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Asstract, — We establish the existence of bounded, periodic, almost periodic and asymp-
totically almost periodic classical solutions of semilinear equations. The key of our approach is
the employment of the theory of fractional powers of operators.

Potenze frazionarie di operatori e soluzioni quasi periodiche
per equazioni semilineari

Sunto. — Per equazioni semilineari si stabiliscono risultati di esistenza di soluzioni classi-
che limitate che siano periodiche, quasi periodiche o asintoticamente quasi periodiche. Lo stru-
mento chiave & costituito dalla teoria delle potenze frazionarie di operatori.

1. - INTRODUCTION

Periodic and almost periodic solutions of semilinear equations are of great interest
both in applications and theory. Various methods were developed to ensure the exis-
tence of periodic and almost periodic solutions, see for instance [2, 18, 19, 20, 21, 22].

Consider the evolution equation

(1) x' () = A(2) x(¢) + £(2).

Equations (1.0) with almost periodic A(z) are treated in [4, 9, 11].
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It is shown in [10] that U (the evolution family solving the homogeneous problem)
has an exponential dichotomy with an almost periodic Green’s function if and only if
there is a unique almost periodic mild solution of (1.0).

Recently, L. Maniar and R. Schnaubelt in [13] proved the (asymptotic) almost pe-
riodicity of the bounded solution to the parabolic evolution equation (1.0) on R (on
R_) assuming that the linear operators A(¢) satisfy the «Acquistapace-Terreni» condi-
tions, that the evolution family generated by A(.) has an exponential dichotomy, and
R(w, A(2)) and f are (asymptotically) almost periodic. The method used is similar to
Henry’s approach in [9, § 7.6] who derived the almost periodicity of Green’s function
corresponding to U.

In [3] Ballotti, Goldstein and Parrott gave necessary and sufficient conditions
for the existence of almost periodic solutions of the associated homogeneous
equation of (1.0):

where A(#) is the generator of a (&, semigroup on a Banach space.
These authors used the mean ergodic theorem.
In this paper we consider the semilinear equation

(1.1) x'(8) + Ax() = f(z, x(2))

where — A is the infinitesimal generator of an analytic C, semigroup S(¢) verifying the
exponential stability and investigate inheritance of asymptotic almost periodicity or
uniform almost periodicity from f to a (classical) solution of (1.1).

In [17], Priiss proved the existence of periodic mild solution of (1.1) under some
conditions of compactness.

In [2], we proved that if —A is the infinitesimal generator of a compact semigroup
{8(1)},5 0 satisfying |S(2) | ex) < e (B <0), then equation (1.1) has at least one al-
most periodic mild solution.

In the case when f is uniformly Lipschitz continuous with a Lipschitz constant
small enough, existence and uniqueness of an almost periodic mild solution of (1.1)
were proved in [19].

We will be interested in imposing further conditions on f so that the almost peri-
odic mild solution becomes a almost periodic (classical) solution and thus proving,
under these conditions, the existence of almost periodic solution of (1.1).

Throughout this work, we denote by X a real or complex Banach space endowed
with a norm |.| and £(X) stands for the Banach algebra of bounded linear operators
defined on X with a norm |.| ¢ . If A is a linear operator, we denote by D(A), resp.
R(A), the domain, resp. the range of A, and by o(A) the resolvent set of A.

If —A is the infinitesimal generator of an analytic semigroup in a Banach space
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and 0 € o(A), for any a >0 we define the fractional power A ~“ by

A 4= L Jt“_ls(t)dt.
F(OL)O

Let 0<a<1, set
Aa: (Afa)71.

Note that A“ is closed linear operator whose domain D(A“) > D(A) is dense in X. The
closedness of A* implies that D(A“) endowed with the graph norm of A*:

[x|pa) = |x]| +|A“x|, xeD(A*)

is a Banach space. Since 0 € 9(A), A“ is invertible, its graph norm is equivalent to the
norm |x|,= |A%x|. Thus D(A*) equipped with the norm |.|, is a Banach space
which we denote X,,.

(Fore more details, we refer the reader to [8,16]).

Our main assumptions in this work will be:

1. The operator — A is the infinitesimal of an analytic semigroup {S(#)},5, sat-
istying |S5(2) | ey S Mexp (—0¢), V¢>0, (6 >0).

