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Asstract. — We discuss self-similarity in connection with homogeneous p-Lagrangians and
the associated nonlinear energy forms.

p-Lagrangiane omogenee e auto-similarita

Sunto. — Si studia I’auto-similarita in connessione con p-Lagrangiane omogenee e le corri-
spondenti forme di energia.

1. - INTRODUCTION

The aim of this paper is to discuss self-similarity in connection with homogeneous
p-Lagrangians and the associated nonlinear energy forms (for a study of self-similarity
in the special context of quadratic energy functional, see [16]).

We are motivated by the recent interest in the study of various non Euclidean
structures that are invariant under suitable self-similarities of the structures them-
selves (see [9] and references therein); moreover, nonlinear energy forms have been
recently constructed on these structures, in particular, on the Koch curve type fractals
in [4] and on the Sierpinski type fractals in [10].

By using the approach of variational metrics developed by Mosco in [15], [17],
[18], we introduce suitable quasi metrics of variational nature: in this way, the varia-
tional fractal gives a metric fractal (see [19]) and we can apply the functional inequali-
ties developed in the framework of the theory of p-Lagrangians on homogeneous
spaces (see [13] and [5]).
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(**) Memoria presentata il 9 gennaio 2004 da Umberto Mosco, socio dell’Accademia.



—216 —

More precisely, the plan of the paper is the following.

In the second section, we consider variational fractals, that is, self-similar fractals
possessing non trivial self-similar Lagrangians. In particular, we recall the definition
and some properties of self-similar fractals (according to Hutchinson’s theory [11])
and of homogeneous p-Lagrangians (firstly introduced in the paper of Maly and
Mosco [13]).

In the third section, we introduce a suitable quasi-distance on the variational frac-
tal by defining a new metric d on the fractal such that d” has the same scaling as the p-
Lagrangian. In this setting, the fractal with this metric can be viewed as a homoge-
neous space (see Theorem 3.2). Moreover, by assuming that a global Poincaré inequa-
lity holds, we prove a family of scaled Poincaré inequalities on the homogeneous balls
(see Theorem 3.6). These inequalities are the starting point of the variational theory
for measure-valued Lagrangians in homogeneous spaces developed in [13] and [5].

In section 4, we study the relation between Lagrangian and the corresponding
energy form. In particular, we obtain a representation formula for the homogeneous
p-Lagrangians (see Theorem 4.1). Moreover, we prove that if the total energy is self-
similar then the Lagrangian inherits the same invariance property (the converse being
obvious) (see Theorem 4.2).

In the last section, we describe a basic example. In particular, we reformulate a
result of [4] in terms of the theory of p-Lagrangians on homogeneous spaces. In [4],
we examined the functions of finite nonlinear energy on the Koch curve, that is, the
functions that belong to the domain of the nonlinear form. These functions, by direct

calculations, are shown to be Holder continuous, with Euclidean Holder exponent
-1
Be.= P log;4. Now, using the intrinsic approach, this property can be compared

with the Morrey embedding proved in [5]: as the homogeneous dimension v =1 <p,
the functions of finite energy are Holder continuous with respect to the intrinsic me-

tric 4, with Holder exponent =1 — r

p

2. - VARIATIONAL FRACTALS

Throughout this paper, we shall use the following notation: R” is the D-dimen-
sional Euclidean space, D =1,

D 3
d(x,9) = |x—y| = (/921 x5 = 95 |2)
the Euclidean distance, B, (x, r) := {y e RP: |[x—v| <r}, xeRP, >0, are the Eu-
clidean balls (denoted also by B, ,), diam,A the Euclidean diameter of a subset
AcRP,
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We suppose that W= {y,..., ¥y} is a given set of contractive similitudes
Y, RP—RP, with contraction factors a; ! <1, that is,

|9, (0) =) | =a; " [x—y]

for every x, ye RP, /=1, ..., N.In [11], it is proved that there exists a unique closed
bounded set K, which is nvariant under W= {9, ..., yy}, that is,

N
2.1) K= Up.(K).

