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InvnonucTion

Tio of the most important notons oa multifunctions arc that of lowes
and upper semicontinuity, cach of which cxtcnds the ususl concept of con-
vinuity for a single-valocd funcrion. Let us recall that, givea two rnyufngim!
m,\' I, a multifunction @ from § into X is said mlsz'r(:u

if, for_cvery open set 0T, the st o = fies: op)n
G 0) (resp. D) = (16852 BEIED) ks open ia 5. I particular,
above notions play  very impactant role In. fixed poin ldxaqfolmuld(ux—
tions, I tuim, this ryxmmumhmd: area of applications
including minimax theory, game theory, variational incqualities, differential
equations. Pethaps, the most known and uscd fised point theorem for mulii-
illil:lanlbdl"-ni(l!mumrhmm(‘u,furmm the Theorem
on p. 186 of [1]), stated below as Theorem. A.
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Trnouen A: Lo
Gally conve tpulegical ¢
Jrow X inih X, with wr-omp
x* e X b thot 3% F(x%)

X e o monareply sompset comes: sibver of u Hawidsel] lo- |
Lai F b on wpper sesicontimens meulrfiacticn |
cied wwal cowee valves. Thew, there exitis |

Consider now the following dmplé and meiningfal cample |

Examein 1: Let Fy, £y, F be the muldifunctions from [0, ] inw [0, 1] |
defined by putting: |

el e, 1], |
01]  Ex=D,
| (1 |
Rl (01 i),
1) itxe ]
['a \] ifa'G[l é[

Be={101] Ex=3,

bl e

ourse,
F, bas no fixed point, although Fy(x) I eonvex

for all e J0, 1}, Likewise, F; has no fixed point, although
for all xe [0, 1] and convex for sll xu [0, 1T
Thearea A, it is essential that each value of F wempty, closed and

convex. Observe, fusthermore, that £ bhas fised point, although
cach sec F(x) has no isolsted point. This shows that Theoren
guamatee the existence of many fixed points of F

The purpose of this paper is to show how the twn drawbacks stressed by
ample 1 with regard to upper semicontinuous mulifanctions, disppear i
lower semicontinuous multifuncrions. In other words, eseablish
cd point theorem for lower semicontinuous mulifunctions thit are allowed
to have many non-closed or non-conves valoes (Theorem 2). It is also proved
that such moltifuncrions have infinitely many fived points, provided each of
their values has no jsolsted point. Before Theorem 2, we prove a kind of
colacideace theorem (Theorem 1). W then present some consequences of
Theoterus | asd 2. More preciscly, these consequences consiss in new alrern
tive aod minimax theorems.

A cannot




Resnrs

Tefore staring our main tesults, ler s introduce some nottion. 1 5 i
# topological space and A ¢ 5, dim, () <0 means that dim (70 for every
sct T'C A which s closed in §, where dim () denotes the eovering dimension
of T2 3f (£ ]:1) is a2 nomed spece and B¢ X, (B),, denotes the closure
of It in the |- |-topology. Fimally, et £}, A be twn non-cmpry sers, From
‘pow on, we call mmtifamctiou fram | tats A any function F from [ into the fumily
of all sco-emply subsets of A, If ' A, we put Fix (F) = {yI't ye F()).

Ous fiss recult is the following

Toaonest 1 Lt (U, 1-1), (V4 1) e sw Banach sposes aud XCU, YV
fow naempty uts. Lol @ be n fopwiegy wn X, weaker thon e |+ |-tepaisgy, asd
vy lopelspy au ¥, waeaker fhan fhe |- ciopelsgy, meb thut (X, ) and (¥, ry) are
| vmpoct and Hussdorf. Let C, 2 be ton sbnts of X ond D, W two sabuts of
Y, with €, D countable and divny,, () <0, dieyy,,, (W) <0, Fivally, It F b
« anlifistion from X Inra V und G o sniifinction from Y- into U snch thats

(1) Firgr, [+ {y)dewer semiesuninsur, F(x) fs |- |yelored for ey 2 € KNG,
(FR, , 7r comes for every x X027 and [conw (FEED)s, 2 V3
(2) G i {5y, 1)) semicotinmons, G(y) is |- 1-chosed for wery 7 Y.,
TGO, i comex: for avey yo YW amd (e (GLVTT], o0 X
Uinder puch bypatbeser, there exiis (3%, 3*) & XY such that % € Gy) wad
e Fe.

