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Green’s Functions and Energy Decay
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AsstracT. — We consider a homogeneous space X = (X, d, ») of dimension v =1 and a
local regular Dirichlet form in L2(X, #). We prove that if a Poincaré inequality holds on every
pseudo-ball B(x, R) of X, with local characteristic constant ¢,(x) and ¢, (7), then a Green’s
function estimate from above and below is obtained. A Saint-Venant-like principle is recovered
in terms of the Energy’s decay.

Funzioni di Green e decadimento dell’energia in spazi omogenei

Sunto. — Si considera uno spazio omogeneo X = (X, d, ) di dimensione v = 1 e una for-
ma di Dirichlet locale regolare in L?(X, 7). Si dimostra che se una disuguaglianza di Poincaré
vale su ogni pseudo-sfera B(x, R) di X, con costanti caratteristiche locali ¢,(x) e ¢, (r), allora si
ricava una stima della funzione di Green da sopra e da sotto. Il principio tipo Saint-Venant vie-
ne ottenuto in termini di decadimento dell’Energia.

1. - INTRODUCTION AND RESULTS

We consider a connected, locally compact topological space X. We suppose that a
distance d is defined on X and we suppose that the balls

B(x,r) ={yeX:dx,y) <r}, r>0,

form a basis of open neighborhoods of x € X. Moreover, we suppose that a (positive)
Radon measure 7z is given on X, with supp 7z = X. The triple (X, d, ) is assumed to
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satisfy the following property: there exist some constants 0 <R, < + o, v >0 and a
positive function ¢,(x) together with ¢, ' (x) which belong to L, (X,), where X, is a
relatively compact open subset of X, such that for every xe X and every 0 <r<

<R <R,
(1.1) O<co(x)(£) m(B(x, R)) < m(B(x, 7).

Such a triple (X, d, #2) will be called a homogeneous space of dimension v. We point
out, however, that a given exponent v occurring in (1.1) should be considered, more
precisely, as an upper bound of the «homogeneous dimension», hence we should bet-
ter call (X, d, 72) a homogeneous space of dimension less or equal than v. We further
suppose that we are also given a strongly local, regular, Dirichlet form a in the Hilbert
space L2(X, m) - in the sense of M. Fukushima [4], - whose domain in L2(X, 7) we
shall denote by @[«]. Furthermore, we shall restrict our study to Dirichlet forms of
diffusion type, that is to forms & that have the following strong local property:
a(u, v) =0 for every u, ve M[a] with v constant on a neighborhood of supp #. We
recall that the following integral representation of the form a holds

alu, v) = fa(u, v)(dx), u,ve Mal,
X

where a(u, v) is a uniquely defined signed Radon measure on X, such that a(d, d) <
< m, with de My,.[a]: this last condition is fundamental for the existence of cut off
functions associated to the distance. Moreover, the restriction of the measure a(#, v)
to any open subset 2 of X, with Q c X, depends only on the restrictions of the func-
tions #, v to . Therefore, the definition of the measure a(#, v) can be unambiguous-
ly extended to all 7z-measurable functions #, v on X that coincide 7z-a.e. on every
compact subset of Q with some functions of M[«]. The space of all such functions will
be denoted by M. [a4, 2]. Moreover we denote by @[z, 2] the closure of
@lal N Cy[L2] in @D[a]. The homogeneous metric d and the energy form « associated
to the energy measure a, both given on X;, are then assumed to be mutually related by
the following basic assumption:

There exists a constant £ = 1 such that V x € X, V R with 0 < R < R, the following
Poincaré inequality holds [1]:

(1.2) J |u— U g | dm < ¢ R? J alu, u)(dx)
B(x, R) B(x, kR)

for all #eDla, B(x, ER)], where
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By assumption (1.2), it can be shown the validity of the following Sobolev type in-
equality of exponent s for every xe X, and every 0 <R <R,:

