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Do 1 A positive fanction 2, (r) defined on [rg, %, 1> esp'*™ 'L
sid 1o b a proximae of an entice funcion with Index-peic (p.g)
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where &, (r) denotes the derivative of 5, (1) b= 1ilp =4, & =01f p > ¢ snd, for
comvenience, dyy () = [1 logr.

The generalised (7, gtype T* 1nd penerslised lower (g, ghiype 17 of fiz) are de
fined 23
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If the quansity T is different from sem and infinity then g, #) & said 10 be the
proximare order of a gien entire funciion /i) with indearpait (p.y). Cleary, the
preximate erder and the comesponding generalised [p, g)-type of an entire functi

aclded 1o the proximate ordet g, /) then it can be seen that 7, (1) + ¢/ log“/ris aba s
prosiauste oeder satisfing (1) and (i) and consequendy, the generalised (o, )y
furns ot 1o b 7", Following Levin(10), Naodan e sl [11] cstablished that
there esfsts  provimate order for every entire function with Index-piie (5.q)

In 1 similar mamner if £ s differeat from zero and infiniy then g, ir) is s2id 10 be
the lower proximate order of the entire funcrion fiz). Kusana and Sahail8] have
proved the existence theorem for such funcrions

Dumanon 2: An entire function flz) is said 1o be of generalized (p 41 growth
{g. T } with respect o a proximate order . , ) if the {p, g)-order of f(z) docs not ex-
coed ¢, if fiz) has (g glorder 7 the peneralized {p,ghaype docs not exceed T*.

The generalized (pghgrowth mumber u* and gencralised kowes ip,gh-grom
number 4* of fiz) are defined us
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where A= 13F ipig) = (2.2) and A= 0 (pg) # 2,20

Dermamios 3 An emire function /i of (p, g)otdes 4lb < ¢ < =) i waid o be of
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and in other situations for entire functions of minimal generalized (p, g)type. As » last

0 |2, 1/, | of the coefficients ccurring in its power series espansion have been de-
. Also, some results have been obtained involving cocfficients and cxponents of
entire gap power serics and generalized (p, g} growth numbers,

I is koown (11, Tham. 41 that (log"~ b monotenically creasing
function of ¢ for r > r,. Hence we can define the function #v) to be the unique sol-
wion of the cquation
1©3) o llog ™ Mepeet “Aam gl) m logh
where A has the same meaning as in (0.2,

Consequently, we have the following resubts (121

dog 0]
©4) o T
snd for every ¢ such that <7 < %,
W) inaean
05) 5 7 i

1, - Decouyosmon Tz
Basicaly, this thedeem was obtained. by Bajpi of af (1] for eatire functions of in-
dex (p,1) ie., Sato growh 13). Lates on, in a subsequent paper (5], they them-
setves extended this to entire power series with index-par (2, ). It has been observed
that their decomposition theorem fls foc entire functions of infinie 1p, 114ype ot in-
finite (3, ghtype and morcaver, for entire fnctions of lower (5, 1)-type or bower (5, 4)-
type a5 zero. To desl with these simarions we review their decomposition theorem and
extend this sha to entire pap power series

Torowes 12 Lot fis) = 5 a2 be an cnsee fncion haviog. 1, gonder

#lb <5 < %1, gevcralzed {7 ) type T and proeralized lower ( ghtype £, and  be
& nuumber such that 0 <24 < g < T% <, Then
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where i) is the funciion defined by (03).
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0 otherwise.

