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FRANCESCA ANTOCI (*)

On the spectrum of the Laplace-Beltrami operator
for p-forms on asymptotically hyperbolic manifolds (**)

SummaRry. — Under suitable conditions on the asymptotic decay of the metric, we compute
the essential spectrum of the Laplace-Beltrami operator acting on p-forms on asymptotically hy-
perbolic manifolds.

Sullo spettro dell’operatore di Laplace-Beltrami
per le p-forme su varieta asintoticamente iperboliche

Riassunto. — Sotto opportune ipotesi sull’andamento asintotico della metrica, si calcola lo
spettro essenziale dell’operatore di Laplace-Beltrami per le p-forme su varietd asintoticamente
iperboliche.

1. - INTRODUCTION

The spectrum of the Laplace-Beltrami operator on complete noncompact Rieman-
nian manifolds in its relationships with the geometric properties of the manifold has
been investigated by many authors. In the case of a general Riemannian manifold the
problem turns out to be very difficult, because of the lack of powerful analytic tools
such as the Fourier transform. Hence the attention has mainly focused on particular
classes of Riemannian manifolds, in which these difficulties can be bypassed thanks to
the presence of symmetries or to the imposition of a «controlled» asymptotic be-
haviour of the Riemannian metric.

This is the case for manifolds endowed with rotationally symmetric Riemannian
metrics, where a decomposition technique introduced by Dodziuk in [2] and then

(*) Indirizzo dell’Autrice: Dipartimento di Matematica del Politecnico, corso Duca degli
Abruzzi 24, 1-10129 Torino.
(**) Memoria presentata I8 ottobre 2002 da Edoardo Vesentini, uno dei XL.
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employed by Eichhorn ([4]) and Donnelly ([3]) considerably simplifies the problem.
By this technique, Dodziuk obtained in [2] results on the existence and multiplicity of
L? harmonic forms for a Riemannian metric which can be expressed, in geodesic coor-
dinates, as

(1.1) dr* + g(t) do?,

where g(#) is a positive function and d6? is the standard metric on the sphere SN~!.
These techniques were then employed by Eichhorn in [4] for his results on the dis-
creteness of the spectrum of the Laplace-Beltrami operator for Riemannian metrics of
type (1.1), and by Donnelly in [3] in his computation of the spectrum of the Laplace-
Beltrami operator on the hyperbolic space H”.

A completely different approach to this kind of problems can be found in [5], [6]
and [7], where the essential spectrum is determined on conformally compact Rieman-
nian manifolds through the sophisticated machinery of the pseudodifferential calculus
on manifolds developed by Melrose (see [8] and the references therein).

In the present paper we consider a noncompact Riemannian N-dimensional mani-
fold endowed with a Riemannian metric of type

(1.2) ds?=f(¢r) dt* + g(t) d6?,

where e [0, + ), d6? is the standard metric on SN ™!, £(#) >0 and g(¢) > 0. We
suppose that ds? is asymptotically hyperbolic, that is (#) — 1 and g(#) — sinh?¢ as t—
— + . As for the behaviour at # = 0, we suppose that /(#) = 1 and g(¢) = #° in a neigh-
bourhood of 0. Via decomposition and perturbation techniques, we compute the es-
sential spectrum of the Laplace-Beltrami operator on p-forms, under suitable hypoth-
esis on the rate of convergence of the metric (1.2) to the hyperbolic metric

dt? + sinh? 1 d6?.

The main result is the following (Theorem 5.11). Let us define

) =f) -1,

if for t>0
. C 9z C 923 C
(1.3) 1)< —, |—‘s—, ‘_‘s_)
0] t ot t ot? t
: C af C °f C
(1.4) s —, ‘—’S— ‘_‘<_,
7] t ot ¢ or? ¢
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then the essential spectrum of the Laplace-Beltrami operator is the interval

N-2p-11Y - :
min p—1 ) N-2p+1 oo
2 2

if N#2p, whilst for N=2p it is equal to

{o}u[%,w:).

The assumptions (1.4), (1.3), though rather general, can be probably weakened. It
would be interesting to get to a more precise knowledge of the spectrum of Ay, in
particular as concerns the absolutely continuous spectrum; however, this seems diffi-
cult, because of the lack of a completely developed Fourier theory for p-forms on the
hyperbolic space HY, which would permit to understand whether a perturbation of
the Laplace-Beltrami operator is trace-class or not.

The paper is organized as follows. In section 2, we construct an explicit model of
asymptotically hyperbolic manifold, endowing the interior of the unit ball BY in RN
with a Riemannian metric of type (1.2), where ¢ = settanh (|| X ||). Moreover, we intro-
duce notations and some preliminaries which will be useful in the subsequent sec-
tions. In section 3 we prove a generalization of the result by Dodziuk in [2] to the case

of a metric of type (1.2); slightly modifying Dodziuk’s proof we give necessary and
sufficient conditions for the existence of L? harmonic p-forms on M, and we deter-
mine their multiplicity. We then apply the result to the present situation, proving that
for an asymptotically hyperbolic Riemannian manifold 0 €o0,(4)) if and only if

N . . .
=5 Moreover, we show that in this case 0 belongs also to the essential spectrum

since it is an eigenvalue of infinite multiplicity. In section 4, we first introduce an or-
thogonal decomposition of L; (M) analogous to those employed by Eichhorn and by
Donnelly (see [4] and [3]). The decomposition is obtained in two steps; first, thanks
to the Hodge decomposition on S¥~!, we write any p-form w as

O=01,Pwy Ndt® (0, D w,s N\dt),

where w4 (resp. 1,) is a coclosed (resp. closed) p-form on S¥~! parametrized by ¢,
and @, (resp. w,y) is a coclosed (resp. closed) (p—1)-form on S¥~! parametrized by ¢.
The decomposition is orthogonal in L? and A4 splits accordingly as

AM=AM1€BAM2€BAM3-

This allows to reduce ourselves to the study of the spectral properties of 4,4,
i=1,2,3.
The second step consists in decomposing w4 (resp. @54, w,s) according to an or-
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thonormal basis of coclosed p-eigenforms (resp. closed (p — 1)-eigenforms, coclosed
(p — 1)-eigenforms) of Agv-1. In this way, up to a unitary equivalence, the spectral
analysis of A,;, 7=1, 2, 3, can be reduced to the investigation of the spectra of a
countable number of Sturm-Liouville operators D;; on the half line, parametrized by
the eigenvalues 4 of Agn-1.