1/s 1/2
1

B(x, R) B(x, R)

where u € Dla, B(x, £R)] and supp #C B(x, R). Let us consider the following simple
generalization of the Poincaré inequality

(1.4) f |0 = T, vy |*dim < cf (R) R? J alu, u)(dx)

B(x, R) B(x, £R)

where ¢ (r) is a decreasing function of 7, then the following Sobolev inequality of ex-
ponent s

1 1/s 172
s < 3
19 | f ul'dm| <7 a(R)R Ja(w,u)(dx)

B(x, R) B(x, R)

can be proved, where we have defined 7(x) = ( sup ¢ '(x) "2 1n this paper we will
Blx, 2R)

fix our attention on Green function estimates from above and below by using an Har-
nack’s inequality obtained in Ref. [5]. Moreover, we will give the behaviour of the Ex-
ergy decay related to the Green function under consideration. We begin here by recall-
ing the results given in [5].

Tueorem 1 [Harnack]: Let (1.1), (1.4), (1.5) hold, and let u be a non-negative sol-
ution of a(u, v) =0. Let O be an open subset of Xy and ue Dy, [O], Vv e @y[O] with
B(x, r)Cc O, then

ess sup # < exp yuess 1nf u,
By B/

where u is the function in L?(m, B) associated with u, y =y(v, k), with k a positive

constant and u(x, r) =t (1) A standard consequence of the previous Theorem

is the following 2

CoroLLARY 1: Suppose that

R
(1.6) Je_w‘("’m d—Q — o for r—0
Q

r

then the solution is continuous in the point under consideration. In particular, if



ulx, 0) =o (log log 1 ), then there exists ¢ >0 such that
o

-4

(1.7) 0sC 4 <c——= 0sC u.

B(x, r) 1 B(x, R)
log —
r

Before presenting the main results we assume that 9B(x, ») be connected and we
prove the following

Lemma 1: Let X EB(x, ;r) —B(x, %r) be a connected set and let | be equal to

sup ¢ L(x) 167, Then there exists a finite number | of overlapping balls of radius
x € B(xg, 2R) —
7/8 joining two arbitrary points x, and x; of X which is at a distance greater than r/2

from the origin.

Proor: X can be covered with a finite set X of balls of radius 7/16. We can assume
that the ball B, = B(xy, #/16) is in the considered covering and we now assume that
every ball in the covering X intersects X, i.e. B; N X # 0 for every i =1 ... [. Since X is
a connected set, there exists a second ball B, = B(x,, #/16) ¢ X with B, N X # 0 s.t. the
closure of B; and the closure of B, do intersect, namely B, N B, # ¢. Consider the set
X,, = B, UB,. By hypothesis on X and X, there exists a ball B; = B(x;, #/16) c X,
By;NX # 0s.t. X;, N B; # . Now we can consider the new set X,,; defined by X,,; =
= B, U B, U B;. By repeating the previous steps, we can say that there exists a ball
B, =Bl(x,, #/16)c X, B,N X # 0 s.t. X;»; N B, # 0. By iterating this procedure we can

construct two sets X; , and Y,.; ; s.t 1X = '—1U B(x;, #/16), gf =
= U1 [B(x,-, 7/16) with
1=n+1...

Indeed if 1X and 11/ | Were s.t. 1X n Y = ¢ this would mean that the space X
e n n+1... n

n+1...
is not connected against the hypothesis. The chain of balls is obtained by joining the

centers of the balls B(x;, 7/16) forming the set

X = U Blx;, /16)
Vol i1

previously built which starts from x; and stops to x;. To obtain the overlapping of the
balls is sufficient to consider B(x;, 7/8) and the new sets

X = U B(x;, /8); y = u ZB(x,-,r/S);

1..n i=1..n n+1..1 i=n+1...
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for every # and the Lemma is proved. Now we can state our main results

Treorem 2 [Size of the Green function]: VB(x,, R) cB(x,, 20R) cc X, and
Vre (O, %], the following estimate holds for all x € 9B(x,, r)

cho(x) exp (—lyu(x, s)) . é Gi < JR 78(x) ¢ (r) exp (yu(x, s)) ;2 é ,
m(B(x, s)) § ; m(B(x, s)) s

where [= sup ¢y '(x) 167" is a finite number of balls of radius r/8 covering
x € B(xg, 2R)

OB(xy, 7).

