T

= (‘2-:' l-‘h;-)\"mI")‘l"‘(;: ot — ll.-w-lf\'Jl{w,‘!ri

2 e
2 y N[ [e8s — gt ter Y1
<(Z 0+ nprew ) (E-W] <
e T e
‘["; TN E
Obsecve that r'{g" ') =1y (¢ =41 > B, hence from bypotesis (3.1)
St
S e
holds. Then there exists a natural number N =N,, such that

5 1 Pl
02 TP S
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ﬂ-ﬂé.‘{ 3

o= F e ‘
solution of the following system of inequalties
bl < dlmod2z), k=1,2,

Je™E = 1] = ({1 = condp 2P + sintd £ 2 =2

£ & a solution, of the following sysem
JedE—1|<d, k=1,2,.

‘But, from (3.2) and (3.3), we get

¥

e e
_E.Iz"*‘ | uiict EORTRY, S i
5

TR S

+z'f4't>‘7'. ;, =Wy
B

o |.a€.u,-[‘}::ﬂ.u.;aﬂusr)""u, Vaen,

As it is well known [13], by the Kronecker's theorem, the system (3.4) has @ rela-
tively dense set in R of solutions. Hence, corrisponding to ¢ > 0 it follows from (3.3),
that there exist a rlaively dene set in R of comman ¢-almost perods, in the scase of
B, for all w e (3. This shows that 2 is B-cqui-almost periodic.

i) The proof follows in similar way as in i),
iii) Let % the open unit ball of Hj;* (A1), with ¢ > . Then, by Sobolew embed-
ding Theorem,  is & bounded subset of C3 (). Moreover, we obscrve that

361 Jutx + ) )] € Clulielb]* €CBI%, we .




It +8) =t _ o s
St es E\m laiul], wes,

o by Helder incunliy, i ol
L I o [ R
It s ol e St lta] (‘E_Z_ Ihl"""} .

for every e &. ‘Therefore (3.6) holds whenever
8

<=8,
a<l 7
Henee
Frn—ulase,

if b} is sufficiently small. This shows that & is equicontinuous. On the other hand, if
LR, the following incqualicy

|t + 83 = )| ‘.2. et = 1| aldsiw)]|

(8w leu.,-u-) "z m)'"

._, [

(5: ,ﬂ.c,“)m‘ o

%
T P

holds. This, it should be clear that @ is also cqui-slmost. periodic in the sense of
€2(A). Hence, t satisfics the assumptions of the Lyusternik's theorem [13, p. 7], and
30 it i relatively compact in C3(A). ™

Note that it is possible 1o obtain other tesuls of classical type. For example (15,
Lemma 137, p. 611

Conoviane 3.2: Let A be as in Theorem 3.1 and take £ > 0, b ke N with b < k.
Thew there exists a constant € such that

I k= el +Clull,s
whemever we HE®(A), g2 2.




il

Proor: Observe, fist of all, that If g 2 then
HES(A) = HE(A) N Whi4),

 Theorem 4.1 in[10].
" Suppose now that there exixts ¢ > 0 and w, & Hy* (4), that is w, & W7 () n e
N, with [ fwee = 1 and

.7) Hu™ > el g + mllel, -
dy Theorem 3.1 we may assume that {u7 ] converges in B (A) whatevet the index 7,

y <k~ 1, bence that w, v in Wi 4(A),
 Since all nﬂmll“'i,muﬁ.ﬁoﬂh‘lmuﬂrdnfdhmﬁuﬂﬂﬂlhﬂr,-ﬂh

E‘hh la“'l,-—-ﬂmd{l'n can ugain be applied to yicld
=0

[
a contradiction. @

Fleg<2 mammuumymm-n*
tain compact embedding we more wregularitys, a4 the following result

 Timonsn 3.3: Suppose A CR\[0} as in Theorens 3.1. Then
y D U+pigepeizpf2—g) md 1<g<2 wih (2-q))
fas<n<1,
+ vl Ba_ 1.
HL o oBL(A), '"["i'—"i['
i (1+me=p (2-g)fg<peml1<g<2,
Hy 94 {A)swBgid), Vrelg.(1+ngl.
Proos: i) If 1 €4 <2 and

2(1*‘!)1

(n‘-:-)qv<8<2 e

then, by Soboley embedding Theorem, we have

; Pl
Hy Ml B (), Vu.;..,__“”h[.
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On the other hand, i 5 & Hy""*(A), we have

i
LE etdss v)\’ (E oty |2, WI-T) 5

2 e 1o
e S g £ = duut ot
<[ s o) (‘EI IA-I""""”"') .
nd 50
HL T Ay HE (A), vfu[z.

From the equality (2.6) we obtain
[0t Tt — )] % Ju| 1B latiss )] .

