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TrmonueTion
. I this anicle, our sim is t stady the use, in derivation theory, of 4 geor
metric condition suggested by Lemma 3.1, p. 109 of [4]; in the following |

we shall refer to this condition as the « De Giorgi property ».
.udmghm idea this property it based upon is alreaddy proseat in classical
papess by Besicavitch and Mosse (sce [2], (3], [12], [12]), the wse of it in [4] |
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s far a we know, an unusual and interesting one from varions points of
view.

In the case of Euclidean space R* snd with respect 10 n derivation basis.
of open balls (such that cach point is the center of balls with arbitracily small
dismeters), Theorem 3.3 of (4] shows bow the De Giorgi property. makes
it possible in the case of Radon messees to pass from 2 «local domination »
propesty, connccted with the der

Now, the property enuncitted in the above thearem immediately makes it
possible to obuin the desivation of Radon messures, theseby avoiding going
through the strong Vili property, which s, on the concrary, what the above-
quoted authoes do.

In this arvicle we show tha the resiks of (4] may be gencralized and ser
in an « absiract » coniexs.

So, a5 well as other results, we obtsin a unifying view of uny concree
examples of derivation bases: see, for instnce, sections 4 and 5 below.

In demil, in the sequel we shall consider an sbstract measurable space
(X, 4), endowed with u derivation basis @ that possesses the De Gilorgi

I section 1 we show (Theores (1.11)) that, If two measuces on 4 s
2 local domination property connected to the basis @ and the dominating
measure fulfils 2 suitable « regularity » condition with respect to @, then »
global domination property for the genersted outer measures holds good: this
theacem Is the key rosult of this asticle and extends Theorem 3.3 of [4] to the
present «absteact » comtext.

We also point out thit the segularity condition required in Theorem (1.11)
i i in iy pracin ieationt: scothe cxampln in seciont 4 nd. .

In section 2 we study the derivation of mexsares on A with respeet to the
‘basis @. “The main sesult in this section is Theorem (18). s proof is based
an the key theorem mentioned above and it states the following:

Let v, o be two measures on 4 and let us assume that u and r aze o-finice
and regalar with respect to 1.

“Then the De Passel derivative of » with rexpeet
where with a vession of the Radon-Nikodym densi
tanous part o

Tn section 3 we study the wlationship between the De Glorgi aad the
weak Vitali property, via the De Posscl's chassical equivalcrics thearem (which

o p agrees ralmost every-
of the peabsolutely eon-

eorzesponding

measure). We show, in parcicular, (see Corollary (3.5)) thar  basis @ for which

the De Giorgi peoperty holds good, possesses the weak Vitali praperty cot-

responding to any measure on & which in o-finite and regular with respeer

o the basis (and, in addition, locally d-cvearually finite).

Lastly, sections 4 and 5 contain varions examples of bases satisfying the

case of bases such as A. P. Morse’s

«blackets» (see [12], [13]), the results of the foregoing sections allow ut o
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state two sufficient conditians for « universal derivability » of Radon measures
an R?, which do ot appear in [13] and which arc complementary to the gen-
eral theorem of the ¢universal derivabilitys of Morse's astar blanketss:
namely, Theorems (4.10) and (4.13) below.
Bt 1 okl nisg du i distes gl e e i
i Morsc’s theorem, bt the clements of ouc basls

At the beginning of section 3 we quore an mmpl: o detmin ot

which the De Giorgi property holds good, but the strong Vitali property
(eneresponding to the Lebesgae messure on %) docs nor,
Ner, we show aporher example of & derivacion basks which fits

o, pur scheme and was piudied by Federer (see (5], 28); mmd; the basis
of closed buls ia & metric space with & sultable assumption on its metric.

Finally, we would like 10 thank Professars Ennio De umg nd Giotgio
Letta for stimulating discassions.,

1. - Toe De GIOAGE PROMERTY
Let (X, 4) be s meassrable space. In order to define  derivation basis
an (X, £), we associate 1o exch point x of X a nonempty sct of Moore-Smith
sequences (families filtering to the sight) of A-sets.
Tn greater detail:

(11) Derrernions A derivation basis on (X, A) ir o fowily O-(o,)"_
Mmgx-mfjmm.ﬁrm:m—t:qxn e wemesmpty set of My
saqoonces { familier fltering ds the right) of Aest
\rwu.o .wuwamrm,oqm(wnswx

every point » of X, 3 generic deriving sequence at x will b denced
hg(A,(r})‘,m.‘lslqplulmhuafndlzmd
, by 1 we denote the collection of all subsets ocourring in the
lﬂumﬂo(ﬂ for all x 6 X: such sets will also be called amitituents of the
. Thus, D can be defined as the class of all the