The invariant set K of a given family ¥ = {vy, ..., ¥} will be called a self-similar
fractal. The real number d;, uniquely determined by the relation

N
E a;d/: 1 R
i=1
is the similarity dimension of K. N
Let us choose N constants ;e (0, 1), with E r;=1. Then, there exists a unique

i=1
Borel regular measure x in R, with supp # = K and unit total mass, which is izvariant
with respect to the given W= {y,..., ¥} and {r, ..., ry}, that is, u satisfies

N

2.2) =2

i=1

where ¥4 u(-) ==u(yp; (), i=1,..., N with suppy 4u =, (suppu) (see [11]).
The relation (2.2) can be equivalently written as

(2.3) J(pdﬂ=§:1;’,j(polpidﬂ
K K

for every @ € C(K) (where C(K) is the space of continuous functions on K).
In the following, the measure obtained by the special choice 7, := a; % will be sim-
ply called the invariant measure of K: it only depends on the given family

Y={y, ..., Yn}.
More specific metric informations on K and u are available when the family ¥ =
={y,, ..., Yy} satisfies the following open set condition: there exists a bounded open

set UcRP, such that

N

2.4) Uy U)cU,  with p,(U) Ny, (U) =0 if i=].

In fact, under this assumption, the following important metric properties hold,
(see [11]): the similarity dimension d; equals the Hausdorff dimension of K and
0 <H%K) < o, where H” denotes the d-dimensional Hausdorff measure in R”.

The invariant measure u coincides with the restriction to K of the drdimensional
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Hausdorff measure of R?, H% |K, normalized:

w=(H¥K) "H%|K;

dyis also called the fractal dimension of K. In the special case a4, ..., ay=a>1, we
have

InN
2.5) d= — .

Ina

We will use the notations ¢, _; =y, o, o...op,; A, , =y, ,(A)forar-
bitrary #-tuples of indices 7, ..., 7, {1, ..., N} and arbitrary AcK.

We call K, ,=v, ,(K), n=14,...,i,e{1,..., N}, an n-complex. We
have

and

wKy= 2wk, ;).

iy by =

We say that two complexes are contiguous if their intersection is not empty.
The diameter of K, , satisfies

(2.6) diam,K; ; =a;'...a; ' diamK.

7
We say that K, is of size R with 0 <R < diam, K if
a;'R<diam,K; , <R,

(we are assuming that a; = max{a,, ..., ay}).
By Gy we denote the set

Gr :={K, ., of size R}.

Note that Gg = {K} if R = diam, K.

We recall that a self-similar fractal enjoys the following finite-overlapping property
([11], Theorem 5.3; [17], Theorem 2.1). This property says that, if we intersect the
fractal K with a Euclidean ball of radius R, then the intersection KN B, r is covered
by at most M #-complexes K, of size R, where M is independent of the scale R.
More precisely, the following theorem holds.

TueoreM 2.1: Let K be a self-similar fractal satisfying (2.1) and (2.4). Let

D
M=[1+2-—2 at —2
diam, K diam, K

-D
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where ¢, is the radius of a Euclidean ball contained in U and c, is the radius of a Eu-
clidean ball containing U. Then for every x and 0 <R < diam,K the family

G, r == {K; K., eGr K,

1oty BN ...y

NB.(x, R) = 0},

contains at most M distinct complexes and

"

KNnB,(x,R)c UK, ;.
Gy, R
We define the boundary I' of K as
r: _U_l/)l‘_l(Kl‘mK/).
1#]

We have that I' is a compact subset of KNAU and u(I) =0 (see [17], Theorem 2.3).
In the following, we shall assume that for every #=1 and every for
fyoeey by Z 1y .ny 7, We have

2.7) K, . NK, r, ,nr,.

ety Jiodn 10 T

The notion of measure-valued Lagrangians has been introduced in [13] and later
developed by Biroli and Vernole in [2] and in [3]. We now give the definition of ho-
mogeneous p-Lagrangians which best fits in our context in an easier form than that
given in [2]: in particular, we do not require the absolute continuity of the Lagrangian
with respect to the volume measure and the completion of the domain.