2. (A1) The function f : R X X,— X verifies the assumption:
|[/(21, x1) = fta, %) | SL(R)(|t; — 1, |6 + %1 — %2 o)

if %, x,€Xy, |%1]a, |%2]« <R, and #,, ,e R where L:[0, + ) —[0, +®) is a
continuous nondecreasing function such that L(0) =0,

(A2) The function £(¢, 0) vanishes for all + e R.

We shall prove that under these assumptions, then if is uniformly asymptotically
almost periodic (resp. uniformly almost periodic), equation (1.1) has a unique asymp-
totically almost periodic (resp. almost periodic) solution.

The proof makes use of the theory of fractional powers of operators.

More precisely, our main effort is to establish that the map

(Tx)(2) = j AS(t—0) flo, A=*x(0)) do

is a strict contraction.

Our work is organized as follows. The second section is devoted to a review of
some results almost periodic functions with values in a Banach space. In section 3 we
state and prove our main results. The last section is devoted to giving some examples
illustrating the abstract results.
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2. - ALMOST PERIODIC FUNCTIONS IN BANACH SPACES

The theory of almost periodic functions with values in a Banach space was devel-
oped by H. Bohr, S. Bochner, J. von Neumann, and others; cf,, e.g., [1,5].

We mention several known results which will be used in this work.

We let C,(R, X) denote the usual Banach space of bounded continuous functions
from R into X under the supremum norm |.| .. Further, given a function / : R—X
and w € R, the w-translate £, of fis defined by £,(¢#) = f(¢t + w), te R, and H(f) =
={/f,: e R} will denote the set of all translates of f.

DeriniTioN 2.1 (Bochner’s characterization of almost periodicity): A function
Ffe C,(R, X) is said to be almost periodic if and only if H(f) is relatively compact in
Cy(R, X).

Of course, almost periodic functions can as well be characterized in terms of rela-
tively dense sets in R of 7-almost periods.

DeriNiTION 2.2: A function f: R—X is called almost periodic if

1) fis continuous, and

ii) for each € >0 there exists l(¢) >0, such that every interval I of length (&)
contains a number T with the property that:

|[f(t+7)=f(t)|<e for all teR.

An almost periodic function is bounded, uniformly continuous on R and has a rel-
atively compact range in X.
Next. Y denotes a Banach space and Q is an open subset of Y.

DerINITION 2.3: A continuous function f: R X Q —X is called uniformly almost

periodic if for every € > 0 and every compact set KC Q there exists a relatively dense set
P, in R such that |f(t+1,x)—f(t,x)| <& for all teR, t1eP, and all xeK.

The essential result is the following ([18], theorem 1.2.7)

Lemma 2.1: Let £ : R X Q = X be uniformly almost periodic and y : R— Q be an

almost periodic function such that R(y) C Q, then the function t— f(¢t, y(¢)) also is al-
most periodic.

The space of almost periodic functions with values in X will be denoted
AP(X).
The concept of asymptotic almost periodicity was introduced by M. Fréchet in [6, 7].
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DeriNiTioN 2.4: A function | RY — X is called asymptotic almost periodic (a.a.p) if

1) fis continuous, and
ii) for each €>0, AT(e) =0 and (&) >0, such that every interval I of length
l(e) contains a number T with the property that:

sup |f(z+7)—f(2)|<e.

t=T(e)

An asymptotically almost periodic function is bounded, uniformly continuous on
R* and the set {f(#), te R"} is relatively compact in X.

DerINITION 2.5: A continuous function f: RT X Q—X is called uniformly a.a.p
(abbreviated, u.a.a.p.) if, for every € >0 and every compact set KC Q, there exists a rela-
tively dense set P, in R™ and T(e) >0 such that

[/t +7,%)—flt, x)| <€ for all t=T(¢), teP,, and all xeK.

Lemma 2.2: Let f: RY X Q—=X be wa.ap. and y: RY —Q be an a.ap. function

such that R(y) c Q, then the function t— f(¢t, y(¢t)) also is a.a.p.

The space of a.a.p. functions with values in X will be denoted AAP(X).

3. - MAIN RESULTS

The following Proposition presents a simplified version of the results in [12]
where the reader is referred to [9, 12] for more details on the subject. Here, a direct
approach by means of fractional powers was proposed.

ProrosiTioN 3.1: Assume (A1) and (A2) hold, then Equation (1.1) has a unique
bounded solution.