TueoreM 3 (Saint-Venant-like principle): Let u be a local solution in X, and
B(xo, 4R,) cc X, with Ry=k*R. Let

(1.8) wn = [ Gl sy alu, w)dx).

B(xq, 7)

Then

R
d
(1.9) Y(r) < 0514(5]7’) P(Ry) exp| — fexp(—Zyy(xo, o) ?Q) +

R
d
+exp(— [exp (=5 tuix, 0)) ?Q)zp(Ro).

In particular, if yu(x,r) <o (loglog l) then
r

(1.10) Yir) <

with k= 1.

From the point of view of partial differential equations these results can be applied
to two important classes of operators on R”:



a) Doubly Weighted uniformly elliptic operators in divergence form with mea-
surable coefficients, whose coefficient matrix A = (a;) satisfies

w(x) |E]? < (AE, &) <o(x) |E]°.

Here (-, -) denotes the usual dot product; w and v are weight functions, respectively
belonging to A, and D, such that the following Pozncaré inequality

1/2 1/2

1
VA?wd
|w(B)|J| Awds

1
5 J ) — fy |Pode | <or

o

holds.

b) Doubly Weighted Hérmander type operators [3], whose form is L=
= X¢ (a"(x) X;) where X, h =1, ..., m are smooth vector fields in R” that satisfy the
Hoérmander condition and a = (a”*) is any symmetric 7 X 7 matrix of measurable
functions on R”, such that

w(x)Z(XZ-, EY < 2 a;(x) &< v(x)Z(Xz-, &Y,

where X, &(x) =(X,, V&), i=1, ..., m, V& is the usual gradient of £ and (-, ) denotes
the usual inner product on R”. Then the following Pozncaré inequality for vector

fields

1/2 1/2

1 57 [(Z 165, ) e
B J

—fp|Pvdx| <
B |/(x) = fp |*vdx cr B |

holds, with we A, and v €D,,.

2. - EstiMATES OF THE GREEN’S FUNCTIONS AND CAPACITIES OF BALLS

We define the Green function G§ for the problem

alu, v) = va m(dx) ,
2.1) o

lued)o (O], Yve D,[0],

O is a given ball B(xy, Ry) ¢ X, and x € O. The regularized Green function G , associ-
ated with (2.1) is

a(Gjov) =~ omldn),
(2.2) B(z, 0)

Gy o€ 0], Yoe @[],
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where we have defined ]( = (;) J‘ , with 0 > 0 and B(x, ¢) c O. We de-
B(z, 0) m(Blx, o)) Blx, 0)

fine the capacity of the ball B(x, r) with respect to the ball B(x, dr), d > 1, relative to

the form 4, by setting

cap (B(x, ), B(x, dr)) =min{a(v, v): ve @y [B(x, dr)], v=1 m-a.e. on B(x, r)}.

By Sobolev-Poincaré’s inequality (jj), the minimum is achieved and the unique mini-
mizer u = uy, , is called the equilibrium potential of B(x, r) with respect to B(x, dr),
relative to the form 4.