Let now X be a locally compact Hausdorff topological space and u a bounded
Radon measure on X with suppu = X. Let £? be a Radon measure valued nonnega-
tive map defined on a dense subalgebra @’ of the space G, (X) of bounded continu-
ous functions on X. We make the following assumptions on £#, (p > 1):

i) £% is positive semidefinite and convex in the space I of Radon
measure.

ii) OE(P) is homogeneous of degree p.

iii) % is such that

(2.8) || = ( j | |? du + jd:@m(u))p
X X

is a norm in G,
iv) Strong locality: if # — v = constant on supp ¢, then

[ox) 489 (@) = [@(x) 427 (0)
X X

for any g e C(X), u, ve CP.
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v) for every u, ve C” there exists in the weakly* topology of I the following
limit:

PO (y + 1) — £ ~
lim (ut ) () = (8L (u), v).

t—0 ’

We define £7: @) x @ — I as

(2.9) L0 (u, v) = (9L (u), v).

vi) The chain rules: if #, ve @” and ge C'(R), with g’ bounded on R,
then

2(u): x— glu(x))
belongs to C?,
L (g(w), v) = |g" () [P 2" () 9 (u, v),
L, glu)) = g' (u) £7(v, u).

DerINITION 2.2: The measure £° (u, v) in (2.9) satisfying the previous assump-
tions 1),...,vi) will be called homogeneous p-Lagrangian.

From the definition of £%(«, v), we get the following properties (see [2]).

ProposiTioN 2.3: 2) If ue C? and ge CY(R), with g' bounded on R, then
a(u): x—>glu(x)) belongs to C” and

L0 (gu), glu) = |g" () |? L7 (u, u).

i) For every ue eP

LOu, u) =p;é(p)(u).
i) Leibniz rule on the second argument: for any u, v, we C?,
LOu, vw) =L (u, w) + wL? (u, v).

We conclude by giving the definition of variational fractal.

DEFINITION 2.4: A variational fractal is a triple K= (K, u, £?) where

— K is the invariant set of a given family W= {y, ..., Yy} satisfying (2.1), (2.4)
and (2.7);

— u s the invariant measure (2.2) on K;

— L2 45 a nonlinear p-homogeneous Lagrangian with domain C? in L?(K, u) in
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the sense of Definition 2.2 such that, for every ue C¥ and for every ¢ e C(K), we
have

N
j @dLP[ul = D o j @o;dL? uoy),]
=1
K K

with the real constants 0!’ >0,i=1,..., N, satisfy 0"’ =u(K;)’, i=1,..., N, for
some real constant 0 <1, independent of i=1, ..., N.

3. - METRIC FRACTALS

Given a variational fractal K= (K, u, £)), we consider quasi-distances d on K
with Euclidean scaling

dx,y) = |x—y|a, x,yeK

indexed by a real parameter 6 > 0.
The quasi-balls associated with d will be denoted by B(x, r), that is, B(x, r) :=
={yeK:dx, yl) <r}, xeK, r>0. For every xeK and every »>0 we have

B(x, r) =B.(x, r*) N K. For every A, the diameter of A with respect to the quasi
metric 4 will be denoted by

(3.1) diam A = (diam, A)°.

We choose d by requiring d” to obey on K the same scaling as £ itself:

N
d*(x,y) = 3 o' d* (y,(x), v.(y),
for every x, yeK.

Lemma 3.1: Let K be a variational fractal, with given structural constants N,
Ay, ..., ayand 0. Then, there exists one and only one constant & > 0, such that the fol-
lowing identities hold:

d(x, y) = |x—y|‘5
N
d*(x,y) = 219?) dr(y(x), v;(y),

for every x, ye K.
Such a 0 is uniquely determined by the identity

N o
S ofa=1

i=1
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and is given by
0=dl(1—-0)/p.

Proor: By replacing d(x, y) = |[x—y|° in the scaling identity for d?, we
obtain

N N
e =)= 20 [pix) =y, [ = 2 0 a " |x =],
which gives

12\]: (p) 0
iP al‘_p = 1 .
i= 1Q
Taking into account the expression of the scaling factors ¢ in (2.10), we have
N N N
E Qgp)alfpé = 2 M(K[.)"az.fpa = z a;dfofpé;
i=1 i=1 i=1
by the definition of d; as similarity dimension, we have
dfO' + pé = Cl’f. |

)

We note that in the special case a,=a>1 and o? =0 for every

ie{l,..., N}, we have

3 In, No ®)
P .

(3.2) 0

When endowed with this quasi-metric, the fractal K becomes a space of homoge-

neous type of dimension v = “in fact, the following theorem holds (see [17], Theo-
rem 3.1).

