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AsstracT. — We present some new results on the extension problem of analytic objects. In
particular we discuss two classes of them, namely sections of coherent sheaves and Levi flat
hypersurfaces.

1. - INTRODUCTION

One of the recurring problems in Complex Analysis is that of extending “analytic
objects”: Hartogs theorem (holomorphic functions “fill compact holes” in C”, # > 2) is
the prototype of all extension theorems. Analytic objects are meant to be those geometric
objects which can be constructed starting from holomorphic functions (e.g. analytic
subsets of a complex space, coherent sheaves and their sections, cohomology classes with
value in a coherent sheaf, etc. ...).

The theme is classic and there exists a rather vaste literature on the subject (see for
instance [Si] for a general account). In addition, in the first part of this paper, we sketch
some new results. In the second part we will discuss the extension problem for a different
class of geometric objects, namely the Levi flat hypersurfaces of C”: a real hypersurface of
C” is said to be Levz flat if it is foliated by complex hypersurfaces. Originally introduced
as biholomorphic transforms of real hyperplanes (cfr. [Sel), Levi flat hypersurfaces
appear in many global problems in Complex Analysis and during the last twenty years
they became a very fruitful area of research.
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2. - EXTENDING ANALYTIC OBJECTS

Let X be a (reduced) complex space. For every open subset U of X let 2(U) a class of
analytic objects defined on U. We assume that, if U, V are open subsets of X and V C U,
there is a “restriction map”

pY  A(U) — AW)

satisfying the usual compatibility condition: pY, o pl = pY, whenever WV CU.
The extension problem can be formulated as follows: given a family C of closed subset
C of X, decide whether on not the restriction map

Pl WX) — AXNC)
is onto for every C € C. The most interesting cases for applications are the following

(I) Cis a family of compact sets of X;
(IT) C is the family of all analytic (or, more generally, thin) subsets of X;
(ITIT) C is a family of closed subsets of X of the form KN {ReF > 0} where K is a
compact subset of X and F if a holomorphic function in X (and in this situation
{ReF > 0}\ C is said to be a semi-corona).

2.1. Classical results
The results relative to cases (I) and (II) are rather classical. Let us recall the main ones

(I) HARTOGS TYPE EXTENSION THEOREMS

e Let X be anormal complex space, K a compact subset such that X\ K is connected.
Then the natural homomorphism

OX) — O(X\K)

is an isomorphism.

e Let X be a Stein space, ¢ : X — R a strongly plurisubharmonic function and
K={p <c}cX. Let Coh(X) be the category of all coherent sheaves over X and
F € Coh(X). The natural homomorphisms

(X, F) — F(X\K, F)

are isomorphisms for 1 <7 < depth (F) — 1.

e Let X be Stein and Q = {r < ¢ < s}cX where ¢ : 2 — R is a strongly plur-
isubharmonic function such that {r+e¢ < ¢ <s—e}cQ, € > 0. Let Y be an analytic
subset of 2 and Jy the ideal of Y. If depth (Jy) > 3, Theorem A of Oka-Cartan-Serre
holds true for Jy. In particular, Y extends to {¢ < s}.

(IT) REMMERT-STEIN TYPE THEOREMS

Let Y be an analytic subset of a Stein space X. Then
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a) if X is a normal space and codim Y, > 2, Vx € Y, the natural homomorphism
OX) - O(X\Y)

is an isomorphism;

b) if dim Y = d every analytic subset ZC X\Y such that dimZ, > d + 1, Vx € Z,
extends through Y;

c) let F € Coh(X) be such that depth (F) > ¢; then the natural homomorphisms

H(X,F) — H(X\Y,F)
are isomorphisms forj <; < g—d — 1.

2.2. Semi-coronae

The interest for the case (III) is relatively more recent. The starting point is maybe the
following extension theorem for CR-functions stated in [LT] (see also [St1]):

TueoreM 2.1: Let X be a real connected C'-hypersurface in C”, n > 2, oriented,
compact, with boundary bX. Assume that the following conditions are fullfilled:

(i) bX belongs to a C®-hypersurface M and there exists a relatively open subset A of M
such that bX = bA;
(i) 2NM=5bX;
(iii) M zs the zero set of a pluriharmonic function in a neighbourbhood of the open set D
bounded by X U A.

Then every Lipschitz CR-function in X° = X\bX extends to D by a holomorphic
function which is continuous on DU X°.

This result is, in fact, an extension theorem for semi-coronae, in view of the Plemelj
formula for Bochner-Martinelli Transforms in C” (cfr. [HL]).

For a generalization to CR-forms see [P]. Similar results are proved in [L], in the
context of Stein manifold.

Further generalizations to CR-objects can be found in [T].

It is worthwhile observing that Theorem 2.1 motivated the notion of “removable set”.
Let X be a complex manifold and Q€ X a bounded domain with regular boundary; a
(closed) subset ECAQ is said to be removable if all CR-functions in bQ\E extend
holomorphically to Q. In [St2] and [J] can be found a large number of references on the
subject.