TueoREM 4: Let G, 4y be the Green function of problem (2.1), © = B(x, dr), with
singularity at x, d =2, B(x, 4r) cc X,. Suppose OB(x, r) be connected, then the follow-
ing estimates hold: My e OB(x, r)

e —lyulx, r) e[},ﬂ(x, )
2.3 <Gj <
2 cap (B(x, r), B(x, dr)) Bs, an () cap (B(x, r), B(x, dr))
and
d_l 2 dZ 2.2 6
04y A oo (B, ), B, dry e LT

m(B(x, 7)) m(B(x, 7))

where ¢ (r) is  the decreasing  function of  assumption (14) [=

= sup ¢ '(x)167".
xeB(xg, 2R)

Proor: Let us consider the cut-off function ¢ of B(x, ) in B (x, (1 + %) r) as
a test function, then

404" m(B(x, 7))
co(x)(d—1)? r?

(2.5)  cap (B(x, r), Blx, dr)) < fa((p,(p)(dy)S
B(x, dr)

There exists a positive Radon measure v = vy, ,) called the equilibrium measure of
B(x, r) in B(x, dr) relative to the form «, such that

(26) d(”B(x, PR Z)) = f Z'}(y) V B(x, r)(dy)
Blx, dr)

Yve My[B(x, dr)]. v is the g.c. version of v, supp Vg, ,C3B(x, ) and

(2.7) cap (B(x, ), B(x, dr)) = alup, ,), tp. ») = Vi, »(B(x, 7).
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. r
Since up, =1, m-ae. on B(x, r), 0 < 5, we have

Ge. bts, an € C(B(x, dr) - B (x > )) N @y [B(x, dr)].

Then

(2.8) atpe, > Gy Bix, dn) = Ja(usu,r), G Ble, an)dy) = ][ -1
Bz, 0)

But

(2.9) a(uB(X, r), Gg, B(X, d,)) = J 56‘ B(x’ dr) (y) ’VB(X’ r) (dy) _
B(x, dr)

- f Gg’B(x’d")(y) VB(x,r)(dy) =1
9B(x, r)

and

(210) 1= J' Gg, Bl(x, dr) ()’) VB(x, r)(dy) = inf )Gg, B(x, dr) V Blx, y)(aB(X, 7,)) —

3B(x, r
OB(x, r)
=1= aBi(nf )Gg, Bx, ar €ap (B(x, 7), B(x, dr))

Therefore
(2.11) 1 S if o

. = 11 0 X, dr 4 x,7) "

cap (B(xv 7)7 B(x, d}’)) 9B(x, 7) 0, Blx, dr) ¥ B(x, r)

But

1= J’ Gg Blx, dr) (y) 1/B(x,r)(dy) < sup Gg B(x,dr)VB(x,r)(aB(X, 7)) >
9B(x, r
3B(x, r)

this implies that

1< sup Gy pi, ancap (Blx, 7), Blx, dr))
9B(x, r)

that is

(2.12) 1 - o
. = su X r)
cap (B(x, 7), Blx, dr)  obiun 2 B0 d)
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Collecting together (2.11) and (2.12), we obtain

1
(2.13) 1nf G Blx, dr) < sup Gy gy, ar
@) Cap (B(x, r), B(x, dr)) é’B(xpr Bl dn-

By Sobolev-Poincaré inequality, for d =2, we have

(2.14)  cap (B(x, r), B(x, dr)) = alup, ,), tpi, ») =

1 1
=z — r) d B ’ ’
d*r?ci(r) ré(x)B(x[) i, () = d?rci(r) T(x) B, 7)
which together with (2.5) shows that
—1)2 2 2 6
(2.15) (d—1)cy(x) r < 1 d (1) 18(x) .
d’40 m(B(x, r)) cap (B(x, 7), B(x, dr)) m(B(x, r))

By Lemma 1, 9B(x, r) can be covered by a finite number / of overlapping balls of
radius #/8 with distance greater than #/4 from x. This set has been denoted as

X = lfJ lB(xZ-, r/8).