(e
We i s 404 b nm-r.', mdf-od ax, l(-d n.s. at x, eveatully
satisfics R{A); we say that () s frapeentiy verified at x, if thece exius o
Irost e D5, ut x, froquently verifying ().
These definitions may be formulived in & mote precise (but less intuitive)

eventually in JC; saying that () is frequently veskied at x, means
e ek e e s Ty GHAL oy
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(12) Duwisrrioss Lar x,, € b rocpectively i paiir and i swbier of X We

ay hat iy it interior 1 U {or that 17 it a @neighborkood of x,) if the

relatipe A ¢ U is oventually verified ot xq.

(1.3) Dernsrrion: We say that 7 is & Bopen ser if U beiongs 10 & and Is

& Wsighborbead of cach of its pointr,

Te Is quite easy tw see that the intessection of two P-open sew is itself a
n sef.

) Deerrross Let X e dopologisal spoce. A derivation basis o
(x, .:m) (bere BX) s the a-algebra of Birel sets of X) Js s 0 b comparible
with the topology of X if revrx apen sel, i th opegicel saie, v spra.

(1.5) Dermsrrions: e say het a derisasion basis en (X, &) possesses the
De Giorgi propessy (or is & De Giasgi basis) if dbrre rists an integer 41 (which
we cal! De Giorgi constant) sach shar, for eoery ubvet E of X and evecy relotion
LAY wlih Jr froquontly verifid ot svery pober of E, icre exists o counrable famity
() of A-se verifying she givew relatine, cuch that ere bar

EcUd,,

Thass.

The properry stated in the above definition depends on

(1:6) Restanx:
specific structure of the derivaion basis: thus it is 4 « geomettic » poop-

erty of the basis, of the same kind as the one Besicovitch fisst polnted our
(see [2], (3]) by r.ddn; m:n acconnt the bases of closed balls on R
(1) (see 31)
and implics that m. e vznfy the stzong Vitali peoperty with respeet to any
Radon messure on RE: thus, by virtue of classical results, these bases allow
rutual derivation of two arbitzary Radon messuces.

the saame pesiod as Besicovitch, A. P. Morve, who studied the e of RY
(ux [13}). showed that desivation bases which are more general than those

of closed

also section 4 below)  if this s the S the strong Visali ey with respect
to 1y Radon messure follows from Besicoviteh's

Nevertheles, 1 is remarked in [4], in onder 1o detive two Radon meas-
nres, it s enough, for the outer measures genersted, o verify & propenty
similar o the one suted in Theorem (1.11) below: in the csse considered.
in (4], this propenty is obisined for Radon metsures oa R* and with respect
to o basia of open balls, using the fact (as poioted out in (4], Lemma 3.1)
that such a basis verifies the covering property we asume here a5 an axiom.

However the idea conmained in (4] is independens of the particular sita-
tion eonsidered there, and can be generalized in the way we are about 1
explain here.
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et us mow g back 1o he general cn dmdwmme ©—(9,) 18 deivs-
tion basis on the messumble space (Y, ).

unnmemm. Amnm(‘)phfldu.(d-dklvxquh with
yﬁrmqn'mmz!
I 4‘4..(A;wn.#---ft&mummy,nummmm
(1.8} Revamk: It is an obvious fact that, if p is $ecegular and o-finite,
the 1ame property is verified by every measure v which is dominsed by g,
in the sensc that, for each element A of A, oo has

Vv Ay<p(A).

L) Dervem 1 4 o A E asaboet of Xo A i said
e locally dominated b_unELer-nMMA(AJ:,.(A‘) i freguastly verifed
,g.uydxt xaf B

(110} Lisisia: Loz by o De Gilorgi asis (with ssustans ) o the seossmable
- apeis (X, 4).