Clearly, gz} is an entire function. Assume that glz) has the index.pair (2", ¢') and
', vovder &' Tn cae {1.,} i the sicly incrcasing secoence of posiie inegsrs
such that ¢, # 0, Vk, then it is knewn (4, Thm. 1} that
# =Pl 4,
=i
)= e p
Hence the index-puit (p',g') of glz) is of gencralized (p, gl-powth (5.4}, Define
b=/ -gt= 5 he

Thes,
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Let 7, be the unique root of the equation
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Further, assome that 4, S rS7,.;. In dew of (1.2) aod (1.3), we have

#log® " *3.,)
[T

(14 log M) 2 log [ ] + 3 logr > = 3 explr ™2

N e g2 )
+hdog mﬂwu(w ¥

Using the equation (1.3) for (p. g} = (2,1), we observe that n, = ¢1A_ )f{3e)"¥ s —
— = (since (#000, )Y fhy— 1 83 & — ) and bence (1.4) ghes
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On passing to lmitss, we get
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Again, for () = (2,2}, we observe from (13) that
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Using dhis in (1.4) and Further application of (0.5) yiclds
logMir) (20 _ ey
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On tking limic, ki e e 1) for the:case when (5, q) = (2,2)
Finally, consider the case p 2 3. From (13),
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On psing 1o fimits (corsider (0.1) foc ¢*), we per (L1} mid bence the theo-

rem.

2. - i this sevtion we establish the growsh of eocfficeats for those entire Fme-
tions which have 2e10 of 0oc 38 {p gharder and otherwise minimal generalized . 4)-
wpe. The nest tesult of this section describes the necessary condions for an enire
fanction to be of perfecty reguler (b ghgrowth With remest 1o 4 preximate
arder.

Tupomens 2: Let fiz) be an entire Fanction with index-puir (p, ¢} soch that ¢ = &,
then for every ¢> 0,

Oog®~#3,1°
Jim =0.
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Funher, if ¢ > b and i) is of minimal generatired (5 g}type. then
#og?_21,)

- g
where b has the same meaning & in Definition 1.

Proonr: Since 2 =4, it follows from the defincion of {s.¢)-order that for given
e>0ad >,

log M, f) < expl = g~ **
Using Cauchy's inequality we get
zn Tog [a, | < expl~ Hlogt ettt = log e
Chose the value of r stisfying

@2 ,.wu-u(
For (prg) = (2.1), (2.2) implies 7 = (3, fe)'** and wing this alue dn (2.1), we get
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which on uking limits gives
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In case of (pg) = (2,2) we observe that Jogr = (2, /(1 + )V **) sasisfics (2.2} and
(2.1} s reduced @

e
e

iz

o [, | >u+nu)ﬂ:”'
Thus,
s

f2.4)

e

Finally, for (p,4) 2 (2,) and {p,g) = (2,2), (21) and (22} give
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This means. that for all p 2 ¢ 3,
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Clearly, (23), (24) and (2.5) combine 10 give
Oogh~ 22,
-
log* s, |
1 the lim sup n (2.6) is finite and posidive for some & > 0 then for every a > 0, we
hae

@6 <, for every £ 0.
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(27) i & conmradiction to what we obisined in (2.6) snd thus the first part is
proved.

In case when 5 > 4, Kasuna [5] has proved that generalized (5, ¢)-upe of an €n-
tire function s given by

(2.8 = log~24,)
i e l-.* T e [
I we pue T% = 0 in (2.8), the second result is immediste.
‘Finally, we study the subsequence {4, } of A, such that, for f= 2..; one
has.

@9 o (N1 > lalD] md alN=a 0 fee do Seh,

The next thearem shows horw this sequence influemces the growth of an entire
function in roference to its generalized (3 )ivpe and gencralized lower (5 g)-type-
This slso describes the condition for £ 10 be an entire function of perfecdy regular
{9, q)-growth with respect t 4 peoximate order.

Tusomss 3: Let iz} be an cntire function having (5 g)-order slf < p < ), pen-
eralized ip,g)-type T+ and pencralized lower (5, g)-ype £ Let {2, } be the sequence
by (2

Tusther, I {2, } be the sequence of principal ndices satisfying 7, , = Au, 38—
— =, then
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Prook: Let us define o function wiz) such that

wiz) = gtt. .(.'1—-.1.'»:’-=.)f.lmnz‘~.

where
a () =, - a1

In view of the definition (2.9 it can be proved that uiz) and flz) have the same (5 )
order and generalized (p,g)types vach that
T =T w) and £ UA=0).