TrarEOREM 3.2: Let K= (K, u, £9) be a variational fractal endowed with its intrin-
sic metric.
Then K is a homogeneneous space of dimension
ds

for every xeK and for every 0 <r<R < diamK = (diam,K)° we have

v

M~ ai¥u(B(x, R)) (é) <u(B(x, r)) < Ma$u(B(x, R)) (é)
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where

-D
%]

diam, K

M:(1+2

D
-1 4]
0
( diam, K
¢, 15 the radius of a Euclidean ball contained in U and c, is the radius of a Euclidean ball
containing U. Moreover,
(3.4) o=Ww-=p)/v.

We will call d the (intrinsic) homogeneous metric, v the (intrinsic) homogeneous di-
mension of K= (K, u, £7).

We now show that the scaling laws for the Lagrangian can be stated more precisely
in the intrinsic metric of K.

Trurorem 3.3: Let K= (K, u, £?)) be a variational fractal endowed with its intrin-
sic metric. Then, for every n =1, we have

i,y 2y, =1

N
(35) f¢d£(p)[u] = E (diamKz'lu.z',,/diamK)VipJ'(pOwz'l.”z',]dcg(p)[uowz'lmz},])
K K

for every ue C? and for every ¢ e C(K).

Proor: By iterating (2.10) along a finite sequences of indices 7;...7,e {1, ..., N},
n=1,

fcpdoe(p)[u] = % _lgf(ip)"'95f)f¢0%-14..;,610@"’)[uozp,.l_ul?],
K Py A -
As 0'=u(K;)’, i=1, ..., N, we have, for some real number o<1 independent of 7
0P oW =u(K,)? .. u(K, ) =a; % a
hence, for (2.6) and (3.1),
o ...0" = (diamK, _, /diam K)¥".
By (3.3) and (3.4), this gives
0¥ ...o¥ = (diamK, _, /diamK)’~?. m

We also obtain the following «change of variable formula» (for p =2, see [171],
Theorem 4.5).

TraEOREM 3.4: Let K= (K, u, £9) be a variational fractal endowed with its intrin-
sic metric; let T' be the boundary of K. Then, for every n=1 and for every
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iy eoor € {1, ..., N}, we have

(.6) [ wderralk, -1, )=

iy i ...,
K I

iedy — L.y

= (diam K, _; /diam K)" ™7 J goowii"‘l-ndo@(l’)[uo1/),-1,‘_,-,]] [(K—=1)
K-T

for every @ € C(K) with suppecK, , —T,

Qedyt

Proor: Let 7;,...,74,=1e{1,..., N} be fixed and let ¢ € C(K) be such that
suppocK; =T, ,.SinceK; , —1T; , isopeninK, the restriction of the La-

1 21
grangian to K, ;, — I, , depends only on the restriction of the function # to

K, . —1T, ;. Therefore, for ¢ € C(K) with suppecK, ; —T, ,, we have
6.7) [gderti=" [ @dePTuIlK, ,-T, ).
K Kiy..—T

il ... dy i...0y

On the other hand, let us remark that for every j,...,7,e€{1,..., N} with
]'Iy )]n = Z.ly ey Z.n, we have (Kz'lml',, - Fz'l.“l'ﬂ) N *Kjlmj,, = 0 Therefore, ¢ Ow]'lmj,, = 0
on K, whenever 7, ..., 7,#14,..., i,. Moreover suppgov, ,CK—T.