Proor Ey'ﬂ.mm?lu{[!l limnmn( o
- X~ Y and a (z,, |- |}-continuons function g2
and £(7) & G) for every (x, p)e Xx Y. Now, pm b(xq}—- (a7 .fts)) foe
every (x, ) X Y. Ths, with obvious meaning of B
(nu"[ 1 1-{-coatiamour Buaction from xmr:m XKY. Smoc the
rxr, is weikee than the [+ % |- |-topology, bis ({13 1"y, I
] | )continuovs.  Let T = [{conv mx—ﬂ)),..,\ Thus, from our as-
sarptions, it follows that T'isa (1] % |- | )-compact convex subset of X< Y.
Then, applying the clisical Schauder fixed point theorem to By, we find
(%, 07) & X2 Y such that * = g(y%), 5" = f{~"). Hence, x* & G(y") and
e Fx), that i our conclusion.
Our maln fixed point theorem is the following.

Tiwonsn 2: Let (U, 1 1), X, 70 G, Z b s i Tiworsaw L asd det F bist
(8 [ 1)-lower semicostinasns mudsifunction from X dnso U sach shat F 1+ J-cfosed.
for every 38 XC, (FUx0).., ir comvex: for every x2 X052 awd {conv (F{A)aE X«
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Tien, Fix () 0. Ify dn additos, for eveey e Fix (F),  is @ |+ j-scumadation
point of Fix), then Fix () is ancomutable.

Pxooy: Our firsc assertion, that is Fix (F) =0, follows from reasunings

similar to that sed in the proof of Theorem 1. S0, suppose that, for evesy

xeFix (), * is 2 |- |-ccamulation point of Consider the multif
S Tl A te A ofmend by Suttinis

nc

g TN I e (),
Fix) {,,(N) .

Observe that TG, = (F09)

that Fis {1, ] [ lower semicontianans. On the other hand

fu: every x ,\\(r UFix (7)) and (T
& Fix (F) = 0. Hence, Fix (F) must be uncountable,

wisz, by the first part of the theotem, we would have Fix (F) w0,

for every we X, From this, ke follows

Ristank n
antee that Fix (F) it sutfiees to assume that, for every xe
i iR e e i

pen se 1, -open
0. Ia fact, in this case, it is

a F defined in the proof of

o e
2

rue if, for insane

possible 1o check sz ;m the mulrifar
Theorem 2 i3 e semicontinons
“The next propasition will be useful in 1

sequel,

Puorosrrions 13 Lt 5, 2 e fin

palgical spaces and B 2 mlifoie
@(a) is upea] is dense in T and Bl5) =
it (B(0)) for ewery 75, Thew, © is Jower semsicontinavas.

frass 8 dnte X such that tbe st fo e

e (1), Since Blrg)

D e By i (7)o 80, Sinicé the s 168 25 B-16)
, there: exists. d @ int (¢(3,)) N 2 such tha #-(d) is open.
, we have sye @ (3) 5 @ (), that completes the prof.

Now, we present some applications of Thearems 1 and 2. We begin by
pros minimax theorem. In the sequel, the notioas of lower and upper
semicontisulty, when sefecred to seal Fanctions, are the usual ooes. We alsa
recall that a real function y, deiined on some convex subset of & vector space,
is mid to b pusiome: (scap. quuicomare), if, for cvery 2R, the st
(1 oo 1) (mesp, #* (s -k o)) i convex.

Trwones 32 Led (U,
S poue, in cddition, that
08 XX ¥ such thatz

DV 1 1) X, Yar, 1y, Z, W e arin Thoorem 1
Y are emvese and worre-losd. Lot [ b o road fusction




— i —

(1) the fusstion ) is ,cbower smiconinusns for svery € X and. quasi-
".dyxﬁrawx £

E (2')mjmm«j(,;}nr—mmnmwﬁrma)inN
| e for oy 3= y
Ther, e e s n_g;-.r(x._:)--_-‘-rn ma ). o

Paoor: Let &= max min f(x,7) and = min mux f(s, 7). OF coumse,
c<fi. Assume x < f. Fix o be Jo, f such that @ < b For every %e X,
CY, pur
F@ = eV /RN <alyy,: @@= {reYif(5 )<},
GG) = e X Fw = Whee PO = Ies X2 f(5)=H.
i, P90, GOVAS for crery e, pe . Momores e i por
sible o check that the multifunctions F, G satisfy the hypotbcses of The- i
orem 1 mi that J-'[.\-)cd‘r(x). G(7)C¥()) for every xc X, ye ¥. Hence,
aites (x,7%) € X ¥ such that 4 £ ¥(#) and 5 ¢

by thar theorem, ¢
 e@(), that s b fl?, ) <a, &
* Theorem 3, substantially, is an improvement of the classical Sion minimax

theorem [3].
Now, we establish three alternative thearems.
Toeonest 41 Let (U, 11), X, v, Z be as in Theorem 3 ad Jet f be a real
functing wn. X3 X onch. thets