Thus on each ball of 15(\ ;a Harnack’s inequality holds

X; yulx, r): X;
(2.16) sup Gy B an S € inf Gy b, an-

Let u(x) = G} p, 4. We begin with B(x;, #/8) and B(x;,, 7/8) both included in X,
then we obtain

u(x;) < sup u(x) < e ”ilr%lf u(x) < ™7 y(x,) <
B, i

< e sup u(x) < (e7*1)2 1£1f ulx) < (772 u(x,),
B, 2

where X; € B(x;, #/8) N B(x;, #/8). Let us consider the ball B(x;, #/8) C 1)?1 as in Lem-
ma 1, then if B(x;, #/8) N B(x,, #/8) # 0 then

ulxy) < (e 7)Y ulx,),
otherwise if B(xs, #/8) N B(xy, #/8) =@ one gets

u(x;) < (757 u(x).
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By iterating the process to the / balls of the chain, we get

ulxy) < ... < (eme 1) igf u(x) < (e MY y(x)) .
/

Then, collecting together the inequality chain and taking into account that z(x) =
= Gy, Bx, 4> We obtain

(217) sup G Blx, dr) < 61}/’“(3{ 7 1nf Go Blx, dr) -
9B(x, r) 9B(x, )

Therefore, by previous results we have

1
< Squ B( d)\elw‘(’” inf G dr)»
cap (B(x, ), B(x, dr))  aBx,» o 8B(x, r) & PO
then
e —lyulx, r)
(218) < inf G@ Blx, dr)

cap (B(x, r), B(x, dr)) B,
On the other hand

1

inf G p,an < < sup G gy oan <
3B, r) & Bl dn) cap (B(x, r), B(x, dr)) 8B(xI,)r) 0, Bl dn)
elj/‘u(x, 7)
= elwl(x g inf GQ B(x, dr) S )
3B(x, r) cap (B(x, r), B(x, dr))
then
ely/t(x, 7)
(2.19) sup G gy an < .
aB(xI,)r) 0, B, dr) cap (B(x, r), B(x, dr))
Putting together (2.18) and (2.19), we get
e —lyu(x, r) e[y,u(x, 7)
(220) < (;éc(xy dr) (y) < .
cap (B(x, r), B(x, dr)) cap (B(x, r), B(x, dr))

Proor ofF THeOREM 2: Let #eN be such that 2r<R<2"*'y ¥i=0,1, ..., n
and let G;* be the Green function in B(x, 2/r) with singularity at x. Then by estimating
from above and by Theorem 4 we have

¢ (277 1) exp (lyu(x, 277 1))
m(B(x, 277 1))

d*(277 1),
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with y € 8B(x, 2/~ 'r). We introduce the function
u;:=G*— Gy in B(x, 2771,

which is a solution of a(x;, v) =0. Indeed,

a(u;, v) =a(GF, v) —a(G/Ly, v) = ][ vimn(dx) — ][ om(dx) =0,

Blx, o) B(x, 0)
with #,€ My [B(x, 277 171)], Yo e My [Blx, 2/~ 17)].

u(y) =G y) ==GLi(y) =0 qe, yedBlx,2 )=

c(r, x) . .
=y —L 1 () e on 8B(x, 27y, Wi=1, ..., n
S B, 2 ) d /

and ¢(r, x) = 7%(x) ¢f (277 '7) exp (lyu(x, 2~ 'r)). By the maximum principle

u;(y) < &(2/’17)2 m-a.e. in B(x, 2/~ '), j=1 "
7 m(B(x, 2]‘—17)) .C. 5 5 y eeey
if
u:=Gj, r— G, in Blx, 2"r),
we find
c,(r, x) i
u(y) S ————(2"r)>  m-ae. in B(x, 2"7).

m(B(x, 2"r))
This yields to

G, p(0) Suly) + 24 u(y) <

j=1

< c,(r,x) @ )2+§”: ¢;(r,x) i1 )2<§”: ¢, (r, x) .

m(B(x,2"7)) S m(B(x, 27 1) BB )