Thus

N

(3.8) Y (diamK, , /diamK)" " [@oy, , dePluoy, ;1=
K

Tty n=1

= (diam K, _,, /diam K)' = [ @, d&Pluoy, ;1=
K

= (diamKh .4.1},/diamK)V7‘p J' @o 1/%'1 ...l},d'?e(p) [M © 1/):'1 4..1',1] |.(K - F)
K-r
In order to get (3.6) it suffices now to replace both (3.7) and (3.8) into (3.5) of Theo-
rem 3.3. ®

CoroLLary 3.5: Under the assumptions of the previous theorem, we have

(3.9) f doe(p) [u] |_(KZ'1 ey Fl.l H-l.u) =
Kiy.iy= iy

= (diam K, /diam K)" =7 [ d&Puoy, ,1[(K-T).

K-r

Proor: Since the Lagrangian is, in particular, a regular measure, from (3.6) we ob-
tain (3.9). =

We now prove that a family of scaled Poincaré inequalities on the homogeneous
balls holds. In particular, we show that if the structure enjoys a self-similar invariance
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then a much simpler starting point can be given to the whole theory: this is the follow-
ing Poincaré inequality

(3.10) [lu—u@Pduse | deva]
K K-r

for every ue @ and every zeT.
In fact, the following theorem holds (for p=2, see [17], Theorem 5.1).

Turorem 3.6: Let K= (K, u, £9)) be a variational fractal satisfying (3.10). Then,
there exist two constants C>0 and g=1, such that the following inequalities

hold

.11) _[ | — up, | du < C(#/diam K)? f AL [u]

B(x, r) B(x, gr)

or every ue C? | where B(x, r) are the balls of the intrinsic metric d, 0 < r < diam K
y
and q=2°.

Before proving the theorem, we need some preliminary results.

Lemma 3.7: For every n =1, for every iy, ..., 1,€{1, ..., N}, for every Ce I, we
have

6.12) [ |u-woy, (0| du<cp(diamK, ,/diamK)y [ d£7 4]
K K

...l ] ... 0y

for every ue @,
Proor: By (3.10) we have

J |Z/i - uo’/)il...in(é) |Pd‘u = (Lipwz'l“.z'n)d/‘,r |Mowz’1mi” - ”07/);‘1...1'"(@) |pdlu S
K

-y

K,

Sclaa;df...a;df J d‘,@(")[uowﬁml.n]:cp(diarnKl.lmz.”/diarnK)V J d«v@(”)[uowﬁ.,_,-,,];

K-r K-r

moreover, by Corollary 3.5,

(3.13) Jdoﬁ’(l’)[uowilm,‘”]=(diamKilu_,”/diamK)P‘V j dLP[u] <

K-r K, r

i ly

S(diasz'lu.z‘,}/diamK)P7V J dLP 4]
K,

... dy

...y

and so (3.12) follows. =
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Lemva 3.8: Let K ;, Ky, n=1,4,...,4, %7, ...,7,€{1,..., N} be two
contiguous complexes. Let Q=K ; UK, . Then, there exists a constant C such

that for every ue C¥

(6.14) [ |u—ug|?du<C{(diamK; , /diam Ky [ d.£7[u]+
Q K

] dpy

+(diam K, /diam Ky [ d.&[u] } .

K

J1--In

Proor: As K; ; NK, ; #0, there exists £eK, , NK, =T, , NI, .
and E=vy,; ,;(5)) =y, ,(C,) with §;, §,eT.
We have, by Lemma 3.7

[ la—w@du= [ |u—uoy, ,&)]"s

K

] ... 1y

K

i . ly

< cp(diamK;, _; /diam K)” j AL [u].
K

iy

In a similar way, we obtain

[ lamu@pdi= [ Ju-sow, . @)s

K

1 Tm

K

< cp(diam K, /diam K) J dLP[u].

K

1 --Tn

Then as

K

1.ty 1 -Tn

J|u—uQ|PduszPJ|u—u<s>|Pdu=zﬁ( [ lu—w@rdet [ u-u@ | dul,
Q Q K

we conclude the proof. =

The following lemma allows us to extend Poincaré inequality across two contigu-
ous sets that overlap on a set of positive measure.