Lat p, v by weances on A, and ot of X such thot it bosally dominated
Iy wow E. Then e dase

TRE<pU).

p-u-;mmumﬂ(rhwmmmmynh
“she cotiction 3f smbveds of X

Paoor: ‘The relation

AcU and (A)<p(d)
is frequeatly verified at each paint of

DyvkweufﬂuDlequwpmy,McumlmmbhﬁnﬂyM)
of clements of A, such that |

EcUAcU, MA)<pd) forall | o Fizgle.
It fallows thar
PE)EHAIEpiA)<p(l).  m

(411 Torontsis Ju addition to sbe assmmptions of Lewmsa (1.10) abovw, ¢
suppese that it Derequdor, Thn we dare
A (E)<pm(E]

{1 Hie wd i she following she wnd + mesture » meann = pairivy e s
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Paoor: Since u is. Puregular, we need anly to show that
(B (L),
for every P-open set U including E.
Let us fix Uz we claim that
AR EyeptAn )

far every clement A of 4.

We may, of course, assume that 2%() >0, #(U) < + < (s0 thit (B}
<guill) <+ o).

Let s denote by p the greatest of the positive real numbers » such that the
(hmmdal)nmmAHrl‘(AHL}(')lld\mmkdbytL:(hwnH)m
ure A e (A 1 U, ie. tuch that the (bounded) measure 7, defined b

v A) = p( AN —ri(ANE)
s positive.

We have to prove that p>1, We assume the contrary and suppose that
<1, Sinee } is locally dominated by 4 on £ and U is & d-open set con-
tiining £, the relation

Acl and - p{a)=A(A)

it frequently verified at each point of £ consequently the sume happens for
the relation

AU and v fA) = plA)— pit(AD Eya il Ay~ gAY <
It follows that the positive measure {1 —p)A is locally dominated by v,
‘mimﬁxlmdmdlnd: ®-open set I, such that
AnEcAnbcV.

From Lemma (1,10) above (applicd to the p-u of positive measures (1 — g4,
3, and to the paie of sets A0 E, I), we deduce

ffa'wna <n (V)= uV DB = it (¥ 0 B) <)~ pit (AN B),

{M

(o] hﬂwn!mt.mlannhnmduﬂluj'(glnmhnn—n:(m for exaanple,
B p 48

s that

3 )A-(Anrz)..p(vy

Pl

R
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Siirce i hregalae and 17 aa arbiteary Diopéa et Tncliding A U,
we have
(e+ 580 c1n B <panty,

In other words, the messure v, where ra;-ﬁ-l%’>p s positive,

which leads 0 & contradictinn because of the definitinn of p. This compleies
the proof.  m
2, - DERIVATION THEOREMS WITH RESHCT 70 A Dit GioRGE nasis
Throughoue this section (X, 4) will denote & fixed measueable epace, on
M-Mmhnhmd-(ﬂ_)‘q&m
(2.1) Devpsion: pudnnduirﬂﬂnnullyﬁmsflﬁn
m_u(/l)<+wt.!mmdb‘ . each point of X.
(22) Dereron: Comrider twe. moarirs p, v om. A, and surme st e it
upting. the comention 10 m oa (it addiloe 1o, te et st 0-o0 = 0, for
upmxyx-vm
2= "“{1“""“""“’”# .m)]
where sl it inferior e brachite is veferred o the goneric DS, @ = (A, ()}, at 3¢
and e infienan i taken friom among wll seguences @ beloaging 1o B, b excoctly
similar way wo defive
1
D) = »p[um'mawmj ; m] :
Tv extended raal frnctions Dy and Dv e talled respoctienly the -lower desi-
vative and the Pupper desivative of p with reipect 1o v.

U Dl = Do) o sy thot e $-desivmivg, Dolo) o rte) = Do)
the measuse » cxiits at x, or, altrnativy, hat v s Dderivable at x (with
Tespect 10 g},

(23} Tionest: Ascume bt @ is & De Giergé b,
Latv, g b 10 ooficte mndmﬁr&fpi:‘rm-ﬁ-nﬁﬁdﬁd-ﬁ

spect 1o
deamamkljfhdm:yg’vr%nmm’hn
w 0 o ir Geregidar, 3 have D ptalwert eserpudere:

() If v ir regelar, we bore Dr<f  phalwoss eerywdere;
(L, D i dfied axvrding (23]},




st

Puoor: () In arder to prove that £ Dr oo the complement of a p*.ullsct,
it is suffcient to show that, for esch positive real mumber ¢, the set {Dy < e}
NPr<dn(fed i & ptaullser,

Consider & jicaver of [Dr <, L&, an A-messamble iniog
{-E:ﬂ(d and such that every A-measurable set included in €Dy <y} is

We bave to prove that, an €, the density f of v with respect 10 p is
wr-almast everywhere uppec-bounded by ¢, or equivaleady, that () <qu{B}
for every A-measurable st B contained in C. Fix such a set 5 and observe
that B i an A-messirable cover of B [De <} with tespect 10 u (and also,
with respeet to ¥, since » I3 absohutcly continuous with respect to ), Recalling
the convention we made in (2.2), from the definition of Ds we can deduce
that, for each point ¥ in B0 (D <), there exists a DS, at x froquently
m.fp... the eclation '(A)W(Ay

otfier words, r s locally dominated by 41 oa the st B [Dy <),
Fm Theotem (1. u) we deduce
(B {Dy<d) < (B [Dr=d),
i
(B)<eulB) :

(8) We need only 10 prove dhar, for every positive real number &, the
set (Dr> (D=0 { e} s .,.' oullset.