In [4] J. Eichhorn proved that for a complete Riemannian metric over a noncom-
pact manifold the essential spectrum of 4y, coincides with the essential spectrum of
the Friedrichs extension A%} of the restriction of A to any exterior domain in M. This
allows to consider the Sturm-Liouville operators D, on [¢, + ), for ¢ >0, and to
overcome the difficulties due to the presence of singular potentials at #=0.

In section 5, under the assumptions (1.3), (1.4), we compute the essential spectrum
of A, First, through classical perturbation theory, we compute the spectrum of Df;
for every A, and we show that

2

N-2p—1Y
(—p) > + ® goess(AMl)-

o _1)\2
Then we show that 0. (4 ) is exactly the interval [( N=2p=1 ) , + oo ) By duality,
N-2p+1

we find that O s (A MZ) = |:( 5

2
) , + o |. As for the essential spectrum of A,

first we compute the essential spectrum of D{; for every A, proving that

[ N=-2p—1)?
min ,
2

N-2p+1
2

2
) , T goess(AMB)'

Then we show that any positive number u such that

< min (N—Zp—1)2 (1\]—2p+1)2

2 2

can not belong to the essential spectrum of A,;. Hence,

_ _ 2
Gess(AM)\{O} = | min (N 2p ! ) >

2

_ 2
N 2p+1) e
2

Finally, recalling the results of Section 3, we fully determine the essential spectrum
Of A M-
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2. - PRELIMINARY FACTS

For N=2, let BN denote the closed unit ball
BN = {§= (%1, +-r) xN)eRN|x12+ T 1},
and let SN! denote the sphere
SN=1= {(xl, ceey xN)eRN|x12+... +xi= l},

endowed with a coordinate system (U;, @;), i=2, ..., k+1, @, U—RN"L

Let us consider the interior of BY,
BN = {(xl, ., xy) eRY |x12 + .. +xf< 1},

with the coordinate system (V;, &@,), for i=1, ..., £+ 1, defined in the following
way: in a neighbourhood of 0, for some 6 >0,

V.= {(xl, ...,xN)eRN|x12+...+xﬁ]<6}
and

D (%1, ooy xn) = (x1, ooty XN,

whilst for 7>1, x #0,

Vl.:

EERN|4 e Ut,
Il

®,:V,— (0, +)x06,U,),

x
— || =:(¢, 60,).
H ))

We denote by M the manifold BY, endowed with a Riemannian metric ds? such that
on @,;(V,), for i>1,

D(x;, ..., xx) = (2 settanh (|| %)), ©;

(2.1) ds? :=f(¢) dt* + g(¢) d67?,

where f(#) >0, g(#) >0 for every e (0, + ©) and d6? is the standard metric on
SN ds? is well-defined on BN\{0}.
We suppose that the metric is asymptotically hyperbolic, that is, as #— + o,

(2.2) F(r)—1,  g(t) —>sinh?z.
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As for the behaviour as r—0, we suppose that for ze (0, &) (¢ =2 settanh (9))
(2.3) fy=1, g =12

This assures that ds? can be extended to a smooth Riemannian metric on all M; in-
deed, for € (0, €), ds? is the expression, in polar coordinates, of the Euclidean metric
on RN, As already remarked in the Introduction, the essential spectrum of the
Laplace-Beltrami operator acting on p-forms on a complete noncompact Riemannian
manifold does not change under perturbations of the Riemannian metric on compact
sets ([4]). As a consequence, condition (2.3) does not modify essentially the spectral
properties of the Laplace-Beltrami operator on M.

The manifold M, endowed with the Riemannian metric ds?, is complete. Indeed,
in view of (2.7) and (2.6), there exist C;, C,>0, Dy, D, >0 such that for every
t>0

C <flt) <G,
D, sinh?# < g(¢) < D,sinh?¢#;

hence the distance d; induced by ds?, given by

1
dv'! 2 dvi |2 1/2
dy(py, p2) = inf f f(l(S))(L) + g(#(s)) H—

4
yel(p1, p2) ds ds
0

gN-1 ds ’

is equivalent to the distance induced by the hyperbolic metric, which is com-
plete.

Forp=0, ..., N, we will denote by C*(A?(M)) the space of all smooth p-forms
on M, and by C.* (A?(M)) the set of all smooth, compactly supported p-forms on M.
For any w e C” (A”(M)), we will denote by |w(#, 0) | the norm induced by the Rie-
mannian metric on the fiber over (¢, 0), given in local coordinates by

lo(z, 0) |> =g (¢, 0)..¢" (¢, O)w, (¢, 0)w t, 0),

71 -'-/;»(

where g7 is the expression of the Riemannian metric in local coordinates. We will de-
note by dy, *y, Oy, respectively, the differential, the Hodge * operator and the
codifferential on M, defined as in [1]. 4, will stand for the Laplace-Beltrami operator
acting on p-forms

Ay =dyOy+ Oydy,
which is expressed in local coordinates by the Weitzenbock formula

((AM) w)il..ip: _gl.]'Vz'V]'wilmip+ZR]'awi1mamz},+ E sztﬂilwailmﬂmz},)
7

Jil#i
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where V;w is the covariant derivative of w with respect to the Riemannian metric, and
R/, R'/, denote respectively the local components of the Ricci tensor and the Riemann
tensor induced by the Riemannian metric. As usual, L; (M) will denote the completion
of C*(A?(M)) with respect to the norm ||a)||Lpz(M) induced by the scalar product

(@, Dy zo 1= Jw/\ RYICR
M

||w||Lp2(M) reads also

ol 200 = [ (2, 6) [2aVy,
M

where dV), is the volume element of (M, ds?).