B={1+mg

Therefocs if

i ek B
P Fow Futmg
we have

(}g uu‘;r..u.;|']""< '*'(.5. |.u.;..xr|z.v)”’ -

<l e St L A,
|»s|(§||-u..»n 11 1] L ] <

: . S s
< B[S e e e ) (,ZW) .

wdbymlmmnniaumhn-uff“(m.w‘(z,&;,‘(ﬁ - ngll.
, the open unit ball of Hy* %7 (). We shall show that # is a compact subser
i’o(/‘l»‘*-lfhﬂﬁ )l
Letg <2 <r<g® <Bg/ (8~ ng), and chaose a € (0, 1], a5 in the proof of i) in
“Theorem 3.1, sa that

1_a
i
Therefore, by Proposition 2.1, it follows that

Fror—al, & lesu - wffiran - i,




by Hausdorff-Young. theorem
|=,.7..u,.<[‘§:=|.u.n.s — )
with 1/¢” +1/¢% =1.
by applying Lemma 2.7, there exists & positive constant € such that
i —ubipr <Clbl,  beR.

e,

=l = wllyer,

Triw = al, S (Cl61 - lrgw =y € (CJB]) == (2]l " S K[| "2,

mw.mmmx Since B, »BY, ifr > 5, by a simple apglication
f&ﬂﬂﬂﬂ inequality, we
fesn —Nl‘ilf‘u—ll <e, Vued, Weelgd,
lb|aﬁdmbmlmdwdman!'mmw~
,p,m wrmmmummmunmmn itiseasyto
also Bj-cqui-almost periodic.

&]Wenl-w-\hlf(l-*@lv-ﬁ.!.<g<2mdq>0.

with £ 2, hd-ﬂﬂ>:mdc2-v)ft<l Now, repenting the srgument in the
w&mn—mm

From Theorem 4.1 in [10] and Theorem 3.1 and 3.3 we obtain immediately

Conoriary 3.4: Suppose ACR\[O} as e the previons thearem and 1< g <2
Then
DFtng<p<ng/(2-g) with (2-4g)/g<n<1,
B (L+ak=p (2-glfg<n,

WAt A) e Bl (A} Vralq.(1+nkl
i 4> B

Wi m e (A) s er Bl (A) v.--[, e

Mascya), w
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4. - A APPLICATION

In this section, following a suggestion given by Avantaggisti [3], we shall show how
it is possible 1o solve the problem. of finding solutions y & H3 (R) of the equa-
tion
“yn =370} + ypix) = fle, yix)],
with x € R and y > 0, by reducing it 1o the problem of finding solutions of a particular
integral equation, which is similar to the so-called Hammentein imcgral equa-
tions.

We assume that the following bypothesis hold.

A) The compasition operator

= flx,alx)],

is continuous and bounded from BZ(R) in B3 (R).

B) There exists a discrete and countable scmigroup $¢ R+ ) such that

olulcs=alfl: -] c 8.
‘We remark that condition A) can be generalized. However, it is verified if suitable
,mm.hnm-/.lhmr.m_u,[mnawml are imposed.
The following can be given
Dereamon 4.4 Let SCR(+) be a fixed semigroup. A function fix, y) s said Cj-
admissible. with respect to &, if for any y & CS(R)
a) [T, ul- 1] e CHUR).
# olu)cs=olfl- at-ll)c 8.
On the other hand, the condition
1
i=a |a]

which appears i the compact embedding theorems, is sssmed tre.
Observe that, if $ s & group with two rationally indipendeat generators, 1, and 1,
e bare £ {4 o a0 i e i . Theslre, condions e (621
cannot be verifed.
Abous condition B), we note that it if sagpested From the fact thar (4.1)
implies

(r + P)aldsy) mald; fT-, 0=, VhAeR,

for d!e elements in H2(R).
thac e prssens, essanrilly dapends o the construction of = fund:
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solution G for the differential operator ~ 3" + yy, in relation to the subspaces

(®).
Tt is not difficult to establish that the Bobr-Fousier series of G has the following

Ak
2’:;11‘?'
 On the other hand, we obscrve that for the lincar operator

49 b=Gab,

L T B e
U (G, e Icu b= T, ST,

Truomsn 44 Let 8 & above, Then (43) ds the contiuons imverse. opersior
M.ﬂwﬂ,mn HLIS) of the operstor

ADky— =y +yy,  yeHiE).

 Proow: It is sufficient 1o obscrve that from (4.3) casily follows

ald; DG 8)) =ali:B),  VhaBA(S),
“and moreover

ald; GeatDIB) =ald;b), VB eHA(S).
From the Parseval equality we have
(46) Ia(b)lG-J)li-lali-;‘:‘I-u:bll’.
and so
4.7 [Gollip-op(l+A=F|aﬂ,—c-i)\’-

=g;,( 1od ]’|.<Am|= <O,




SR
i) = pae

By virtue of Theorem 4.1, we obtain the following
Comotiasy 4.2: The probien
48 yeHI®) and 3 gy =500,
s equivalent o the problem

yeHLES md y=Gafliyil. m
Indeed, it is sufficient to consider the inegral cquation

,,.,!, 1], .

i
) 0= i ! Gl =, v,

and to find y w B ().
m.dm,-u:njmmw.&)-.ibuuﬁ.)lmuﬁits)
iz follows.

A frst resle, which permits w0 apply Theorem 1.1, s the folloving

Tuwonnas 43 Suppose the condition A) bolds. If the ensbedding of H3 (5) i B (8) i
conpuct, then there. exists yo & R such that for amy ¥ = o the problens (4.7) bas af foast a
anlution.

Proos: It is sufficent 10 observe that in these hypothesis the operator y—+
—G #fL,5(]] is compact and therefore the Schauder's fixed point Theores can he
casly applied. m

We meation that, i condition in Definition 4.4 is specialized, the previous resule
can be used o obtaln existence theorems for periodic and quasi periodic solutions of
the equation (4.1). Howeser, ro this problem, we shall devote = further pote.
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