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Applicizioni a problemi di equilibrio
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1. - IntmopucTion
We are concerned ith the tafic equilibrium problem in. the continuous

and, following.
the ideas of [1], let us soppose that at each point x the trafic flows in the
o of the increating axes ¥y and x,.
The flux in cach point = £ is deseribed by 3 vectorial feld u(x), whose
Bwioeas M) 4(0) tepeac t: el denty slovg ok dirxte vy
sy respeetively: it will be

wx)=0, #(x)=0
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and (), #y(x) have non negative fixed truces gy(x) and gy(x) on 74 (oz on
a part of 20) respectively; tw this end we suppose that 0 has & convenientdy
smooth boundary 742 and that u(x) e FY(@, RY, in such 2 way the fanction
909 = (e ) bekrgs o FICD, R
: cach point x'& 2 scalar field r(x) & LA(1), that represems
the d:nmy o te flow originating of terminating st x, we cwn write the Bow
ion law in the form

fe) ﬂm&i»mw

where 4 is the narmal at the point x & #42' and ' is any subdormin of 2 with
smouth boundary 30'. Let us observe that, if we write (1) for 0'= 2, we

1z _[.[fdx.t\-. L j s 4 gl =0

which expresses the connexion between () and the traces (), yy(s). More-
aver from: (1.1), sinee we H1(0, RY, we infec

BB,

(1.3 Diva ifx)

Now we can consider the « personal eost ¢ thar will be a veetor whase
<omponents ¢,(x, a(¥)), (% #(x)) represent the travel cost along the axes x,
a0d , sespectively; wheseas, for the case where we are not s in the
wser's personal travel oost bar farher in an ovenall travel cost spent in the
nevwork we can consider the towl cose, which can be expressed in the form

1) = 4 )

and the global rotal cost, whose expression is

cal m) () o

a4 F

D'I'I'\(’- ) ) ey MEO) ()] e

It is well known that the transportation network operates under one of the
following decision rules:

1) the first produces a « user-optimizing » flow pattern with the equi-
libeium property that no user has any incentive to change unilateaally his

T0) the second rule deals with the « systems optimiring > fow pattern,
i.e. the pattern that minimize the travel cost over the entire network,
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In this paper we are eoncerned with the sceond rule of decision and we
Iook for a distribution flow #*(x) minimizing the global toral cost. We explain
since now that we can reach some existence theotems minimizing F(x} not
over the «matural s conves K given by.

(5) Ko (s = (), 0 € YO, W) )50,
)= 1 Y = ), i 253 0)

bt over the closure of K in LY, RY), K¥9; the reason of this fact ie that
the « cocreiveness » of F{u) over £V Is gusrantecd,

- BisTance THEORKNS
We achieve a first thearem assunilag that Ji(x #(¥) 4nd (0 50) are
lineas; that i
an |1 aend s b a0,
00 H) = () (I L RG)  hi=1,2,
and. that the following hypotheses are folfilled:
@) agfx)e LAG), 4 f= 1,2 byl bylvde LAY
#) there exitts & constant v > 0 vuch that
]+ (10 + iy + 8w+ 4) ¢
Then we have the following.

Tueoness 21z Under the bypotbeses (L1) and s), ), sore exions o poist
506 RP such shat

() Fiay= mia J' (o w{si) d
Let us st by observing thae F(s) is a convex functional. Tn fict if we

denote by A the matrix whose elements are the coeffcients , and by B the
vecior whese companeats ate §, we cin zewrite the fnctionl F(v) in the
form

@3 F(s) [ Anle) + (Bl de

where the simbol (|} denotes the inner produce; hen, since it results
24) (Ar—Arw—p)>0  Yuse RN
the coavesity is achieved.
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Moreover we bave
@5 Jicnis) - Bl it

and the coerciveness over K7 is insured: mking intw account & well known
thearem, the existence of the minimum s 5o acquired and also the uniquensss.

If we assume that sy, = sy the well knowd theory of varational inequali-
ties allows us to say that it results

2o Aoy (B0 e R

and one can try = apply the algorithms for the enmputation of solusions of
variatioml inequalities t compute the solutivas of (26),
A very, special. sesult is sspeessed in the followlag theorem

Teonew 22: Uf ¢ doer ot depend on () and is coswrvative, e fomctionsl
F{W) i anastont.