We can of coutse repént the aforegoing proof.

From ‘Thearem (23) we obtain the following a5 4 corollarys

(24) Tuwonsac: Assume dat B is & Do Gioré basis.

scires o 4, Jack et g It By

Jieite end v it abonluty consinumns 3ith espect 15 .

Then e of the (v fimstins Dy, Dy, dfied accrding fo (22), arees p*siast
everywhece with a sercion of the destity of v with respect Jo p.

Now contidet the cate of two mumally singular measures.
We have the following:

(2.5) Tuporey: Awume chat ® ir a De Gisegi hasis.

Ll 5 e e e S 05 I el o i
with rupet fo je (is. thre cxiste an A-mesnrable 5t 5, wch that w(5) =0,
#59 ~0).

Then, if v Ir Qureguior, both fomcrons Dv, Dy, defied scvording to (2:2), masi
Whlmast eseryadere.

Puoor: It is suificient to consider Dy and prove thas, for every stricly
e el £ we have

2B =0 whete Em Dr=dn 5.
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1t must be aoted that, by the definition of Dr, for each point x in. £, there
RIS il it e ) A

In other words, o s locally dominsted by v oa £

From Theorem (1.11) ir follows

WE B S =0. W

(26) Reveark: The above theotens can be applied 1A the special case
~where s, r arc Borel regular measares on 4 topological space X provided with
2 derivation basis  compatible with the topology of X (see Definition (1.4)).

@n With the soms e motations as i Defuition (2.2),
tie derivatisn basis B fs said 1a derive the measure v with respect o the measure 4
ki B, g i ot b g

rhe wesivalniely continavas fare of v.

Usirg the terminology introduced i the sbove Definitian, the resulis of
Theorems (2.4) and (25) may be expressed by saying that the basis @ derives
the measure ¥ with respeet o .

In sédition we have the following:

(28) Turones: Asime thet ® s o De Gisrgi b
mp..m...ﬁm.am.,a..-.-.-a,-u....ao«-ug

Tien toe bcsls . derives v with raspect 10 .

Tame, Wchex aciie o o 70 (o ole wesnces, sd v, (e )
denating the absalu ld,wmma(nap nmlu)p-n » with respect 0 ji.
By vittue of Remark (L8), #,

We apply Theorem (2.4) (rep. (zs)) m measases v,, u (resp. v,, )3 if f
eVt i e AN e I i e
Deiniion (22), we find that the reaio

F<Dr<Drf
holds u*-almost everywhere, W

(29) Durmaron: Lt ¥ bt Whopen wdoet of X- Thon she reltian Ac Y
i ventualy srified ot every point of Y, For sach peist x of ¥ asd cach D.5. 0 ot %,
it s coider il (e ubseqmences of o wbase riewests ll. verify dhe above relation
whes o runs thragh B, ruch erbicguences fern w st which we denote by B3, I B is
the -algra inded by & o Y, fie derivation hasis @i (03), o on the spove (¥, B)
will be called the vestriction of ® fa Y.

(210) Restanx: With the assumptions made in the above Definition, let
. be 1wo mensares un the space (X, ) and let us aseume that p is Peven-
wually finite.
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According to Definition (22), for eveey point & of X, Dr(x) (resp. Dr(s))
denoes the value ae x of the lower derfrative (resp. upper derivative) of »
with respect o e and the basis .

Let v, (tesp. ) b the restciction of v (resp. ) tor (¥, ) and, for cvery
point  of ¥, let us denote by Dy (x) (cesp. Dy (%)) the value st x of the
lower derivaive.{eesp. upper derivarive) of r, whth tespect 10 gy and the

is @ that is the tes: nof @ o ¥,

For every poisit x of ¥ we then have

Drixy=Dinl),  Drix)m Dynl).