It is well-known that, since the Riemannian metric on M is complete, the Laplace-
Beltrami operator is essentially selfadjoint on C,” (A?(M)), for p =0, ..., N. We will
denote by A also its closure.

Now, given w e C*(A?(M)), let us write

(24) a)=a)1+a)2/\dt,

where w; and w, are respectively a p-form and a (p — 1)-form on S¥ ! depending on
t. An easy computation shows that * p @ can be expressed in terms of (2.4) as

N-2p+1

(25)  Eyo=(—1)N g (8) fT() eyt

N-2p-1 1

+g 2 (8) f2(8) =10, A dt,

where # gv-1 denotes the Hodge * operator on S¥ ™!, Moreover, d); and 0 split re-
spectively as

3
(2.6) dyw=do-10,+{(=1) ;U;l +doiw, b Ndr
_ 1 -N-1+2p 9 _ 1 N+1-2
27 o =g D80 (-1 T (e w)
t

+g tosv-rwa Ndt,

where p is the degree of w, dsv-1 is the differential on S¥ ™! and d gv-1 is the codiffer-
ential on SN 1,
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Moreover, the L?-norm of w e C*(A?(M)) N L} (M) can be written as

N-2p-1

+ o
1
@8 lelfzan= [ 2 @) 2Ol ds +
0

+ N+1-2p 1
+ Jg () f 2Oy 92 sy ds,
0

where ||| 2sv-1) is the L?norm for p-forms on SV~ 1.
L2(sNY)

3. - ZERO IN THE SPECTRUM

In the present section we will investigate whether 0 belongs or not to the point
(and essential) spectrum of Ay, for differential forms of degree p =0, ..., N. The
main tool employed is the following generalization of a result of Dodziuk ([2]):

Tueorem 3.1: Let us consider, for N = 2, the manifold M endowed with a complete
Riemannian metric of type (2.1), satisfying condition (2.3) for te (0, €); then, if we de-
note by P (M), for p=0, ..., N, the space of L* harmonic p-forms on M, we
have

1) for pe {0, N, N/2}, 9¢ (M) = {0};
2) i ff7(.v)gAT(x) ds=+ 0o, IN(M) =3"(M) = {0}; if on the contrary
0

® 1 N-1

ff?(S)g > (s)ds< + oo, HNM) = 3"(M) =R;

+o 1 1
3) fp= g, AW M) ={0}if [ f2(s)g Z(s)ds= + »; if on the other hand
+o 1 1 N 1
JF7(s) g 2(s)ds< + oo, 9= (M) is a Hilbert space of infinite dimension.
i

Proor: The proof follows very closely the argument in [2]; it will be exposed here
for the sake of completeness.

An L?form on M is harmonic if and only it is closed and coclosed. Hence,
w e I?(M) if and only if

(31) ||w||L[72(M)< © da)=0, d*M(U:O

Moreover, * ) gives an isomorphism between 3?(M) and ICN~7(M).
The proof of 2) is immediate; if w is a harmonic function, not identically vanishing,

o is constant on M, hence w € L?(M) if and only if the total volume of M, given by
N-1

ffé (s) g 2 (s)ds, is finite.
0
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We now come to the proof of 1). Let w € I¢? (M), for p # 0, N, and let us consider
its decomposition (2.4). Then, in view of (2.6), dyyw =0 implies

dw
dov-10,=0, dyviw,+ (=17 — =0,
ot
whilst dy; * yyw =0 yields
dsv-1 % v-10, =0,
N-2p—-1 1 a N-2p+1 1
62 g frdwrsoiot = (g7 f7 *eiw,) =0,

ot

In view of (2.8), the boundedness of the L?-norm of w reads

63 | J(gl\vizzpilf%|w1(z‘,9)|2+
0

N-2p+1

+g 2 f 2 |wy(t,0))?) dVesn-1dt < + o0

moreover, since |w(#, 0) | is bounded in a neighbourhood of 0, we have that
lw(t, 0) 7 =g(&) " |w (2, 0) >+ A1) 1 gt) "7 |w,(z, 0)|?<C

for some C>0 for e (0, €].
Applying # gv-1 to both sides of (3.2), we find the following set of condi-
tions:

(3-4) dsi\'*lwlzo;
(3.5) dSN—l *SN-Ia)z:O;
a
6.6) dov-ray + (—1) L =0
ot
Ie) N-2p+1 _1 1 N-2p-1
67 (¢ Of W)+ (=10fT(0g = ()1, =0;

69 [ [ e o
0

gN-1

N-2p+1 1

+g 2 f_?|w2(l‘7 0)|2)dVSN—Idt< +OO

Now, it can be shown that if we 3?(M) and w, =0, then w,=0; indeed, if
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w, A\ dte 3 (M), in view of (3.5) and (3.6) w, is a harmonic form on SN~ for every
t>0.Since 0<p—1<N-2, w,(¢, 0) can be nonzero only if p — 1 = deg w, =0,
that is, only if w, is a function not depending on 8. On the other hand, (3.7)
implies

N-1 1

%(ETJf;CUz) =0,

that is, w, = Cg(¢) 2 f 2, which diverges as #— 0, in contradiction with (3.8), u
less C=0.
Hence, if o # 0 and w € H? (M), then w, # 0. Now, applying dsy-1 to both sides of

. . e)
(3.7), since dsv-1 commutes with - > We get
!

3 N- 2p+1 _ 1 ] P
= (e S T dei0g) 4 (CLPAOT 0 deidsin =0,

whence, in view of (3.6),
a N-2p+1 _ 1 a N- Zp 1
—(g(t)—2 £(0) ﬂ&)—f() ) 2 dev-idev-i).