Lemma 3.9: Let Qy, Q, be two subsets of K such that u(Q,N Q,) >0. Then,

(ﬂ(Ql UQ,) )p

(3.15) u—ug o, | du<2r!
J uugu0l w0, N Q)

QUQ

_ p
max Qf o~ g, |
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Proor: We have that

(3.16) f () — gy g, | dutl) <
QU

=2 f |ulx) = g, ng, |7 dulx) =

)4

f () — uly)) duly) | dulx)

QN

QUQ

P
f () — aly)) duely) | dualx) +

QN

Q

By iterating Lemma 3.9, we get the following lemma.

N
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Lemma 3.10: Let Qy, ..., Q,, be m = 2 subsets of K such that u(Q, N Q, 1) >0 for
every s=1,...,m—1. Let Q=Q,U...UQ,,. Then,

(3.17) j|u—uQ|pdy$
Q

(Q) .
< |22! ke max ot —ug, |”du .

min (O, N Q1) x:1,‘..,mQ

=1,...,m—1

From Lemma 3.10 we get the following lemma.

Lemma 3.11: Let K o, L, L=3 be given ng-complexes, n, =1,

s s=1,..

’ L
f,...,0,e{l,...,N}. Let Q= \L_JlKifmi,i and for each s=1,...,L—1, let Q,=
:Kzfz; UK[l’*lml';trll. T/?€ﬂ i

(3.18) f | — | du <

Q
L-2

u(Q) ? ,
- max | —ug, |"du .
min  w(Kper jse1) s=1,..,L-1 .

s=1,...,L-2 s+ 1

< |[2rt!

We now combine the previous result with Lemma 3.8.

, L, L=3 be given ny-complexes, n, =1,

Lemma 3.12: Let Ki s, s=1,...
,iy) # (1, oy z';vtll) for

f,...,0,e{l,...,N} for every s=1,...,L, (i,...
everys=1, ..., L—1. Then, there exists a constant C such that, if Q= U Ky ;s , for
s=1 s

every ue C? we have

(3.19) f ol du<Clar
|t —ug|? du min u(K: )

0] s=2,...,L—1 1o

max L(diamK,»lsm,;y/diamK)” J dLP[u].

s=1,...,
K5,

Proor: By the previous lemma, the inequality 3.18 holds with Q, =
=Ky g UKy et foreverys=1, ..., L — 1. Moreover, by Lemma 3.8, foreach s =

=1,...,L—1 we have

J|u—uQ|Pd,uSC max (diam K, /diam K)? f deP [u].
g I=s5,5+1 Leeetnl

0, Kif il
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By taking this inequality into account, we get from (3.18)

,M(Q) ) L*Z‘
=1,n.lniflsz”(K"f+1 i)

J|u—uQ|PduS 20+l

s 41

Q) -2
max f|u—uQ [Pdu<Cl2r+! - nQ :
., L—-1 ’ min #(KZ-\-H il )

Qs s=1,...,L-2 T age

- max max (diam K,/ _;//diam K) J' dLP[u] <
s=1,...,L—1[l=5,5+1 Leestn
Ki i

feeetn

<C|2r*!

max (diamK;;._; /diam K))" j 429 4]

s=1,

K;s

A ’m

and this proves the lemma. ®
We now prove Theorem 3.6.

Proor oF Tueorem 3.6: Let xe K, 0 <r < diam K. By Theorem 2.1 we have

sy

B(x, ) =KNB,(x, 71/‘5)CGU K,
x, R

where the family G, g, with R = 7'/?| contains at most M elements. It is not restrictive
to assume, up to renumbering, that the sets K. i in G, r are such that any two suc-
L

cessive Kz, Kyt ;41 are contiguous complexes and Q= U K., with L<M.

By Lemma 3. 12, we have for L < M,

//t(Q) p L—Z‘
,_mmin MK )

(3.20) f u—ug|Pdu<C

<Ly

max L(diamKilr_“lvv /diam K)? J dLPu].
s=1,..., s
K:s s
g,

We now recall that for every s=1, ..., L we have

ap'r'? <diam, K <r'’ Ky s NB,(x,r'?) =0,
s s

41 .Hl”‘_
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Therefore, K;: ;KN B,(x, 2719) = B(x, 2°¢) for every s=1,..., L. It follows
that

(3.21) J |u<y)—u3<x,,)|1>dﬂ(y>s2pj \uly) — g |? duly) <

Bl(x, r) Bl(x, r)

szpf uly) = ug | duly) < C
Q

max (diamK;;_,: /diam K)? j 40 u].