Proor: Let R be chosen so that
L(R) <6 “*sinmwal(a) M, ?
(0<a<1)and set D= {xe C(R; X): |x|» <R}.
On D we define a mapping T by

(.1) (Tx)(2) = jAasu—o) flo, A~ “x(0)) do
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We have to show that T maps D into itself.

t

[(Tx)(#) | = f |A*S(t—0)[ flo, A" “x(0)) — f(0, 0)]|do

—
+ oo

<M,RL(R) j 0 %exp (—00) do=M,RL(R) 6* ' I'(1 — a)
0

where I(.) is the classical gamma function.
We use the well known identity

o) Il —a) = for0<a<l.

sin ra

Then a simple computation yields that T: D—D is a contraction.
Therefore there exists xe D such that

t

(3.2) x(2) = jAasu—a) flo, A~ “x(0)) do

— o

Next we want to show that — #(#, A ~*x(¢)) is Holder continuous on R. To this end
we show first that the solution x(z) of (3.2) is Holder continuous on R.
We note that for every 3 satisfying 0 <8 <1 — a we have:

(3.3) |(S(h) =) A%S(t— o) | < CyhP |A“*PS(t o) |

t

j (S(h) =) AS(t— ) f(0,A (o)) do

— oo

(3.4)  |x(z+h)—x@)| < +

t+h

+ jAHS(H/;—o) o, A~*x(0)) do | .

We estimate each of the terms of (3.4) separately.
Using [16, p. 74, theorem 6.13 c] and (3.3) we have

2

j (S(h) = 1) A%S(¢ — &) flo, A~%x(0)) — f(, 0) do

—

<

<

<M, gRLR) Cyb? [ (2= 0)"“*Pexp (=0t = 0)) do.

—
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We also have, by (A1),(A2) and [16, p. 74, theorem 6.13 c], that:
t+h L+h
f AS(t+ b —0) flo, A~“@(0)) do | < M,RL(R) J (t+h-0)do

t

blfa

< M, RL(R) .
1—a

Combining (3.4) with these estimates it follows that there is a constant C such
that
[x(¢+ h) — x(2) | < Ch?

and therefore x is Holder continuous on R.

Finally, we show now that t—f(¢, A ~*x(¢)) is Holder continuous on R. So, in
view of (A1), we have:

|/(¢, A= %x(£)) = f(s, A ~*x(s)) | S LR)(|£—s|?+ |x(2) — x(5) |).

Therefore t—f(¢, A ~%(¢)) is Holder continuous on R.

Let x be the solution of (3.2) and consider the equation

(3.5) % + Ay(t) = (¢, A= %x(t))

This equation has a unique bounded solution y given by

(3.6) (1) = jsu—a) flo, A=*x(0)) do.

Moreover, we have y(¢) € D(A) for all e R and a fortiori y(#) € D(A*). Operating on
both sides of (3.6) with A“ we have

(3.7) A%y(s) = JA“S(;‘—O) flo, A~*x(0)) do

= x(¢)
From (3.5) and (3.7) we easily see that y(#) = A ~“x(¢) is a solution of (1.1). On the
other hand if x, y e G,(R; X) are bounded solutions of (1.1), let R such that |x]|.,
[7] = <R.

2

x(2) = y(8) = j AS(t— o) flo, A~%x(0)) — fla, A~*y(0))] do.

—

|%(6) =y(5) | SLR) M, [ (2= 0)“exp (=0( = 0)) |x(0) = 5(0) |do,

— o

then the Gronwall-Bellman lemma implies that x(z) = y(#).



— 152 —

Remark 3.1: 1. Observe that the proof of proposition 3.1 ensures the existence of
closed, convex bounded subset of C,(R; X) invariant for T, which will be used in the
sequel.

2. Existence and boundedness results in Holder spaces obtained without making
use the above assumptions, but using techniques of interpolation spaces and interpo-
latory estimates, may be found in [12].

More precisely, in her book [12, chap. 7] A. Lunardi treated equations of the type
(1.1), where A : D(A) — X is a linear sectorial operator, f is a continuous function de-
fined in [0, TT X X,,, Xo = X, and for 0 < a < 1, X, is any Banach space continuously
embedded in X and such that: D,(a, 1) c X, cD,(a, o) and the part of A in X, is
sectorial in X,,. Under several regularity assumptions on £, the author gives some suffi-
cient conditions for the existence of bounded solutions.

It has been shown in [15] that if there is a bounded solution of a periodic ordinary
differential equation and the solutions can be continued for all futures times then the
O.D.E. has a periodic solution. In [21], a similar result was extended to semilinear
equations. By using the Massera approach, a similar result is valid in this case.