Taking, for fixed #> 0, the scalar product of both sides of the last equation with w,
we get

d Newsl 1 Ow
<—(g(t) > fly) 2 1),w1> (Osv-1@y, dgv-10 1 )2ev-1) 20,
LysN™h

ot ot
whence
3 Nl 1 B
— (g 7T — o, =
ot ot L2(sN 1)

3 N-2p+1 _1 dw N-2p+1 _1/ dw dw
=<—(g(t) > f(1) 7 — ),w1> +g2 f) Z< -, 1> =0.
o ot LPZ(SN’I) ot ot L:(SN_I)

Due to the boundedness of |w| near 0 and to (2.3), |w, (¢, 0) |sv-1 = O(£°?) for small
t. As a consequence,

_ 1 N-2p+1 a
<f(t) R ,wl> = 0V,
ot 125N
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hence

0 ow
— (w1, w)2evy =2 , Wy =0
ot ’ ot 125N

for every >0, that is, le(z‘)HL;(SN—l) is a nondecreasing function of ¢.

Now, let @, = 0; since [lw, (1) ][ 2sv-1) is nondecreasing and [lwllL20p < + o,

+ oo
N-2p-1 1 N-2p-1

1
Jg 2 fl9)Tds<C f gs) 2 f(9)2 o (D21 ds < llolf20n < + .

1

Hence for p#0, N, 3”(M) # {0} implies

te N-2p—1 1
[ 20/ ds <+,

1

and, by duality,

te ~-N+2p-1 1
j gs) T2 fls)Tds< + 0.

1

If N=2p, the two integrands coincide. If, on the contrary, N —2p # 0, then, since
(N=2p—1)(=N+2p—1)=1—(N—2p)?, either one of the exponents is zero, or
the two exponents have opposite signs; in both cases one of the integrals diverges.
Hence, for p¢ {0, N, N/2}, H*(M {O}

Finally we come to 3). For p = N/2, if f g(s) V2 f(5) 2 ds = + 0, 97 (M) = {0}.
This proves the first half of 3). We still have to prove that if f g() V2 f(s) 2 ds < +

+ o, 3N2 (M) has infinite dimension. To this purpose, let us recall that if N =2p the
Hodge * operator acting on forms of degree p depends only on the conformal struc-
ture of the manifold. Hence the conditions ||a)||Lpz <+o,do=0,d*w=0 are con-
formally invariant.

Now, let us suppose that f g(s) 72 f(5)? ds < + oo | and let us denote by B(0, 7)

the open ball in RY with radlus

+ o

r=exp J g(y)—l/Zf(X)l/Z dj‘
1

centered in 0, endowed with polar coordinates. Then consider the mapping:

F:M\{0} —~R¥\{0}
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given by
t
F(z, 0) := [exp fg(:)_”zf(s)l/zdx ,01.
1

In view of condition (2.3), F can be extended to a C'-diffeomorphism of M into
B(0, 7), which is actually C* on M\{0}. Moreover, an easy computation shows that F
is conformal from M, endowed with the metric (2.1), to B(0, 7), endowed with the
Euclidean metric.

Let us denote by IC the (infinite-dimensional) space of all smooth p-forms on
B(0, 7) harmonic with respect to the Euclidean metric; since F is conformal and N=2p,
F*9C consists of forms of degree p, square-summable on M, smooth on M (up to modifi-
cations at 0) and harmonic. As a consequence, ICV2(M) has infinite dimension. ™

In our case, since f(#) —1 and g(z) —sinh®# as t— + o, then
A
[ 797 g() 7 ds=+ 0,
0
whilst

J f(x)%g(s)7%d5< + o,
1

As a consequence we can easily deduce the following
TueoreM 3.2: For N =2, let us consider the manifold M, endowed with a Rieman-
nian metric of type (2.1), satisfying conditions (2.2) and (2.3). Then
L if p#N/2, then 0 ¢0,(dy);

2. i p=N/2, IP(M) is a Hilbert space of infinite dimension, hence
0e0(dy)No,(dy).

4. - HODGE DECOMPOSITION AND UNITARY EQUIVALENCE

From (2.6) and (2.7), a lengthy but straightforward computation gives
AMCU = (AMw)I + (AM(,U)Z/\dt,

where

3
4.1) (AMa))lzg’l(t)ASN—la)1+(—l)Pf’l(t)g’l(t)?‘idgw—lwz-k

~N+1+2p a _ 1 N-1-2p awl

e 0=\ w0
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and

3
42)  (Ay)=g"') As—1w,+ (—1)g ~2(2) Egdsmlwl +
t

N+1-2p

g T (o)l

Here we denote by Asv-1 the Laplace-Beltrami operator on SY™1,
Since for every weC”(A’(M))NL}(M) we have that ,eL}(M),
w,N\dteL}(M) and

<C()1, wz/\di>Lp2(M) = 0)

(2.4) gives rise to an orthogonal decomposition of L (M) into two closed subspaces.
However, (4.1) and (4.2) show that A, is not invariant under this decomposition. As a
consequence, further decompositions are required.

It is well-known that, for 0<Sp<N-1,

Co(AL(SN 1)) =dC= (AP (SN ) BSCT (AL TSN 1))@ P (SN 1),

where (7 (SN™1) is the space of harmonic p-forms on S¥~! (empty if p =0, N — 1),
and the decomposition is orthogonal in L7(SY~!). Hence, for 0 Sp<N -1,

LISN 1) =dC= (AP~ (SN 1) @ oC = (AP T H (SN 1) @ ac? (SN 1).
Thus, for 1 <p<N -1, every w e L} (M) can be written as
(4.3) W=w1Pw  NdtD (w1, Pw,sN\dl),

where w4 (resp. w,,) is a coclosed (resp. closed) p-form on SN ™! parametrized by ¢,
and @, (resp. w,y) is a coclosed (resp. closed) (p—1)-form on S¥~! parametrized by ¢.
In this way we get the orthogonal decomposition

L} (M) = (M) & (M) ® L (M),

where  for every weL!(M), w,,eL'(M), wyyAdte (M) and
®1,D (w5 Ndt) e £(M). Since

dSN—]ASN—l :ASN—ldSN—I, 6SN—1ASN—1 :ASN—155N—],
) ) ) )
—dgv-1=dgv-1 — | — Ogn-1=0gn-1 — ,
ot ot ot ot

the Laplace-Beltrami operator is invariant under this decomposition, and can be writ-
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ten as the orthogonal sum
A=Ay @Ay, @Ay

It is easy to see that, for 7=1,2,3, A, is essentially selfadjoint on
Co (AP (M)) N £(M). We denote again by A,y its closure.
Since the orthogonal sum is finite, for 1 <p<N -1,

O ess (AM) = O ess (A Ml'))

I

3
ap(AM) = _EJIO’P(AMZ').