3. - Tz Dr Gionat axp Vimaut saorenms

Throughout this section, (X, 4) will denote & fixed measurable space on
which a derivation basis e (,),, and 2 d-cvenrually finite measure ;s are
defined.

We quote the following chassical

(3.1) Durnarios: Far coery Aesweasurable 301 A, e pui vy = 1,0,

Tie derivais bosic @ Js said to possess the lowet g-demity property (rep.
the upper p-density property) Jf, for ered A-meanirable set A, we bare y*-aluast
erecywbere.

LicDr, (e Dri<ll),

Dy (resp. D) denssing the lower (resp. upper) derivative of vy with respect ta j,
difind acisrding 1o (22).
Tie derivation b, ® iz s0id v posscss the density property with cespect

10 1 (or to. possess the p-densisy property) if, for exch A-meszirable set A, both
funciions Dv,, Dy apree 2ith 1, p*-almost everymbere.

(3.2) Tuvowss: Asme ther  is & Dr Glorgi duris and that the measure
1 i o-finite asd Gorsgulr.

Then © possesses the p-desiity properiy.

Pacor: 1t suffices to apply Theorem (2.4) and observe that, for any Sy
urable set A, the fact ju is d-egular implics the same halds for

‘The following Defnition states, in our rerminology, the chassical weak
Vitali propercy with respect (0 a fixed messure on (X, A) (see [10], Chap. 1T,
Def. 1.3 page 16 and Def. 2.7 page 21).

(3.3) Drrmrrios: Demote by p* the anter seamvre goaeried by . Consider
ary vabser B X of fiie auter woeersre aud amy. relation RA), freguenily verifid




e

at very point of F53 Js s chat, for sy pecsier M. of E i ey manwber -0,
hm.mmiuy(a,).qmmmmmwmw.
e A T A

1) REE A= 0;

2) A M) e

3 IMA)—plA) <t

In ¢l sivsation, we say that rhe basie ® possesses the weak Vinli properry

with sespect to the measure u (or the weak Vitali wproperty).

The following theorem is basically due to De Passel (sc¢ {10], Chap, 111,
Th. 1.2 page 30):

(3A4) Trrmomesss Ascame fhai dhe derivation baris @ passesss ide fower pdensily
Freperty.

Then b passesies the weak Viali y-praporty.

Proor: Let £ X be a subset of srictly positive onter mesare and cone
sider a p-cover B of K.

g coiaa numh,g.m1ma=audunf-.mmpu
10 g, by virtue of our assumptions the relation 1< Dr, it verificd u*-almost
everywhere, 5o that there cxivns at least one poine x of & such that 1 = 1,(x)<
<Dra(x). Chioose any resl nomber 3, with 0 <z <17 by the definition of
Dy, we have that the relation

v{nlan.ﬂ
A A
is eventually verified ac x.

Bearing in mind the convention made in Definition (2.2), it follows that

the relation
AANB)>ap(A) and  O<pld) < oo
Ty cveataally v-lﬁn'llsx

MNow the conclusion fallows along exicaly the same lines as in the proof
of Theorem (u;.cup ULof[l0), W

From Thesrems (32) and (34) we can deduce the following

(J.S)Gonmulr Lt e a De Gioegi b,

rhe weak Vitali property with respect {0 avy measure on A& which
ﬂw{jﬁkﬁﬁlﬁ-ﬂﬂq’hf
Let i, v bo two messuces on the space (X, £) and £ a derivarion basis
on (X ,q. It is well known that u sufficient condition for £ to- detive
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(in the sense of Definition (2.7)) cither measure with respect t the mm. s
the fact that X' enjoys the weak Vitaly properey with respect to both messures,
proidad shar ey, veify: s, saiAble: Baitescn csmditin (which Dok for
cxample, foe any two positive Radon measuces on 3 locally compact space
widh & conmable bex): scc [10), Chup. . $51, 2.3

“Thus, for a De Giorgi basis # on (X, &), the results stated by Theorems
12.4) ksl (8} cwts b iwed s sopscauancn of Geilig, (5] abors 2o
Theorems (2.3} and (3.2), Chap. 11 of [10]

4. - Exawrzs or Dr Giorot nases ¥ R*

Theoughout this section, (X, 4) will denote 2 fixed nonempty open and
hoanded ser X in e, provided with the c-algebea 4 of Borel subsets of X.
For every clement A of 4, we shall denote by 8() the diameter of A.