Very recently the case of semi-coronae was considered again with reference to the
extension problem for coherent sheaves.

Let X be a Stein space and Q = {r < ¢ < s}c X, where ¢: Q2 — R is a strongly
plurisubharmonic function such that {r + ¢ < ¢ < 5 — e}€ @, Ve > 0 sufficiently small.
Let B={p <s} and F be a holomorphic function in a neighbourhood of Q. Let
QtUQ  and B"UB~ be the connected decompositions of Q\{ReF =0} and
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B\{Re F = 0} respectively. Then, using the cohomological thecniques by ANpreoTTr and
GraugrT (cfr. [AG]) one proves the following result (cfr. [ST]):

e Let F € Coh(B). The natural homomorphism
H'B*,F) — H (Q",F)
is onto in the following two cases:
(i) depth (Oxy) > 3, Vx € B, and F is locally free;
(ii) BN Sing (X) N B =@ and depth (F,) > 3 Vx € B.

In the same context G. Della Sala and A. Saracco have proved that
e if BN Sing (X) N B =@ every analytic subset Y of Q such that depth (J,) > 4, Vx,
extends to Bt (cfr. [DS].

3. - LEVI FLATNESS AND EXTENSION

3.1. Levi flatness

Let M be a smooth real submanifold of C” of dimension #2. Let T,(M) and
HT,(M)C T,(M) be the real and the complex tangent hyperplane to M at p respectively.
The distribution £ on M, p— HT,(M),Vp € M, is called the Levi distribution. M is said to
be Levi flat whenever L is integrable. Levi flatness is characterized by the condition:

Levi(p) = -
= 62/82%

wiiop =0

when p € M and w € HT,(M), {9 = 0} being a local equation for M. Let us denote
L(p)(p) the hermitian form Levi(p), HT,(M)-

In view of Frobenius theorem, it is a easy to show that a Levi flat hypersurface M is
foliated by complex hypersurfaces. This geometric property allows to extend the notion
of Levi flatness to topological hypersurfaces. As a consequence of the solution of the Levi
problem (cfr. [H]) we have that a Levi flat hypersurface locally divides C” in domains of
holomorphy.

A smooth hypersurface M is said to be strongly Levi convex if L(p)(p) # 0 for all
p € M. A domain D of C”, » > 2, with a smooth boundary 4D, is said to be strongly
pseudoconvex if L(p)(p) > 0 for every p € bQ2 and every local equation ¢ for 5D such that
p» <0onD.

3.2. Hulls and Levi flat extension

Let K be a compact subset of C”, We recall that the hull of holomorphy of K is the
spectrum S(K) of the closure H(K) of O(K) in C°(K). From the Gelfand Theory, we
know that S(K) is a compact Hausdorff space, ramified over C” ([GRS]).
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In general the structure of ©(K) is very involved and describing it is one of the most
challenging global problems in Complex Analysis.

We have the following elementary but useful fact: if we know that every f € O(K)
extends holomorphically to a neighbourhood of a compact subset K' DK of C” with
KcK’, then K" c ©(K). This raises the following problem:

given a compact subset K of ", can we construct a (possibly maximal)
compact subset KC " such that KCK and all holomorphic functions in
O(K) extend holomorphically on a neighbourhood of K?

A good candidate for K is the union of all analytic discs with boundaries in K i.e. the
images of continuous maps 4 : D(0,1) — C” from the unit disc D(0, 1) C C, which are
holomorphic in D(0, 1) and such that 5(6D(0, 1)) CK. The reason in doing this is the
following result:

every f € O(K) extends holomorphically to a neighborhood of
U h(D(0,1))
b

where 5 is varying in the family of all analytic discs with boundary in K.

Proving the existence of “sufficiently rich” families of analytic disc is, in general, very
difficult. The situation is more clear for 7 = 2, at least when K is a compact subset of a
strongly Levi convex hypersurface M. Let us suppose that U is an open bounded domain
of M, with smooth boundary § = »U. Assume that S = § where S\ is Levi flat. Then
every function f € O(U) extends holomorphically to the domain 2 between U and S. In
particular, from what is preceding, we have Q € ©(K) and thus we are led to the following
problem:

given a smooth compact surface S C (2, find a Levi flat hypersurface S with
boundary S. S is then said to be a Lev: flat extension of S.

In ’83, using Bishop’s theorem on the existence of families of analytic discs (cfr. [B]),
Bedford and Gaveau proved the first fundamental result: a generic graph of a smooth
function g on a topological 2-sphere §C (; x R, such that § x R, is a strongly Levi
convex hypersurface in €2 s =X+, w = u+ iv, is extendable by a Levi flat graph §
(i.e. bounds a Levi flat graph). N

The problem of finding a bounded Levi flat hypersurface S in C? with a prescribed
boundary § has been extensively studied in the last twenty years by many authors
(cfr. [BG], [BKI], [G], [E], [Sh], [Kr], [CS], [ShT1], [SIT).