For p=0 (resp. p=N), any weL?(M) can be written as w =w,s (resp. o =
= w,, /A dt), where w4 (resp. w,,) is a coclosed (resp. closed) O-form (resp. (N —1)-
form) parametrized by # on SN ™!, Hence L¢ (M) = £Y(M) (resp. LZ_ (M) = £2(M))
and Ay = Ay (resp. Ay =Ayp).

As a consequence, in order to determine the spectrum of A it suffices to study the
spectral properties of A,;,, i=1, 2, 3.

Then, let us introduce a further decomposition. First of all, we decompose w ;5 ac-
cording to an orthonormal basis {7, }rcn of coclosed p-eigenforms of Agv-1; this
yields

(4.4) W1s= Dphi(t) T4y,

where 5, (¢) 7,,€ L} (M) for every £e N, and the sum is orthogonal in L} (M), thanks
o (2.1). We will call pform of type I any p-form we L7 (M) such that

w :b(l‘) T,

where 7, is a coclosed normalized p-eigenform of Agv-1, corresponding to some
eigenvalue 1. For every £e N, let us denote by 4% the eigenvalue of A gv-1 associated
to 7. Since for every £e N

AL
45) A (b(t) 7)) = —ht) Ty —

g(2)

Lo Ny g N e /e
—f(2) 2g() 2 gt(f(l‘) 2g(8) 2 5)71/@,

Ay is invariant under the decomposition (4.4), and, since if @ = h(z) 74,

N-2p-1

lolfzn = [ 209 97 h2ds,
0
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Ay is unitarily equivalent to the direct sum with respect to £eIN of the
operators

Ay (A CLA(RY, g~ 2 f7)—>L2R, ¢ = f7)
(46) /117 1 ~N+1+2p a 1 N-1-2p
Aph=12E b0 —ft) 7a)™ 2 —\|f(r) 7 a() 2 )
12 ) () = f(2) 2 g(2) Py (f( )" 7 g() )]
If we introduce the transformation
4.7) w(t) = b(t) fOTge) T,

a direct (but lengthy) computation shows that 4, is unitarily equivalent to the direct
sum, over k€N, of the operators

Dyyg: (Dyyp) cL2(RY) —L2(R*)

given by
3 (19 1{ofyY 11 8
48 Dyw=- (L)L L Fy,L187
‘ o\ f ot 16 2\ ot 4 f2 o2
11 9f (N-1-2p) 1 9 N 1 (N=2p—1) (N=2p—5) 1 [ dg 2+
2 f? ot 4 g ot f 4 4 g’ \ or
1 (N=2p—1 2 ?
+_#£B+&}w
f 4 g 0or? g

Analogously, we decompose w ,, according to an orthonormal basis of closed (p — 1)-
eigenforms {7, e of Agn-1:

(4.9) WogN\Ndt=@®phy(t) Ty Ndt .
We will call p-form of type II a p-form w eL;(M) such that
w=h(t) T, \dt,

where 7, is a coclosed normalized (p — 1)-eigenform, corresponding to some eigenval-
ue A of Agv-1. For every ke N

AMz(]J(t) Tzk/\df) = (Azili,*lb) Tzk/\dl‘,

where
At
(4.10)  Ayyh="E—h(1) -
a(2)
1 ~N-1+2p a _ L N+1-2p
i a0 S0 T b))
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Here, again, for every 4 € N we denote by A7~ ! the eigenvalue of A sv-1 corresponding
to the eigenform 7,,. Since if w = h(¢) 75, A\ dt

N-2p+1 _

lolfzan = [0 A% bsds,
0

introducing the transformation

N+1-2p

gty

(4.11) w(t) = h(2)f(2)

1
4

we find that 4, is unitarily equivalent to the direct sum, with respect to £€ IN, of the
operators

Disp-1: (Dyyp-1) cLA(R) —L2(R")

(10 1{ofV 11 22
(4.12) Dyyrw=— —[— 2 |+ AR /AR I
ot\ f or 16 2\ o 4 f2 5¢?

11§ (N-1+2p) 18 1 (N=2p+1) (N=2p+5) 1 (ag )2+
2

2% 4 goa f 4 4 2\ o

/ 4 g or? g

1 (=N+2p—1) 1 92g 121}
+ w

Finally, we decompose w,s with respect to an orthonormal basis of coclosed (p — 1)-
eigenforms {73}, of Asv-1. For every £ e N we denote by A, ™' the eigenvalue cor-

responding to the eigenform 7;;; then [ dsn-175 k] is an orthonormal basis

AL ' keN
of closed eigenforms of A sv-1 for closed p-forms. Hence, we get the following decom-
position for w ;B w,s A dt:

1

We call p-form of type III any p-form @ such that

w1 Dwrs Ndt =D,

bldeN—ITBk@(_l)pbzk‘[3k/\dt

1
0= —h(t) dsxn-11; @y (=1 hy(2) T3 \dt,

VA

where 75 is a normalized coclosed (p — 1)-eigenform of A sx-1, corresponding to the
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eigenvalue A. A direct computation shows that

1

i
=(Auilbl+ _L_\/— )(

(414) AM}( bl(f) dSA'\"*IT3k€BM(_1)‘D;]2(f) T}k/\dt =

@

dSN_]TB/e

() gt

1 9
@(Az/l’gl/?z“‘ P =

20 AL~ 1/J)((—l)”rsze/\dt);
g

}.7 (t) d&’V 1T3k@M(_1)p/92( )T}k/\df, then

moreover, if w =

A
t N-2p-1 N+1-2p 1
loffzan= [ o) = A(s)= by (s ds + j 97T fs) T hy(s) ds.
0
Hence, introducing the transformation
(=g () fEW b0

(4.15)

N- 2p+1

wz(t)z R f)f

we find that A is unitarily equivalent to the direct sum, with respect to £€ N, of the
operators

Dyz-1: (Dsz-1) c L2 (RY) ®L*(RT) = L*(RY) ®L*(RY)

19
416 Dowitwi®w)= (Dw g0 T f(0) g\//l” 1wz)69

,1 d =
@(DZAP 1w, + g(2) Zf 2 ?‘i Y lwl).