s=1,...,L
K s

s
ey

We have

ﬁ: p1/0 dr p #1170 dr
(Q) = 2 ulKy ) SLL———= |, Ky ) >ar¥| ——x |,
Q) = 3 ulKy — | K> <

diam ,( diam, (
for every s=1, ..., L.
Therefore,
»
uQ < L?ab¥
3=1,1.F.1,L‘M(Ki1:"' i)
Moreover,
, »
max (diamKjs s /diam K)P < | —
s=1,...,L Lot diam K

and

j 40 [4] < j 429 [4]

Kif .5, B(x, 2°7)

for every s=1,..., L.
Thus,

j |t — g ) |Pdu < C(L? a2 (r/diam K)” j dLP [u]

B(x, r) B(x, gr)

for every ue C?. =
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Remark 3.1: We recall that if (3.10) holds, then

J|u—uK|”dﬂS2pf|u—u(z)|pd#<2pCP J 4L ul,
K K K-r

where ug = [udu. We remark that if K is connected in capacity sense according to the
K

Definition 5.1 in [17], the starting Poincaré inequality (3.10) can be replaced with by
the weaker assumption

j|u—uK|pdu$6p J dLPul:
K K-r

in this case, Lemma 3.8 still holds with suitable changes and Theorem 3.6 can be
achieved with the same proof-

4. - LAGRANGIANS AND ENERGIES

The Lagrangian formalism is based on the definition of a local energy £, that,
when integrated on a structure X, gives the total energy E of X:

B = fdo@(m.
X

In this section we begin by proving the following «representation formula» (for
the classical case p =2, see [8] and [14]). In the following, we use the notations
LOTul = L9u, u).

TraEOREM 4.1: For any u, e C?', u=¢e>0, we have
1 1

(p—17 B ) - p’Hp—1) Bt w ).

J @d 29 [u] =

X

Proor: From the Leibniz rule on the second argument and the chain rules, we
have

1 1
E(u, ugp)

— EP (u?, u??=? @) =
(p—1) prtp—1)

1
— 1)2 de(p)(up, up(zfp)(p)
X

1
e — N —
- l)zxj (s )=

(p

judﬁ(P)(u, Q) —

(p—l)ZX

1 f o(p)
:ﬁ (pd‘L”(u,u)-i-
(p—=1)0,



— 232 —
_ p—1|p—2 P_1d£<p)(u ub2-r )=
p=1(0 _1)2 J|pu | pu ’ ¢
PP p =10
1

-1 fgodﬂmu, W+ fmzﬂm(u, o) —

(p—l)zx (p—1)2X

1
_ p—1|p=2,,p-1,p2-p) (p) _
p”l(p—l)zx«[ [pu? =P 2 pu? ™ u AL (u, @)

1
- - J |puP*1|P*2puP*1p(2 _p) MP(27P)71¢d£(p)(u’ Zt) —

—1(y _ 1)2
p? Hp l)X

- Jgodﬂw(u, M., m
X

The self-similar property of the total energy E®’ follows from the self-similar pro-
perty of the relative Lagrangian trivially.

Next, we prove the converse: more precisely, we prove that if the total energy is
self-similar then the Lagrangian inherits this same invariance property.

TrarOREM 4.2: Let EY) be self-similar, that is, for every u, ve C? and for every
¢ € C(K),

N
E(P)(Z/l, Z)) = 2 Q;P)E(p)(uowi’ DO’II}Z')
=1
with the real constants 0 >0,i=1,..., N, satisfy 0"’ =u(K,)’, i=1,..., N, for
some real constant 0 <1, independent of i=1, ..., N.
Then, the Lagrangian £P is self-similar, that is,

N
(4.1) jgadoe@)[u] - > ngfgoow,.dﬂw[mwi],
=1
K K

for every ue C? and for every ¢ e C(K).