(4.1) Exasrir (a): For each point ¥ of X, consider the DS, @, = (4,(x]),
<lements are the open balls A,(x) = {3: x—y| </ whh um X ooy
nf&tmedbr:ndww(mwlummmh any Lix)
S the s o iy i Sl ety st e AT L(x)l -0,
It is clear that the family @ (0,),y 1 & derivation basis which s com-
patible with the topology on
Moreover, from Lemma (3.1), page 109 of (4], it fallows thar o verifies
the De Gioegi property (with constans g = 3¢).

Exris (B For each point x of X, consider the DS, £, =(B,(x1),
whose elements are the closed balls B,(3) = [y i with theis center
at.x, direcred by inclusion ({ varying 23 in Example (4)); the family T=(Z), o
it alio 4 De Giorgi basis (see [2], [3]), compatible with the topology

Exunri (1): We obuin another De Gioegl busis on X (compaible with
the tapology an X) by considering the family [’ (1%),.y ruch that, for each x
7= (€(x)), is 3 DS, of closed cubs () with their conter at x (sce W
Th (1.1), ditected by inclusion (/ varying 45 in Example (a)).

Ecurer (d); The sume is tmue for f = (d,),.x such thar, for cach x,
oo (D,m), is 4 D.S. of open eubes D(x) with their cenes at 3 (sec 6],
Chap. I, Remark (2}, page s)d.mxéb,u.aumn (.'mw;u in Example (a)).

(nauaur the bases considered in the abave cxamples possess & sioager

property than the one stated In (15), that is Besicoviteh's property: see [6],
page 43).

The considered above aré particular cises of the degvation buses
(s blankers ») studied by A. P. Morse (see [12], [13]).

Let us now quote Marse's main definitions, trying to we his rerminology
and notaticng xs far a3 possible,
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(42) Dervainos (sce [13]): By « Mone covering 5 of fhe ur X wr
miay . fetive which |bmﬁmfxqfk¢m~”fnd§§p¢.j
setr of A, i mach @ way that, for enery %, the) froperties ol

() Evory bt in F(x) i boamddy
() it i Taseriar pains of ey vt Tokonging 0. F (%)
() For mery elowent B of F(); we bove

lnrace) mid -

(4.3) Duiisrrion: Let # bes .llvr.rfmm'qd'mw,\ﬂ Vi

of X, det s order the sets dn F(N) by deerearing diameirrs avd consider the family @,
whore lements are the cofinal vabsequenter of

Then dbe shrivetinn basis Dom (D,),05, 90 (% 4) & 1o 14 be genersted by che
covering 3.

(44) Dirssrnon (sex [13], Def, m) If B is a mbuet of X umd x5 B,
the internal radivs of B at s is defised ur the presum of those musbers r for whick
m.ﬁ.autw)..mmm.um..annahwun

(45) Derismmos (iee [13], Def. 5.3) For covry snbuet B of X the hob of B
i the st af thuse m;aammr{(l—m-+ D) B whaner o B and
Dol U dessse his et by b

If xehub (B), -mylpe.d)mwrduyhbmnx

Cleadly B~ liub () iif B Is convex.

(46) Drmsrrios: Lot & be o Merse covering of st X-
We s dbe ferae xegularity function of 5 for ibe fsction L defived, fur evety
relasiea

043} Diomuis (us (LD 4y Tt K < Mt o o
F is called a stae Blaakes if it verific the
¢)Fn'mqpmfxuja\’miub(x)<+w.wﬂ.kinﬂ¢nunp
durily fuwction of F
l)hrmqpm:r-f)ﬂ-ﬂt&rfrmq‘ltx)mmu'uh.

The following theorem, duc 1o A. T'. Marse, is perhaps the most imporant

genenl result obtained in the ficld of the = concrete » derivation bases
comsidered in this scetion (sce (13], Th. 5.13 page 442; sec also [10], Th, 49.2,
page 119):
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Monse's THRORRAG: Considee for ser X star blanket .

Thow the-derivaton hars 9 gererated by &, pessancs the iorsng Vitali proporsy
with raspest 1o any Radom wearmre yi on X

It follows that & decivasion basis generated by a star blankes on X enjoys
the wmirersal derinobiliy peopesty with respect tn Radon measures on X in
other words, if we consider two arbiteary Radon messures on X, such a basia
«derives » (in the sense of Definition (27)) cither of them with respect to the
otber

However, the results of the previous scctions, which are based on the
De Gintgi progerty, allow us to establish, in the case of the basis generated
by & Mors¢ cavering, two more sufficicne conditions of universal derivability,
which are not considered in Moree's paper: these are stated by Theorems (4.10)
and (413) below.