As remarked in the Introduction, J. Eichhorn proved in [4] that for a complete
Riemannian metric over a noncompact manifold the essential spectrum of A4, coin-
cides with the essential spectrum of the Friedrichs extension A%; of the restriction of
Ay to any exterior domain in M. Thus, if we consider, for 0 <# < 1, the Friedrichs
extension A}, of the operator

Al y: C7 (AP (M\B(0, 1)) = L*(M\B(0, 7))

Ay ,w=A4yw,
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we have that
O ess (AM) = Oess (A[I\:/I,rl)

for every 7, 0 <7 < 1. Hence, in order to compute the essential spectrum of A ; it suf-
fices to determine the essential spectrum of A}, , for some 77, 0 <7 < 1. For the sake
of simplicity we will write A}, instead of A}, ,,.

The same orthogonal decompositions obtained for 4, hold also for A%;: namely,
we have a decomposition

L2 (M\B(0, 7)) = £/ (M\B(0, 1)) ® £ (M\B(0, 1)) ® £ (M\B(0, n))
analogous to (4.3), and A} splits accordingly as
A=A, © A5, ® 4],

where, for 7=1,2,3, A%, is the Friedrichs extension of the restriction of A, to
C>(A?(M\B(0, n))) N L(M\B(0, )). Moreover (see [4]), for i=1,2,3,
O (Ay) = 0o (A5).

Let ¢ = settanh (7); again, it is possible to show that, for 7= 1, 2, A%}, is unitarily
equivalent to the direct sum, over £ N, of the Friedrichs extensions Dlﬁz of the
operators

Djy: CF (e, +®) —L2(c, + )

given by (4.8) if /=1 and by (4.12) if /=2.
Analogously, A% is unitarily equivalent to the direct sum, over £e N, of the
Friedrichs extensions Dy;-1 of the operators

Dyyp-1: C7 (¢, + 0)BC7 (¢, + ) = L%*(c, +©)BL*(c, + )

given by (4.16). Moreover, for every 7 =1, 2, 3, for every £e N and for every ¢ >0,
we have that 0. (D;,) = OESS(DZEA,).

Thus, much information about the essential spectrum of A, can be recovered
by the investigation of the essential spectra of the selfadjoint operators DlF/l'Z»
Df;;-1 and D{j;-1 for arbitrarily large ¢. Since the Hodge * operator isometrically
maps p-forms of type I onto (N —p)-forms of type II, it suffices to consider
the cases 7/=1 and 7=3. We remark that, since the direct sums in (4.4) and
(4.13) have an infinite number of summands, for /=1, 3

Oess (A Mz') 2 LéJ O-ess(Dz'l;:k)
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but we cannot argue that

O ess (A Mz') = 90655 (ngk)

5. - THE ESSENTIAL SPECTRUM

In the present section, we will compute the essential spectrum of A ;, under suit-
able assumptions on the asymptotic behaviour of f and g. Namely, if

g(¢) :=g(¢) —sinh?¢ ;

we will suppose that for £>>0

. C 7 C 3% C
5.1 )<=, ‘—’s—, Cit iy
£ t ot t or? t
. C of C *f C
(5.2) B < —, ‘—‘s_, L <2,
/0] t ot t ot ¢

For /=1,2,3 and for every ke, let 4, and D;, be defined as in Section 4.
First of all, we will determine the essential spectrum of 4. To this purpose, let
us recall some basic facts.

DerinrrioN 5.1: ([9]) Let A be a selfadjoint operator on a Hilbert space 9C. An op-
erator C such that M(A) c M(C) is called relatively compact with respect to A if and
only if C(A+ )" is compact.

In terms of the Hilbert space M(A) endowed with the norm ||¢||4 given by

It = llgplle + 1Al
C is relatively compact if and only if C is compact from D(A) with the norm ||. ||, to 3¢

with the norm ||.|lsc. Moreover, we recall the following Lemma (for a proof see [9]):

Lemma 5.2: Let A be a selfadjoint operator on a Hilbert space I, and let C be a
symmetric operator such that C is a relatively compact perturbation for A" for some po-
sitive integer n. Suppose further that B=A + C is selfadjoint on D(A), Then

O ess (A) = Oess (B)

Finally, we recall that, given a selfadjoint operator A on a Hilbert space I,
U € 0 (A) if and only if there exists a Weyl sequence {w, } ¢ M(A) for u, that is, a se-
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quence {w, } ¢ M(A) with no convergent subsequences in J(, bounded in I and such
that
lim (A—u) w,=0 in IC.
n— + ©

We are now in position to prove our first result.

LemmMa 5.3: Let M be endowed with a Riemannian metric of type (2.1), satisfying
conditions (5.1), (5.2); then for 0 <p<N -1,

2
N-2p-1 oo
2

Proor: Let us consider the Friedrichs extension DY of the operator with constant
coefficients

F —
Oess (Dlli) =

for every keN.

Dyy: CZ(c, + ) —L%*(c, + )

32 (N—1-2p)
(5.3) D10w=——2w+ —pw

ot

N-2p—1)?