Considering the above formala and Theorem 2 of Kasana of af [8], we observe that
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Simarly, for the case p = 2 and g = 1, ki [, } be the sequence of principal indices
sach thit Ju, ., = o, 23 k=, we bave
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1 fiz) is an entire function of perfectly regular (p, g)-growth with

logr i, mlogt Wi, mkosw

Comouramy 2: B fiz) is an entire function haviag (p, ¢)-osder gl < 5 < ©), (pg)-
type T and lower (p.¢)type ¢ such that (0S8 T < =), the
R ey,
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Teworu 4 Let fiz) =‘i_..:~ b 1 entise function hasing (s, ¢)-order #h <
<< =), pencralzed (g)pe T and peoenalined lower (pghype 17, Then
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Hpg=2.2,
1 otherwise,

such that
2= i w2,
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Proce: From definition, R* 2 0. If R* = 0, fint past of the inequality (3.1) is
tivial. Hence, let R* > 0. In this case, for given ¢ >0 and k > by, we have
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Considering (3.2) for (p.g) = (2,1),
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Using the property 1.2), we get
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Passing to limits and wsing (9, Thay 1], we get
0N IR st
For the case ip,g) = (2,2), inequality (3.2) yiekls
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Passing to s s n— @ (again, in view of [9, Thu. 1} we get
3.4) g(ﬁﬂ“wﬂ-

Fally, et us consider the case when (p, g} # (2, 1) and {3, 4} # (2, 21, I this siru-
mion (3.2) is reduced 1o
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Proceeding to limits s w— %, we get

RU <
This inequality together with (33} snd (34) ge YR* 1% for ol indexpais
(bg)

T onder to prove the third part of the inequality (3.1) we assime that @ < =
Then, for given £ > 0 and & >k, we have

<IQr# A,
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Putting & = ng, ms + 1, .., m in above and sdding the inequalities thus obtained we
have

u‘% > 2 e-ao gm0 >
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where
gy = Hol )
- = A
Hence we have
%
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Coasider (3.9) for (p.g) =(2,1). Then
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Procesding 1w limits 13— 1, we have

. Q= l.L'!... Wp(

e, for {p,41 = (22), we obscrve that

eI P T U

Hence

log 1, 1" = 001 + :

o 1200+ e E i (kT
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log || “¥- > olt) +
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which further implies that

(3= 130L)
e

log || M= >ot1) +

0+ e> 0w
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log e, [

Taking Emits, we have

P ()
S log |2, 17"

Finally, # the index-puic (pg) of the function fle) is cuch that 3€p <=, then

67 g';t




by (33)
3 x
logl",—‘ > A0 =, m/‘.,n-[»ﬂeu)b
S
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- Wi
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Passing to fimits 14 — =, we get Q" 3 T* for p 2 3, Since this inequality is seen 10

be true by (3.6) and (3.7) when the index.puir of the Function i (2,1) ot (2,2), we
have X0 T and 1hia completes the prool

Comouamy 3: Let fiz) ‘?’q:"hmawh function having (p, ¢ )-order gl <

<p < @), generalized (p.g)type T* and generalived Jower (p, 4)type +* such dhat
iy log” r=lop® M as ks e,

fii) R 3

Then fiz) is of perfectly togalar ip ghgrowth with respect 10 5,,17), and

T*=¢*=XR

Tiwossne 5 Let fiz) = 3, be an entire function of (p,¢)-order ot < £ < = ) and
sencrulized (3, ¢)-type T+ and suppose thit | /ey [+~ " forms & nondeereas
ing fanction of k for k > by, then
B8 T+ MQ*.