The analytic counterpart of Bedford-Gaveau’s statement is an existence theorem for
the Dirichlet problem for a quasilinear second order degenerate elliptic equation, the so
called Levi equation (cfr. 3.1). Levi flat extendability of a surface in C? by PDE was
brought forward in [SIT] and in a more substantial way in [CM].
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In higher dimensions, the situation is completely different from what it is in C. The
generic (2n-2)-manifold S is not even locally extendable by a Levi flat hypersurface M.
Indeed, locally, S is the graph of a smooth function g, so the existence of a local Levi flat
graph extending M amounts to solve a boundary problem for a system of (non-linear)
differential operators and this requires compatibility conditions for g. Some existence
results have been recently obtained for C? (cfr. [DTZ]).

4. - SEMI.LOCAL LEVI FLAT EXTENSIONS

In this last section we discuss a senzi local version of Levi flat extendability in C?,
i.e. the Levi flat extension from a part of the boundary.

Let 2 be a domain in C, x R, with a smooth boundary such that Q x R, is a strongly
pseudoconvex domain in C2,_. Let U be an open subset of #Q. In [ShT3] (see
also [ShT2]) we study the following problem: find an open subset QU of @ with the
properties

(i) QU\bQ=U;
(i) every graph I'(g) of a continuous function g : U — R,, extends to QU\6Q by a

continuous graph I'(F), Levi flat over QU \ 5Q;
(i) QY is maximal with the properties (i), (ii).

The problem itself interesting can be seen as the first step for a general theory of the
domains of existence for Levi flat hypersurfaces.

ConsTRUCTION OF QY

Denote A(Q x R,) the Fréchet algebra O(Q x R,) N OCO(§ x R,). Let EicE>cC ...
be an exhaustion of U by compact subsets such that E,C E,,;; for every »€ N. For each
n € N consider the set K, = E,, x [ — #, 7], and the A(Q x R,)-hull

R, = {{e@xR,: [/ < [l Vf € A@ x R,)}
of K,,. Define W = U,K, CQ x R,.

Tueorem 4.1: The set W has the following properties:

(i) W isopenin Q x R, and W N (2 x R,) is pseudoconvex.
(i) W is invariant under translation in v-direction. In particular, there is an open
subset QU of Q such that W = QY x R,
(iii) Moreover, if U is the union of simply-connected subdomains of bG, then W is the
CR-hull of U x R, (i.e. every CR-function in U extends holomorphically to W).

In the case when Q is a topological 3-ball or U has only simply-connected
components, the domain QU has the following property:
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TrEOREM 4.2: Let QC C, x R, be a bounded domain with smooth boundary such that
QxR,C ’wa is strongly pseudoconvex. Let U be an open subset of b2 and let
Uy, Uy, Us, ... be the connected components of U. Assume that at least one of the following
conditions is satisfied:

() D is diffeomorphic to a 3-ball.

(i) All connected components U, of U are simply-connected.

Then the domains QU are connected, disjoint and QU = U,,QU.
The conclusion of the above theorem is false in general as it is shown by the following

Exampie 4.1: Let @ be the solid torus in C, x R, defined by the inequality
(]2l =2 + 4% < 1. By an easy direct computation one shows that the domain
QxR,C Cfu is strictly pseudoconvex. Consider the open subset U = U; U U,, where

U, = {(z,u)ebQ: |z| <%}7 U, = {(Lu)ebQ: |z > ;}

Then the connected components U; and U, of U are obviously disjoint, but the
set QU ={(z,u)eQ:|ul <+/3/2} is connected (the set QU x R, is foliated by
annuli A, = {(z,w)€Q x R, : u =ReC,v = ImC} where C satisfies the inequality

{IReC| < V3/2}).

Now we formulate the central result stated in [ShT3]:

TreoreM  4.3: Let Q be a bounded domain in C, x R, such that the domain
QxR, C ‘Cf_w is strongly pseudoconvex. Let U be an open subset of bQ and QU the de-
fined above subdomain of Q. Then for every ¢ € C(U) there exist two continuous extensions
&t & in QU with the properties: the functions &F are continuous on QU their graphs
(@) are Levi flat over QU N Q and &*|; = ¢.

Moreover, for any function ®€ C(QY) such that I'(®) is Levi flat over QU N Q and
D|; = ¢ one has

D (z,u) < D(z,u) < D (z,u)
for each point (z,u) € QY.

As for the maximality of U, we have the following

TraeOREM 4.4: Let QC C, X R, be a bounded domain diffeomorphic to a 3-ball such
that the domain Q x R, is strictly pseudoconvex. Let U be an open subset of bQ2 constituted
by the disjoint union of simply-connected domains each of which is contained either in the
“upper” or in the “lower” part of bQ (with respect to the u-direction). Then there is a
function 9 € C(U) such that QU is the maximal domain where the Levi-flat extension of the
graph of ¢ can be defined.
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