5 , + o |. We will show that DlFli - Df

is a relatively compact perturbation of (D{;)? for every £ e IN. This, thanks to Lemma
5.2, will give the conclusion.
First of all, it is not difficult to see that for every £e N,

It is well-known that o (D) = (

a((Dfy)?) c (D — Dfy);
indeed, comparing the domains of D{}; and of Dy, we find that
M(Dfy) = (D).
We still have to check that for every sequence {w,} c M((Dfy)?) such that
(5.4) llw, |2 + |(D)? w, [F- < C

there exists a subsequence {w,,} such that {(Df;; — Dfy) w,,} converges in L?(c, + ).
To this purpose, let us observe that conditions (5.1) and (5.2) yield:

(5.5) (1—;)EL2(C,+OO)OLOO(C,+OO);
(5.6) ]%gELZ(C,—FOO)ﬂLw(C,—FOO);

(5.7) W, (t)eL?(c, + o) NL*(c, + ),
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where

(5.8) W () :=

11 9f (N—1-2p) 1 3¢ 1 (N=2p—1) (N=2p—5) 1 (g 2+
2 f% ot 4 g ot f 4 4 g?\ ot

+1 (N=2p—1) 1 &%¢ N i}_ (N=2p—1)
f 4 g or? g 4 '

Moreover, by (5.4), the sequence {w, } is bounded in W’ ?(c, + ), and the Sobolev

2
embedding theorem implies that {w,}, [ a;”” }, [ aauz}” ] are bounded sequences in
L=(c, + ). ! !

Now, for every #, me N

(59) ||(DFAZ_D£)(wn_wm)”Lz(c, +0<>)s

-2) 2
= f <9t2 n m

+
L2(c, + )

, +H—(wn—wm)
L2(c, +o0) ¢

+||W1(wﬂ - wm)”LZ(c, +o0)

Let us begin with the third summand. For any compact subset Kc (¢, + ) and for
every n, melN

W, 0, = w,) e, 4 < C [0, w,2ds+C [ WR(s) ds,
K

(¢, +)\K

where C is a positive constant independent of K. Indeed, Wi eL *(c, + ) and
(w, —w,,)* is bounded in L= (¢, + o).

Let us consider a sequence {¢,} C (¢, + ) such that ¢,— + © as h— + © and
for every he N

+ oo
C f W2(s) ds < %
¢

For h =1, thanks to the Rellich-Kondrachov theorem, there exists a subsequence
{w,1)} such that {(w,1)) |, )} converges in L*(c, ¢;). Hence, for every 6 > 0 there
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exists 7#(1) such that for every #, 72> u(1)
+ oo
2 2 0
Wl (wn(l) _wm(l)) ds < ; +1.

Analogously, for h = 2 there exists a subsequence {w,)} € {w,(1)} such that for every
0 >0 there exists 7(2) such that for every 7, m > u(2)

+ o

o 1
“J’ Wi (w,) = wy2)) ds < ; + 3
Going on in this way, for every » € N we can find a subsequence {w,)} ¢ {w,; 1)}
such that for every 0 > 0 there exists 7#(h) such that for every 7, 7z > 7(h)

+ oo
o) 1
W2(w, g — wyp)ds< — + —.
j 1\ Wuh) = Winp) ) 4S 3 A

Through a Cantor diagonal process, then, we can find a subsequence {w, } ¢ {w,}
such that {W,w,,} is a Cauchy sequence in L?(c, + ).

As for the estimates of the other two summands, recalling (5.5) and (5.6), since

o 92
{ % ] and { " } are bounded in L * (¢, + %) and in W' ?(K) for any compact set

ar?

Kc (¢, + ), we can apply the same procedure. As a consequence, we can extract a
subsequence, again denoted by {w,,}, such that {(D{;; —D{y) w,} converges in
L?(c, + ). This yields the conclusion. ®

As a consequence,

2
5 ) ’ + o Cgess(AMl)'

(N—Zp—l

On the other hand, the following Lemma holds:

Lemma 5.4: Let M be endowed with a Riemannian metric of type (2.1), such that

o1 \2
f(t)ﬁlcmdg(t)%sinhztmt%-f—00;f070$pSN—1,z'f/,t<(%),z‘/yen
;u¢acss(AM1)'

Proor: First of all, for every £e N let us write Dy;; as

9 (19 A}
Diyw=—-—[=Z |+ v+ 22 |w,
: ot\ f ot g
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2 f? or 4 g ot f 4 4 g

118 (N-1-2p) 13 1 (N-2p-1) (N=2p=5) 1 (ag )2+
2\ or

f 4 g gor?

2
. Since for every £ I\ the essential spectrum of Dﬂi does

1 (N=2p—1) 1 &2 }

N-1-2
Now, let u < | ———=

. N-2p—1)2
not depend on ¢ and since V;(¢) converges to (Tp) >u as t— + %, we can
choose ¢> 0 such that for every > ¢

for some positive constant C > 0.
If h e 0o (Ayy) = 0o (ALy), there exists a Weyl sequence for u, that is a sequence
{wp} c@(A}y) such that

(@, @p)rzan < C,

lim (A5, 0, —uw,) =0,
k— + o

from which it is not possible to extract any subsequence converging in L;(M). More-
over, we can suppose that

W =hp(t) T4,

where 7, is a coclosed normalized p-eigenform of Agv-1 corresponding to A2 and
Ap— 4+ o as k— + . Hence, via unitary equivalence, there exists a sequence
{w} C CD(DIFM) such that

”wk”Lz(c, +0)SC
(5.11) kll;llfw”szgwk—#w/e”LZ(c,+oo>:0’
from which we cannot extract any L2-converging subsequence. Then
(Diypwy — vy, wih2(c, 1) =0
as £— + o, and, since for every £eIN

@(Dfy) Wi (c, + o),



— 138 —
we get

+
)4

1 [ ow, | 0 p
(5.12) f m(%)(f)dx—kj [Vl(s)—/t]w/f(x)ds-i-c g(_j)w,g(s)dwo

as £— + . Since all the terms are positive, we have

f [Vi(s) —ul wi(s) ds—0

as £— + o, whence

as £— + o, because

N-2p—-1

2
This yields a contradiction. Hence, if u < ( ) UG T (Ayy). W

As a consequence

ProrosiTioN 5.5: Let M be endowed with a Riemannian metric of type (2.1), satis-
fying conditions (5.1), (5.2); then, for 0 <p<N-—1,

_ _ 2
N-2p—-1 el
2

ProrosiTioN 5.6: Let M be endowed with a Riemannian metric of type (2.1), satis-
Fing conditions (5.1), (5.2); then, for 1 <p <N,

_ 2
(M),m),
2

We still have to determine the essential spectrum of A, for 1 <p < N — 1. First
of all, we compute the essential spectrum of D;F,lz—l for every ke \:

O ess (A Ml) =

By duality,

O ess (A MZ) =
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Lemma 5.7: Let M be endowed with a Riemannian metric of type (2.1), satisfying
conditions (5.1) and (5.2); then, for 1 <Sps<N-—1,

2 _ 2
,(N 2p+1)],+w
2

Proor: Let us consider the Friedrichs extension D{; of the operator

O (Di33-1) = | min

N-2p-1
2

for every kelN.