CoroLLARY 3.1: Suppose that the hypotheses of proposition 3.1 hold and that (¢, x)
is w-periodic at t, then there is an w-periodic classical solution of (1.1).

Proor: Let x be the bounded solution of (3.2) and let T the map given by (3.1).
Defining y(#) = x(# + w) te R, it is easy to see that

y(2) = x(¢ + w)

j A’S(t+w — o) flo, A~ *x(0)) do

j AS(t—0) flo+w, A x(0 + 0)) do

jAasu—m flo, A=y(0)) do

= (Ty)(2).

Therefore, from the uniqueness of the fixed point of T, it follows that y = x, which
implies that x is w-periodic.

Turorem 3.1: If the hypotheses of proposition 3.1 hold and f is uniformly asymptot-
ically almost periodic, then there is a unique asymptotically almost periodic solution of
equation (1.1).

Proor: We consider the set D = D N AAP. Tt is clear that D is a closed subset of
Gy ([0, + ); X).
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Let x e D, we show first that the function

(Tx)(2) = jA S(t— o) flo, A~%x(0)) do

when restricted to R* is asymptotic almost periodic.
Note that the function t—f(#, A ~*x(¢)) is a.a.p (see lemma 2.2).
Given &>0, consider numbers T(¢) and L(e) corresponding to ¢—

—f(t, A7 *x(2)).
In any interval [4, a + L1CR™", take a 7 such that
|[fe+7, A x(t+ 7)) = ft, A x(2)) | <& ftor all #=T(e).
Then we have that
[ (Tx)(z+7) — (Tx)(2) | =

t+1

jAasuﬂ—a) flo, A~ “x(0)) do — jAaS(t—o) flo, A~ “x(0)) do | <

< J |A*S(t = o) flo+1, A *x(0+ 1)) — flo, A *x(0))] |do <

T(e)
<2RL(R) j |A“S(t = 0) | o do +

+ f |A*S(t = 0) | o) |[[flo+ T, A *x(0+ 7)) — flo, A" *x(0))] |do <

T(e)
. = Tee)
<2RL(R) J 0 % do+¢ f 0 % Y do<
t—T(e) 0
+ oo
<2RL(R) j 0 % o+ ed“T(1 - a).
£ Tle)

Take now any &’ >0, then choose ¢ such that e0*I(1—a) < £ and then
T,(e") > T(e) such that, for > T;, z

+ o ’
2RL(R) J’ o te " do< & ,
2
t—T(e)
therefore |(Tx)(z+ 1) — (Tx)(2) | <e'if #> T, (¢'), which shows that the function Tx

also is a.a.p. We proceed as in the proof of proposition 3.1, we can establish that the
map T:D— D is a contraction, which implies the existence of an asymptotic almost
periodic solution.
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Now we give sufficient conditions for the existence of almost periodic sol-

utions.

Tueorem 3.2: If the hypotheses of proposition 3.1 hold and f is uniformly almost
periodic, then there is a unique almost periodic solution of equation (1.1).

Proor: We show first that maps AP(X) into itself.
If xe AP(X), it follows from lemma 2.2 that r—f(¢, A ~“x(¢#)) is almost periodic.
Hence, for each & > 0 there exists a set P, relatively dense in R such that

e+, A “x(t+71)) = f(t, A x(t)) | <e for all TeR and 7€P,.
Therefore, the map T defined by (3.1) satisfies
| Tx(z 4+ 1) — Tx(2) | =

t+7T

jAasuﬂ—o) flo, A=*x(0)) do— J’A“S(z:—a) o, A=x(0)) do | =

<

jAasu—o) flo+1, A~ *x(o+7)) do— jAaS(t—o) flo, A~“x(0)) do

< f |A*S(t—0) | ey [flo+ T, A %x(0 + 7)) — flo, A" *x(0)) |do

<M, j (1—0) “exp (—d(t— 0)) do.

Which shows that the function Tx also is almost periodic and that T: AP(X) —
— AP(X). We proceed as in the proof of proposition (3.1). In this case we can see that
the map T : AP(X) — AP(X) is a contraction, which implies the existence of an almost

periodic solution.

4, - EXAMPLE

1) Consider the following partial differential equation

2
2 ulE, 1) h g( SulE, ¢) )

ou(g, t) iy
&

ot JE?
u(0,8)=u(l,2) =0

for all (£, #) e[0, 1] X R where 4 is positive constant).
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To represent this problem in a abstract frame, we take X = L?((0, 1); R) and
x(¢):=u(., t). We define an operator A by the operator

(4.1) Au= —du" for ue D(A) = {ueHol((O, 1); R); u”eX}.