N 2(27r) exp (lyu(x, 277)) ,

G < 2 7°(x) 2 _ d?(2r)

R /gor (x m(B(x, 27r)) (2=
R 2
x 6 cf (r) exp (lyu(x, s)) 5 ds
= Gjj, p(y) < JT (%) A Bx. 3)) £ —.

r

On the other hand, if we proceed to estimate the Green’s function from below, we



have to consider the following initial inequality

co(x) exp (= lyu(x, 277 1r))
m(B(x, 2/~ 1))

Gi(y) = 4221,

By repeating the same steps of the estimate from above we arrive at

R
_[ , d
@2.21) Gl p (y) 2 J e e;?B((x Z!)l)(x D TX

and the desired estimate from above and below of the Green function becomes

R R
co(x) exp (—lyu(x, 5)) , ds . . cf () exp (lyu(x, s)) 5 ﬁ
J m(B(x, s)) . $ S Gl n () S Jr () m(B(x, s)) ! s

r

where we have taken the smallest radius on ¢ (#) because of its decreasing
property.
3. - ENERGY’S DECAY
We first prove a weighted Caccioppoli’s inequality.

ProrositioN 1: Let v be a local solution in B(x,, 47r),

[alv, w)=0
veE Dy [Blxy, 47)1, Ywe My[B(xy, 47)]

(3.1) J G*alv, v)(dx) + sup v?<

B(xg, gr) Blxo, gr)
s”(x , 7) (,‘4( r)slg(x )
<g¢, 0 1447) S~ \Xo J' 02 ) |
M(B(XO) V))

Blxg, 7) — B(xg, gr)

where c, is a constant depending only by q and where we have defined

(3.2) y(xo, r) = sup eyﬂ(z, r)
ze B(xy, r) — B(xq, gr)

and

(3.3) solxg) = sup 7(2),

ze B(xg, gr)
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Proor: Let z€ B(x,, r) and B(z, sr) ¢ B(z, tr) c B(xo, 7), s <t <1 and let ¢ be the
cut-off function of B(z, sr) w.r.t. B(z, ¢r). We choose as test function (pszg, where
G, denotes regularized Green function relative to z and to the ball B(z, 27). Since
@, v, G Mo [Blxg, 2r)1 N L " (Blx,, 27), m) we have

(3.4) O=a(v,¢szz)=J alv, 9*vG2)(dx) =

Bl(z, tr)

f @ GZ aly, v)(dx) + f @*valv, GF)(dx) + f z)Gga(zz,(pz)(dx)z

B(z, tr) B(z, tr)

f 0? Gz alv, v)(dx) + f 0?valv, G2)(dx) + ij;Zwa(v,¢)(dx)=

B(z, tr) B(z, tr) B(z, tr)

_ f¢2G5a(0,v)(dx)+% fa@z 2 G2)(dx) - Jvzwa(m,Gg)(dx)+

Bz, tr) B(z, tr) B(z, tr)

+2 J’ vGg palv, @)(dx).

Z[V
This implies that
1
(3.5) f(pZGga(v,y)(dxH— fa((pz 2 G2)(dx) =
B(z, tr) ZB(z, tr)
1
_1 j202¢a(¢,Gg)(dx)—2 jvcggoaw,q))(dx)s
23(2, 1r) Bz, tr)
< f 1029 |alg, GZ) |(dx) +2 f 1vGE o |alo, @) |(dx) <
Bz, tr) Bz, tr)
1
- f 9> Gialv, v)(dx) + 4 f 0> Gialg, @)(dx) +
4B(z tr) Bz, tr)

1
+ f 0 Gialg, @)(dx) + ¢ j 02 *(GH) " a(GE, G2)(dx).
€B(Z, tr) — B(z, sr) Bl(z, tr) — B(z, sr)