In fact, because <(x) is eonservative, shere exisis & function /() such that
o) = B (xlffy alor) = B ()i then I e K we bave

o) =t + el =
= [rtpaean + et —frea -+ 2 a
and considering for ne K an approdching succession uh(») of clements of
K we gt
Fln) = [ Fdntxim + vali)od da -+ ([0 () = €

and also F(s) = € for every ae K™,

- Tuk cASE Hx) = 0 1N A RECTANGULAR GRID

In this sectisn we consder the cise in which #(x) = 0 and £ Is 4 recan-
gulaz grid 10, a[ 10, b[ whose versexes nc A = (0, 0), B = (2, 0), €= (a, b)

= (0,8). Let us ussume that the traces are fived in the followieg way:
wla) xe 0,
wls)  me)o, b,
wel} e,
valx) e, o,

)
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and lex s suppose that the following hypothests holds:
i} 4, €O, oy = 5 1) 1L KRS CD, =12

Now lct us observe that, beciuse /(x) = 0, if ¢ K thete esists a function

Ufx} wuch that:
w #H

@) Hew, Eea.

A simple ctleulition thows that the Foncrion &, which is defined apart from
an asbitrazy conseane C., has the following traces |

B L) e,
U ’fh(‘)if-ujrmﬂﬂ SE=wy el |
) -—fnm ) el |
U -—‘f‘-.mdrm-fw.eurw £ =) melab].

and we cin say that for every we R theee exisis a function: U/ such that
(3.3) bolds and, i we consider anothes function » & K" and denore by 17
the funcrion for which (3.3) holds, the function [7— * belongs 1o H3(@, B).

Let us conside the Vasiational Inequaliry (2.6) and let us cbserve hat it
becomes

[

w;..{%f,-j%];xmm,

(% To achicve this cosl, for all #a K, we ean eonsider & wocemion. n, & C'(0, RY) vach that
Vi s DT oS 5 D8, B L2k g W = PR
g gl i = P VT 1 %4, Wy Fan ¥ 12 £ vy oves e
commruet this suceession %o that Dir g — 0 (see (4-31), Thes thers cxitn & funceion U soch that
Pty m a5, R0 P = 3 s, ki s sccrnt

a4 J’w.—b.\u-<mf|v:fv:|?~.'u!n7.r|-n

e ohisdn the thesh.
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Then, if we denose by /¥ the solution of the Dirichlet problem
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oy i) dvy \By ) By

2/
) m W), e 10 H,
H=Wle),  melal,

MO =), L%
Py, 0 = By

and if we suppose that
36

the vecrar (ALixy, — U
lity (26). In fact it resules

.,J

ﬁJ[;(,,“;: ""l';:]((f )

am

an
48 ll:a.,;‘;; i | (U= U b (= U (U — U

AERHR R

_l(an. :nj](u_g.u,u)

for every U s.t. (U, —3Ufe) 6 RV,

One can compare this case with the example of [1], pp. 239-301,

I hypothesis i} docs not hold, we can consider the salution of Variational
Inequality (3.5) as 8 « weak solution s of the traffic equilibrium problem.

4, - THE CASE {x) #0 I A RECTANGULAR GKID

Les us start by obscrving that we can rewrise the condition Diva 4 i(x) = 0
in the following way

(1) Divat i

£l i)
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Then if we assume Ax)c AW and if we set
rym 1 sy
o
r= et b v
P e 400 =it )b,

4o =fiw R =

cH

the fanesional F(s) becomes, taking intn account (24) and assuming that

gy = iy
B3 o) = Fomb) = [A—0ie—0) + (Br— )k =
w!((ﬁvl')m [(Abl) + (AD)] + (AD) < (Be)—(BIR)) =
...J'E(A"}_ 1((Al _aln)+ (- Am]b
and the ennvex X becomes
K* = fre HY, RG> (e () > 4040 2
UEAEPENTACENER N ES | ST L
Al 0) = i)y A ) = o) + tfmw..r.m.. Divr=0]
and the solution # = -+ 0(x) of the minimizing peoblem verifics
J{Aﬂ{p—r‘;—({]ﬂff‘v—f)khﬂ Yoa Ko

Tuking into account the results of section 3, we can say that ghere exists & func-
tion 1% such that 31/%ese = o%, — (71/%féy) = o2 and such that

[P e e
| o SR e L
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Then, sssuming that the hypathesis i) holds, if we denote by 177 the salu-

tion of the Dirichler problem

Ead Gl ) I
ey iy

)

/2) ek daty— *‘#‘2)] s
o Py

3 ; J'-,.;,,, ryyiin iy

D Vi, b= W) + ;_[J':cr,.v.m\m-

PO} = ).

Py, 0) = By

and if we suppose that

e ()

3 =

the vestar (31,
tion of ooz problem.

279faxs), as in the case #(x) = 0, is the unique solu-
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