‘These conditions are to be considered us complementary o the one stated
in Morse's Theorem: in particulsr, they do noe tequire the sets in every class
#(x) 10 be closed.

We are now going to state a property which will be fundamenal fof the
sequl and which follows dircctly from certain very significant results obeaioed

(48) Provostsion: Let 5 bea Morse comring of i
M.‘hnmt.-uumﬂ{)paﬂmmwkmbthl fv.-;.r. L <i,

£ b the rety foi o 3.
the derivation Basls B, geverated by F, Jr 2 D Giorgl hati,
Proor: Let £ be a subses of X and #(A) a selation which is frequently
verified at cach poine of £,
By virte of our assumprions, the relation
MMyt and  B{A) <k i, A)

s evenmally verified it each point x of X.
Ler us denare by X the ser of the constiments of & verifying the relation
R(A); then the following relation

AR, MAY<1,  MAy<i MuA)
is froquently verified at cach point of £,
We shall use 2 to denote the set of pairs (x, A), where x is an clement
of £ and, for each , A belongs to class F(x) & and verifies the relation
SAy<l and (A} <3 b A)

We call € the class of all sets oenurring as the secnnd element in some pair
of 2 we have £c (and the st £ is included in the unian of the sets
belonging t £).




i

Ty Theorems (48) and (s 10) of [13] (ue Il.vu ;m] Carall, 35 page 113
and Lemma 4.8 page 117) ¢ has o subslass §

Eeyd
and which verifies. the following property:.
If g = (94, there exises in § g subclasses , stich that

each chass 0, being coantable and disjoint.
Thus

%‘.q.

Sinee elass § is countable and incloded in X, the proof is complete. -

(49) Restani: Ler @ be rhe derfvation basis on X generated by & Morse
covering F of X; fom the awnmption (K of Definition (4.2), it follows
dizely ha ey hoper et of i open (i the sl topaogy. of ). i
mu.mwpom“rx.ua.n,(m;huxwmh
qmnx from assmprions () and () of Definiion (4.2), it follows thar
relation BoS is eventually verified at v,
“Thus every open subset of X is also dhopen.
Hence, in X, the class of open sers is the same as the elass of Diopen sers.

i follows from the previous Remark that every Radon measure oo X is
regular.

As an immediate consequence of Proposition (£8) and Theorem (28), we
obain the following:

@10 Trron: Z4 1 M i s s X o s ) i
that. tle regulurily funetion of 5 m;hmuw-fhm@

Lit v, be Iww arbitrary Raden messares an X.

Tivn she dicisation Dusis D, goareoied by, derioes v with respeet i p.

From Proposition (4.8) and Theorem (3.2) we get the following

(A11) Tovonsse: Ler bt o Merse dovering of ibe sei X and lel o suppese
thal the regulority finetion of T pvrifi the srsumptions of Proesition (4.8).

Thea the drrivation busis B, seaerated by F, pocssier the density property with
rupect 1+ any Rodon soscare i ow X.

From the last theorem, by means.of Theorem (34), we get the following:
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(412) Tusoses: Lot 5 de a Marse coverivg of the set X and Iof s mppese
dhat the reguleriiy funciien of F revifer the cxommprices af Propanition (48).

Then the devivation basis ®, gearcaled by 5, porsesss the wonk Viialy praperiy
with vespect 1o axy Rodos sveature on X,

From Thearem {4.10) we easily obuain the following sufficient condition
of universal derivability,

13) Tomonss: Let 5 be o Morse sowering of set X whose regularity fumc-
sy serifies she fabivming p-pzr}m
(4) For rovry poist xc of X, o) < 40
() L ir everywbure npper semicontiumar.
Lt i, v b fwo arbitrary Raden seasures o X,
Then the basis b, genersted by 3, derives v with respect 1o i,

Proor: Fix any steictly positive real nursber 4 and comider the se
= fra X L) < i

by assumption (¥), Y is apén, hence Popen (see Remark (4.5)).

We denote by #, (resp. ) the restriction to Y of the Radon messuce v
(1esp. ) and by ! the restriction of the hasis @ to Y.