(1) the fomction £
e for ey x6 X2
(2) the function fC-,) Ir v-npper semivontinsans for esory ye X.
T, for auy v-iower semicentinmmns resl function o an X, al lostt one of the fol-
lawing assortioms bodis:

() Thare excivts 3y X ameb that ind {0, 1) >y ).
(i) Thee ocists % X smch thet f(x%, 54 < g},

i |- |-uer semicontinns v ey s¢ 0 X and qos

Puoor: Let ¢ be s in the smarement, Por every x& X, pur
F)= (e X flan <o)y aod D)= Lre X: fGo <ol -

Suppose that assection (i) does not hold. Then, Fix)« 0 for every xe X

It s scen that the mubtifunction F satisfics the hypotheses of Theorem 2 and ]
that F(x)C Bx) for cvery = X, Hence, by that theorem, there exists x* ¢ X ]
such that x*& P(x¥), and 30 assertion (i) holds.
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Tonomrst 5: Lot (U, 111), X, ¥, Z v st in Theoress 5,
b a ringle paivt. Lot f Wunﬂf dow ar X3¢ X s tha

irh X wou redcing

(<) i | bestinm for ey € X and quanl-misee

@) the ar (32 X [(-,3) i vapper swhiontinasas) s |- |-dense in X
Thes, for any -
lovig assertions beids

rion 4 o0 X, ar lease ane of the fol-

() There ecicts g0 X sich that ik f (s, )

(i) The ez fce Ko (e ) <qad) is mocomntob.

Proor: Let 5 be a8 in the statement. Suppose that assertion (1) does not
bold. For every x e X, put

PL) = {ye X fE ) saix) Hp)=pe X ) <o)}

and

F{x) = (G, -

nks 10 (2),
hea, by P!up(!ﬂmm 1
Hower semicontinuor ce X'
-accumulation point of
x (&) is uncountable, that is our conclusion.

st & singleu
Fix.

an (2--1: sirem 5, ever 0 To vex thie, 1t
th the usual topology, and fi J

if (v )e (ﬂ,xpl 11,
(e )e(10, 1] J)uuo 1),
if Gy 0.1] 10, 1)

OF eouse, for cvery x X, the function /(v
Moseover, {3 &Xs f(-,5) it upper semicontinuows)
every xe X, e

) i Towes semicontiomous and
It

10 X b e in Thoorow 3. Suppie, i
mof X fr greater shanoue. Lot f be a roal fimction on X% 2

cemtinwons axd, for each re R,

vt {ye W e b
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() the sats (3 X: [, 3 b vapper smiconsinnas) and {3 Xt (e, 3)
semicantinma| ore boib |- ]dnse'n X.

Then, for axy v-soutiamiss real fusstion  on X, af eart vae of fillowing ciertions
s

() There et ey X sach that o f (v 2) > G0
) Thore et ey X mch shor sup .3} <9050
(i) The set {3 Xt fixx) = () i messicstablr.
© Proor: Lety be as in the staement. Suppose that assertions (i) and (i)
~ do not hold. For every xe X, put
F) = Ly Xt flxo)= el -

] By Theorem 2.2 of [4] snd by the proof of Theomem 22 of [5] (= abo
© Remark 2.3), the multifunction F i (7, |+|}-lower semicontinuous.  Let
& Fix (F). By out assumptioos on X, it follows that X\(5} is noa-empty \}

|

und |- |-connecied. On the other hand, there ate 7,y £ X(3] such that
iﬂ-ncr(ﬂ)mdﬂ*a:wm Thus, by the |-|-continuiry of the fnc-
Hon,f(5, -) — (%), there b 7 F2) (8. Taking inco sceount that each F(x)
?kmwmdumlhn nssertion (i), follows from Theorem 2.

i {
R B Hosum, Gesavirie Funiisnl Asvajpsis oad its Applicetionr, Soeinges-Veslag (1775). |
5 Mtk Cohoms e d el s, P, S, 11 TS, 130,

3. Siow, On gowra? wisima Aoy, Pacis. J, Math, 8 (1956), 11170,
o crtins b, G, Aco Sl Por, 3.1,