The operator — A is self-adjoint, with a compact resolvent and is the infinitesimal gen-
erator of an analytic semigroup S(z) on L?((0, 1); R). Furthermore, A has a discrete
spectrum with simple eigenvalues #°7?d, n e N. The set of normalized eigenvectors

2 1
is complete in X, which shows that |S(#)| <e ** ([14]). We take a = —, that is
Xip= (D(A 1/2); | . | 12)- 2
Define the function : R X X;,— X, by

ft,u) =h(t) glu'), for each teR and all e X, ,

where 5 : R—R is almost periodic in R and there exist £ >0 and 0 €]0, 1[ such
that

(4.2) |h(t) = b(s) | <k |t—s|? forall £,5eR

and g : X— X is Lipschitz continuous on X. A concrete example of the function g is
notably

g(u) = sin (u)
glu) = ku
g(u) = arctan («).

We give first some known results concerning the operators A defined by (4.1) and

AY?. Let ueD(A) and 1 eR, such that

Au= —du" = du
that is,
(4.3) du" 4+ Au=0
We have

(Au, u) = (Au, u)
that is

—(du", uy=d|u'"|:=A|u|iz

so AeR,.

The solutions of equation (4.3) have the form

oulE]

u(x) = Ccos (\/%x
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A
we have #(0) = u(1 )=0 so, C = Oand\/;=mt(ﬂeN).Put/lﬂ=dn2n2.Thesol-
(43) a

utions of equation
x) = Dsin (V2,x),  neN¥.
We have (u,, u,) =0, for n# m and (u,, u,) =1. So D=1/2 and
=V/2sin (VA )
ueD(A), so there exists a sequence (a,) € R, such that

ulx)= 2 a,u,(x), > (@,)’<+wo and > (4, (a,)’<+ .

nelN* nelN* nelN*

We have
A u(x) = > Vi,a,u,

nelN*
with e D(A'?), that is
> (a,)’<+o and > A,(a,)’<+x.

neN* neN*

We show now that f satisfies the hypothesis (A1). In fact, Let #, 5, €R and
uy, u, € Xy, we have

F, uy) = A, wy) =h(y) gluy) — b(s) glu))
= [h(t,) = h(5,)] glu)) + b(,)g(uy) — glu;)].
So,
44) At w) = flt, wy) |12 S |b(e) = b)) | | glu)) | 12+ b(5) | | gu)) = glus) |12
< gl |h(8) = b)) | + | g|up | P(8) | |atf — 5 |12
b is almost periodic, so, there exists £, >0, such that
(4.5) |h(2,) | < k;.

Therefore from (4,2), (4.4), (4.5), and the fact that g(« ') is Lipschitz on X, (see for
instance [9, p. 75]) we have

[, 1) = f(ty, ) | x S Ry lgl o |0 — 22 |° + Ko | g|uip |1 — 21212
<Lt = 6|+ |uy—w] 1)
So, f satisfies the hypothesis (A1), with L = max (& |g]«, 4> |g|Lip)-

2) A semilinear evolution equation in R’.

Let 2 be a bounded domain with smooth boundary 892 in R? and consider the fol-
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lowing semilinear equation

[ ou N Ou
— =Au+ — +f(t,x) in RxQ
(4.6) o 2 o, T

u(t,0)=0 in Rx o

Where f: R X Q—L2(R) satisfies,
|f(t1, x) = fty, %) |12 S Clty— |7 (0<O<1).
Let X =L%(Q) and define an operator A by
Au=—Au, D(A) =H?*(2)NHJ(Q).

The operator —A self-adjoint, and is the infinitesimal generator of an analytic semi-
group on L2(Q). 5

Denote by g(u) = > u— .
i=1 Ox;
In [16, p. 240, lemma 3.4] it was established that the function g verifies the esti-

3
mate, if y > 7 then

|g(u1)—g(uz)|Lz(9)SC(|u1|y|u1—uz|1/2+ |H2|1/2|%1_H2|y) fOr all Z/ll,%zeD(Ay).

Since X, ¢ X;,, and the imbedding is continuous, we may conclude that the map g sat-
isfies the hypothesis (A1) in R x X,.

CoroLLarY 4.1: For each f, asymptotically almost periodic (resp. almost periodic),
equation (4.6) has a unique a.a.p (resp. a.p) strong solution. This result is an immediate
consequence of theorem 3.1 and theorem 3.2.
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