Proor: Let

s

‘ =hey=2) log k).
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Adding these equations for & = m, i, 4 1, .., = 1, we get, since (k) s nondeercas-
ng.

g | = -:g_u.,.-;‘wmmu
<kgun-n:$:f.\...—;.>=u,-a,,lq I"'“")" 2
o
log las |4 < (1 +att1)log (s
Hease
ﬁh‘:\"""i‘nl #llog? =
el [Wna‘lmx.

Passing 10 ks we get the desired resut (28) o ing (5, Than, 1],

Resta 12 T we nssume g, () = ¢ for all #> 1, and define i) = x4 then
Thearems 4 and 3 include :Lc results of Juncja [3), Srivisava and Singh[16] for
(g} = 12,1) and Baipai e al. 1], foc (pg) = (p1).

Toeonen & Let fiz) =‘Sn..:'- be an entire function with index-puir (5, 4) snd
u* and #* be ip, gl-growth number and lower {p, gh-growth mumber, respectively of
) with respect 0 & proximate order 5, (). Then

'
59 4 <90 fim uh

Further, i 08) = o |10+~ forms 3 sy increasing sequerce for & > &
then

(310 W=t md =R,

where Q% and R* are defined in Thin. 1
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Proos: Letr; be the value of r at which vir) jumps from o value less than er equal
10 A 0 8 vilue greater than or cqual © Ay ) Then

8% = lim inf

o Tlagt
log? ™ "-r:,m) log? dr,~0) o
Thogt D7 z i Tog# i+ 0) o T

This proves (3.9). For pruving (3,10} we have, from (0.2), for given > 0 aod suf-
ficiently large values of 4,

3an log* ™ lrd < (* + elogh = Hrpam A

Since {00k)] forms 2 smrictly increasing sequence of , the £-th term wil be the maxi
mum teems for |<| = r, i and oaly if

W=k md )= lalet,  for ek - D€ e <o)

< fim sp <t Jim

Thas, in view of (3.11), we have

Tog "3, < (" + ologh ey,

tog? =Ty 301 ot~
NS P
Using (11) sad the property (1.3), we have
u
flod® TR) o,

Tam 4oy @

<{pt g,

#leg T4}
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which on taking limits gves

and hence
3.12) Qtspt




Further, from (0.2) we have
log? 4t > (" = &)loglt~

-4

for a seguence of valies of =1, 13, .., = 5. Thus (3.11), or &' comrespuinding 10
these values of 7's yelds

log#~#12 > (1s® = eblagh~tn !4

]
>ut e

#llog? =43,
ST
sl
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Since ¢lr, ) —+ & a3 — %, on taking himits and eombining the resule with (3,12}, we
&

The case 3% = R* can be handled in o similar fashion.

Resaasc 2: For cur vtudies in thit paper we have preferred (p, ¢)-growth to (2,3
growth which was intoduced by Scremats [14] sod later, on exensively discus
by Balaiow (2] and Shah[15),
Lot L? denote the elas of functions b satisfying the folkowing conditions (H, ) s
(Hii):
(HLAL o) ik cn U ) i ki iy i, leemble
W mx—m,

¥ B # 1/)x)
[T e 1

for every Function §6s) such that §x)— % 2 x—= 2
Let A denote the chua of functions 4 satsying conditons (H. ) und (Hiil:
(H, i} lm m -1,
for vy 620,
Let fiz) be any entire function and suppose that atx) € A, 2x) e L”. Write

gy wpullog Mo, )
MaBf) =i Bllogr

Then pla, 3, /) i called the generalied order of £ and Aa. 0/} the penerslised lower

arder of £.
It bas been observed that for & = 5 the resubs of these uthors are noc valid (of.
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Biprr s Nuil(6) Hooe i sy cto i of o o he G-
tions & and § are defined in a different way for which independent discussion Is re.
quired and isncrestingly, (7 ¢)-s<ale covers all cascs simukancoutly.
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