Proor: We set u® =z — mKinu + &, with £ > 0. By the strong locality and Theorem

4.1, we have that
42) f @ d. 07 [u] = f 0d L% =
K K

_ 1
(p—1)7

E(/’)(uq, up) — _—E(P)((uh)p’(uh)p(Z*P)q)) =



— 233 —

N
= 2 o!

i=1

1
[,>| Gt oy oy -

1

PTG 2 Ow,,)pu—mwow] )

N N
= EQEP)J¢owid£<p)[uq oy;]l = EQﬁp)Jgpolpidﬁ(m[uowi]. |
= =1

i
K K

5. - AN EXAMPLE

A first example of nonlinear forms on fractals has been given in [4]. More precise-
ly, self-similar energy forms E’ with domains C*’ have been constructed on the Koch
curve type fractals by using suitable sequences of finite differences schemes.

We now show how we can construct the corresponding Lagrangians on these frac-
tals. For simplicity, we consider the well known Koch curve (on generalized Koch
curves, we can proceed in a analogous way just by making some small proper
changes). The Koch curve K is a nested fractal (see [12]) and, in particular, it is the in-
variant set of a suitable family ¥'= {vy, ..., ¥y}, with N=4, a,= a =3 satisfying
(2.1), (2.4) and (2.7). Let C”’ be the domain of the energy form E? defined by Theo-
rem 3.1 in [4].

We define, for any set AcK and ue €7,

~ 1 N
LO(u)(A) = = (40 1y > |\l (E) —uly, ()|
p & nerl Qeig=1

Vit i (8 iy, () €A

and

The previous limit exists by Theorem 3.1 in [4]. Moreover, as £ (x) is positive and
finitely additive, that is,

LO(u)(AUB) = L2 (u)(A) + L7 (u)(B)

it AN B =g, by the Caratheodory extension theorem (see [7]), L0 () extends to a fi-
nite Borel measure that we denote again £ (x).

By the definition, the assumptions i), ii), iv) are satisfied; assumption iii) follows
from Proposition 4.2 and Theorems 4.1 and 4.2 in [4]. Assumption v) can be verified
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in the following way. First, we observe that

~ N
QLY (w), vy = (41 2 X Julyy, (&) —ulyp, L (n) |72

i...i,=1 & nel
(g, (8) =y () (wly,, (8) —oly, (1))

Since @ is reflexive (it is a uniformly convex Banach space by Theorem 4.1 in [4])
and

lim £ (u) = £ (),

n— ®

by Theorem 3.66 in [1], we obtain that

LY () > 3L (u);

so, we have for «, ve @7

N
L, v) = lim (471 > X uly, (&) —uly,

i...i,=1 & nel

() |72

sy

: (Z’l(wzlzy,(g)) - Z’l(wzlzﬂ(ﬂ))) (U(wzj...z'ﬂ(g)) - U(U)zl..‘z‘,,(ﬂ))) .

Finally, assumption vi) follows by taking into account the previous expression of £,
Then, the Koch curve is a variational fractal according to Definition 2.4. Moreover,
since assumption (3.10) is satisfied by Proposition 3.1 in [4], Theorem 3.6 holds and
hence we obtain the scaled Poincaré inequalities (3.11).

These inequalities establish a further important connection between the homoge-
neous structure and the energy form. As shown in [13] and in [5], in the present gene-
ral setting of measure-valued p-Lagrangians on homogeneous spaces, a whole family
of important inequalities can be obtained from Theorem 3.6. In particular, when the
homogeneous dimension is smaller than p, as in this case, we have the Morrey
embedding.

As a consequence of this intrinsic Morrey embedding, that is, C”'c C%# with

v
p=1— —, we obtain the Euclidean embedding G(p)CCeOu’dﬂ ¢ where now C° /e

eucl
is the space of Holder continuous functions with Holder exponent f,=09f in
the Euclidean metric of K: so we find the Euclidean estimates (first obtained
by direct calculations in [4])

|u(x) —uly) | <Clx—y ﬂf(E(p)[u])%
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with

>

poop=ofi—?|zo- % _InNe® In,N _ In,Q"
@ P P P P P

where we have taken into account the expressions (2.5) and (3.2).

We recall that similar Euclidean estimates can be obtained by considering the
identification of the domains of the nonlinear energy forms with suitable Lipschitz
spaces (see [6]).
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