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A Notc concerning the Scorza-Dragoni's Type Property
of the Cqmplr.t Multivalued Multifunction (*4)
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Una Nota sulla cosiddetta propeleth di Scorza-Dragoni
per multifunzioni & valorl comparti
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In the present note we show that the condition for the compact valued
multifunction introduced and srudied secently by V. V. Filippov [F1,¥2] is
equivalent o the product messurability of this maltifunction. Thereby we
give the answer to the question put by oursclves i 2] If the campact valusd
and product measurable multifanction has the Scorza-Dragoni's type propezy.

We stast with sesalling the notions which play the main role in our con-
siderations. So, givea two topological spaces &, ¥, a multifunction % from T
faro ¥ s suid 10 be upper contiucas i, for every open set A cY, the set
(A= (v Tz P(¥) C 4] is open in . I, moreaver, (T, ) is & meas-
uzable space, the multifonction @ is mid 1o be -messmble (cesp. weakly
Zemeasurable) if, for every closed (resp. apen) set /A cY, the sct () =
= e X Bx) 0 A @0} is Lmeasumable, ie. @(A)e X Tt is known (see
for instaace [H, Theorem 3.1 ihat in the case of the compact valued multi-
fanction the notions of measurability and weak measurability are equivalent.
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Henceforth we accept the following notations:

— 7is a Hausdorlf compact metric space,
~ pis 2 Borel finite regular and complete measure defined on & o-feld &

of subseis of 7,

— X i & separable compleie metric space,

— BX) is 3 o-field of Borel subsets of X,

— AXBLX) is the product ws:u an TxX,

— ¥ it a separable metric

— Comp ¥ isn [mm[yofdlnmh:uqftywnwnmhmd')’

Let us consides o multifunction /; Tx.X —~Comp Y. We sap thar F
belongs to the class SD* (ic. it has the Scorra-Dragonis type propesty in
upper continuous case) if for every + > O there exists & closed subset T of T,
with p(T\T3) <z, such that F is upper continuous on 73X in both vari-
ables jointly. We chall also sty thae the maltifuaction F is C* type if

) F{, %) is domeasumble for cach fised x ¢ X, and
(i) F{J, ) is upper continuous for cach fxed se T.
The below sesuls bas been proved by V, ¥,

lippov in (F1).
(MEOREM 13 Let a maltifunction F: T X — Comp Y hC'lrpe Then
FeSD* if and oaly if F saisfies the following condition
(ss) for every open set Uc X and for every open ser VY the set
MU, V)= (16 Tt F(r,L)c V) is A-measunble, ic. MU, 16 4
We shall show that V. V. Filippov's condition (#%) is cquivalent to the
roduct measurability of . Namely, we

Tuwonew 2: Let a moltifuncion F: Fx X -+Comp Y be & C* type

Then F it Ax 3(X)-messurable if and-only if F sarishics V. V. Filippov's
candition (as).

R00¥: Assume that £ is A x B(X)-measuzable and take open sews e X
t Ve Y, Put W= YNV, In view of the assumptions, the sex F-(F) 0
1 T belongs to the ofield 4% B(X). Then wsing the projection theotem
[CV, Theorem 1L23] we have
{te T2 F(s, D) 1P )

n[rsT: VE(, )0 ok 0 = pre (F-(F) 0 T D) e £,
e

whete pi; denotes the projection T X onto T. Hence
MG, V)= T\pe T PG, U)n ol 4.
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Conversely, assume now thas, for every open set &/ ¢ X and for cvery open
s VY, n-se:M'(U V) belongs to 4. For each closed set M c Y define
a relation By : T— X as follows: @, (f)= fee X: F(5,x) N W d). Since
the mlifincion s spper contiounas, he set () it closed n X for
e ¢=T. We claim that thus defined valued relation s weakly
Amessunable. Indecd, for every open sex e

Bl (1= T: By ()1 U4 B = IleT:n\:;F((.x)ﬂ Wb} =

={re T2 F(, U)n W) = TS, Ve o,
where Vm ¥\, Hence, by Himmelberg's theotem [H, Theorem 15] it
follows that %y bas 3 messurable graph, i.e. Gr Gy ¢ &x BLX).
Gr Py = {(1, M) E T X xE Dyl =

& T Xt Flt, )0 20} = F-(#).

Since the closed sec 7 i arbitsary, which means that Fis A4 $(X)-measurable.
The peoof of the theosem is completed.

We close this note with 2 corollary which combines the sbove Theorems 1
and 2 and Theorem 4 {ii) from [Z].

Comouzany: For a G* type compact valued muliifunction F: T X -
~+Comp ¥ the following statemenis wre equivalent:

() FesD,
() F saisfics V. V. Filippov's condition (4},
@) Fis wealdy £xB(X) messueable.
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