Dsp: C*(c, +®)BC7(c, + o) —>L2(c, +0)DL%*(c, + »)

(92 22

ot? ®

(5.13)  Dsplw, B w,) = (—

N—zp—ly
wy

It is not difficult to see that

O (DL) = [ min

_ _ 2 _ 2
N-2p-1 , N-2p+1 4o
2 2

As in Lemma 5.3, we will show that Dy;;-1 — D5 is a relatively compact perturbation
of (Ds5)?. First of all, M((D4y)*) c M(D5y) = A(D5;5-1 — D3y); indeed, an explicit com-
parison of the domains shows that M(D{)) = (D(Df,lg—l) for every £eN.

We still have to check that for every sequence

{w, Dw,,} c D((D5)?)
such that
(5.14) 01, ® w3, |20 12 + (D) (w1, Dws,) |2er2 < C,
there exists a subsequence {w;, @ w,, } such that
(D31 = Do), D w,,,)

converges in L?(¢c, + ©)@®L?(c, + ®).
Now, (5.14) implies that {w;,,} is bounded in W’'?(c, + ) for /=1, 2; hence

{w,}, {a :

g)t” } and [ 8;?'” } are bounded in L* (¢, + ®) and in W' 2(K) for every
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compact subset Kc (¢, + »). For every n, me N
[(DSy5-1 = D) (w1, = w1,,) B (w3, = w2, ) 120, + )@ 120, 4 0) S
< ||(D1F/1§1*1 - Dl%)(wln - wlm)||L2(r, +oo) T ”(DzFA{jl - DzFo)(LUZn - w2m)||L2(c, +oo) T
+ ||Vug*1(w1n — w12, + o) + ||stg*1(wzn —wr) 12, + )

where

3 1

Vi1 (0) =g T A0 SAap
ot

The first two terms can be estimated as in Lemma 5.3; as for the last two terms, since
under conditions (5.1) and (5.2)

Viy-1eL?(c, + ) NL*(c, + ®),

following the argument of Lemma 5.3 we get the conclusion. m

We still have to check whether the essential spectrum of A ; can contain any other
u € R. The techniques of Lemma 5.4 can not be applied in this case, because D; ;-1 is
a coupled system of differential operators. Hence different techniques are needed. We
have

LemMa 5.8: Let M be endowed with a Riemannian metric of type (2.1), sa-
tisfying  conditions  (5.1) and (5.2). For 1<psN-1, if 0<u<

_ _ 2 _ 2
<min[(N 2p 1) ,(N ZZP-H)], then ¢ 0. (Ayps).

2

Proor: We already know from Lemma 5.7 that for every £elN,

2 _ 2
’(N 2p+1) b
2

N-2p—-1
2

0 (Ds37-1) = | min (

. . | N=-2p-1\* [N-2p+1)?
As a consequence, given a positive ¢ < min [( 2P ) ’ ( 2P ) }, 1 belongs

to the essential spectrum of 4 if and only if there exist a sequence {u} of eigenval-
ues of Ay and a corresponding sequence {®.} of p-forms of type III such that
Up—U as k— + o
and for every £e N
AyPr—up®,=0.
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Since u > 0, we can suppose, up to the choice of a subsequence, that either for every
dyy @D, 20 for every £e N or )P # 0 for every £e N. Let us suppose to be in the
first case. In view of (2.6), dy; D is a (p + 1)-form of type II; moreover,

v @ ll20n < C  for every keN
Aydy®Pr—updy®,=0 for every kelN,
and
Ur—u as k—+ oo,
Hence, u € 0.,(4,,), and, thanks to Proposition 5.6,

(N—Z(p+1)+1)2 (N—Zp—1)2
u> > =

in contradiction with our hypothesis.
If on the contrary we are in the second case, in view of (2.7), 0 Prisa (p —1)-
form of type I; moreover,

[0y @ellzan <C  for every ke,
A0y DPr—up0yPr=0 for every kelN,
and
Ur—>u as k— + o,

Hence, u € 0.,(4,,), and by Proposition 5.5

. N-2p-1-1Y _(N-2p+1}
2 2 ’

in contradiction with our hypothesis.
This yields the conclusion. m

Hence,

ProrosiTioN 5.9: Let M be endowed with a Riemannian metric of type (2.1), satis-
fying conditions (5.1), (5.2); then, for 1 <p<N -1,

2
N—2p+1)], ‘o
2

Remark 5.10: By an argument similar to that of Lemma 5.8 it is possible to show
that if there exist a sequence {u,} of positive eigenvalues of 4, and a corresponding

2

O-ess(AME)\{O} = rnin

>

N-2p-1
2
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sequence {®.} of p-forms of type III such that
ur—0 as k—+
and for every ke N
AyPr—up®,=0,

then 0 ¢ 0 (4 ys3).
Recalling the results of section 3, finally we can completely determine the essential
spectrum of Ay

Tueorem 5.11: Let M be endowed with a Riemannian metric of type (2.1) satisfying
condition (2.3) and conditions (5.1), (5.2). Then, if p # g,

N—-2p—1V [N=2p+1\
O (A y) = | min ( 2p ),( 2p ) , o

whilst if p= g

Ous(dy) ={0} U

1
—, +oo].
4 )

Proor: Thanks to Propositions 5.5, 5.6, 5.9 we have that

_ 2
N 2p+1) ot

_ _ 2
O (Ay)\{0} = | min (N 2p 1), :

2

Moreover, in view of Remark 5.10, 0 can belong to the essential spectrum of 4, if and
only if it is an eigenvalue of A, of infinite multiplicity. In view of Theorem 3.2, this

happens only if p = g The conclusion follows. =
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