By Thearem (4.10), the hasis 91 decives », with respect to

Denste by f a version of the deasity of the p-absolutely continuous part
of »; thus, for every point x of ¥ outside a pf-nullset, we have

W)/ () = Din) = Dynlx)
with Dyry (resp. Dyny) denoting the lum - {rp o) derivative of r, with
to the measure 4, and the basis
Now, by Remark (210), the ‘a.mn

Bin) = Drix) - and- Dywy() = Drlx)

is verified at each point x of ¥, with D (resp. Ty) denoting the lower (resp.
uppec) detivative of » with nespect 1o the measure 4 and the basis @,
Thvus, from the above relations, for every poiat x of 1 outside 2 u™aullsct,

we obain

6) = Do) = Do)
For every iateger w31, et ws pose

Yo (ve Xi LOY <},
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From the above, it follows that, for cach r, the relation
S o= Dy s Dy,

is verificd *-almost everywhere in the apen set ¥,
Since we have X = | ¥, we cn conchude that the above-mentioaed

relution holds ue-almost everyuhere in X, m
From the above Theotem and (3.4), we deduce the fallowing propertys

(4:14) Tusonssts Let ar auwse that the Movse corring 5 of set X weifer
W.;mm(m)

Tien for eniry Radan meamrs s X, ibe derivation hosic 9, geseeated by ,
s M Ay ooty i) o ek Vil feshit

- MORE EXAMPLES

e bl begn s e wihan ol of u D Gt b i
verifies the universal derivability property with respect to Radan
B L s iy e
from C. Hayes [9), poge 291,

Lt be e pen e st n Y i o e ¢ b g i whoe
sides are 0 the

F1 ek e oI I (T bt o o e clid s
st for every srily poshive integee 4, I() i the open (or cloted) squate
centered t , with sides parlll 0 the ases sed & sidelength of . to-

gethee with the st of all points having rational coordinates, included in the
opu(mdmedj square centered ar x, with sides parallel to the axes and a side-
length u{.—‘.

Lt us consider the derivation basis % o (@), sich that, for cach x, we
have @), = wm},, with sequence (I3(x)), being choscn in such a way that,
e

Btmr&
she thape o sex [T cay 1 peove thaty for any disjoint
nqm(l'),whnledmn | included in X, we have
A(J{—UJ'.]>U.
with A denoting the Lebesgue measure in RE: thus @ does oot possess the
strong Vitali property with respect to

On the other hand, h:m.,.d«m.‘gu.aqmu((«e))buw
we have L= 4vT everywhere in
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Thas @ is 1 De Giorgi basix (Proposition (48)).

By Thearem (4.10), ® enjoys the universal derivability propesty with zespect
to the Radan measures on X and, by Theorem (4.12), @ possesses the weak
Vil property with respect 1o any Radon measure u on X.

Now we shall quote another example nf afepic which possesses the
De Giorgi property: see, for reference, (5],

Lec (X, o) be a metric space. Let us denote by A{x} the open ball in ¥,
with sadius / and its cenier at %, and suppose that the metric o ks the following
propesy:

(5.1) Derearmios (see (5], 289
lienited, we mean that 220, 0o,
difien lndls

Ifae X, Be Afa)

by napéag that o i dicectionally (&,n, &)-
Fs u positiv integr and tbe foliawiag com-

shenerer ke B, ce B, by ole, Hao(a c), xe X with

elax)=elnch ebn b= olebi—ole, 9.
then cacd Bt

(32} Ruuam: Tn [5], 289, page 146, it Is pointed out that, for suitable
constanes &, n, 3, the condition stated in (3.1) is verified either
(x. o) is & finite dimeansional narmed vectorspace, provided with the distance ¢

its orm, o in the case when X is any compace subset of a Ricman-
P (of clags >2), with its, usual metric.

From Theorem (2.8.14) of [5] we can direcily deduce the following:

(5.3) Trroses: Lat (X, ) be o separable mesric space suich thet rhe motric. o
i ;m-..ﬂ, Gt :}J:-nm’ and 1 gomstand with 0 <.r = 42,

La E 1 of X and 5 u covering of 1 ehiaine by assciating with each
point x .f mmrme it cester at 5 wnd with o rodis lecs than 7. If g
denates e integer 20 - 1, Hher there exists o cubelisses 8, of 5 such that tie follawing
relations bald:

() E it incled it mwion of she bally belonging fo 3, where

(8} Far cack 3, the ribeless 8, ir coneteble aud diggoiat.
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{03 mesc s 0, ) mbich e srumponsof he o T
s consider 1 b e b clogd Tl rach i cch

.,r.vu.marmhnuim.mn,nm

(5:3) we abtsin that X s a De Giorgi busis, ﬁ
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