We will now estimate the last term at the r.h.s. of (3.5). Let ¢ be the cut-off func-
tion of the annulus B(z, ) — B(z, sr) w.r.t. the balls B (z, Jr—;r) and B(z,(2¢—75) r),
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then by applying Lemma (7.2) of Ref. [1] with /= o¢v, we find

6.6 [ 00?eAGH G GO <4 [ 0292 (GEP aloge, opv)(dx).
B(z, tr) B(z, tr)

By means of Schwarz rule applied to a(o@v, ogv), we have

(3.7) J (G§)Y alogu, ogu)(dx) <3 J (G{r @ alv, v)(dx) +

B(z, tr) B(z, tr) = B(z, s*r)
120
2 2
r J 02 (GEV mdx)
$ 2,2 *
— (£ — 5)*r* Bz, tr) = B(z, 5*7)
ZZ

Substituting (3.7) in (3.6), it follows

Blz, tr) — B(z, s*r)
480
<[ Gz [ GRaw, o).
5_2 (£—s5)? 72 Blz, 1) = Bz, s*7) Bz, tr) — B(z, s*7)
I3

Let us consider

sup G,
inf G ’

where the sup and the inf are taken on B(z, #7) — B(z, s*r) with ¢ <s*r,we have
that

sup GF | ,
(3.9 0< - = < ot'%(z) exp (2hyulz, r)(t/s*) "2 cf(r).
inf G
By multiplying inequality (3.8) by sup (G§)~" and taking account of esti-

mates (2.3), we obtain zeBlz, ) = Blz, 1)

(3.10) [ oG aGs G <

Bz, tr) — Bz, s*r)

- 719(2) 480 ce =1 2 (y) J’

> Ggmldx) +
(/22" 2(1 — 5)2 12 v Gymlds)

B(z, tr) = B(z, s*r)

10 2lyulz, r) .2
+126 2 (z)(e/t)“4 i (7 f @*>Gialv, v)(dx).
S,

Bz, tr)
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Putting (3.8) in (3.5), taking account of the properties of ¢ and choosing ¢ = exp (—
= 2lyulz, r)(s/t)*" 217 1%(2) /(24 ¢{ (r)), we obtain

(3.11) J ¢>Galv, v)(dx) + % j a(v®@?, GH)(dx) <

B(z, tr) B(z, tr)
<1 [ oGiatw, a0 +4 [ *Gralg, @)dv)
\Z ¢ Goalv, v x) + v Goale, @ x) +
B(z, tr) B(z, tr)
62T IR [ 2 Giale, g)d) +
B(z, tr) — B(z, s*r)
T J 2 Gemtde) + - 5 f 2Gzalv, v)(dy)
_ v m(dx) + — — aly, v)(dx
(t—s5)%r? ¢ 2 2 ¢
Blz, tr) — B(z, s*7) Bz, tr)
“10(2) 6’217/‘“(1’r>6‘2(7‘)(1‘/l‘)2v_2
< ! 0> Giml(dx) .
(£ —s)%r? .
B(z, tr) — B(z, s*r)
Since ¢ =1 on B(z, s7) and by the definition of G; and recalling that ][ =
= (;) J , we have B(z, o)
m(B(z, 0))
B(z, 0)

(3.12) J (pz(Gg)za(v,v)(dx)-l-% fuzm(dx)s
)

Blz, tr B(z, o)

wlO(z)ezlw(z, r) Clz (7’)(5/1‘)2”72

T f 0> GEml(dx) .
—5)’r

Bl(z, tr) = B(z, s*r)

<

Take the limit 0 =07, then G — G* uniformly in B(z, #7) — B(z, s*r), Vs * fixed. By
the Lebesgue theorem in Ref. [2], we obtain for mz-a.e.

(3.13) j G*alv, v)(dx) + % D(z)? <

Bz, sr)

CTlO(Z)ezlﬂt(Z’ ) 612 (7’)(5/1‘)2V_2

PP j v2 G m(dx).
—5)%r

B(z, tr) = B(z, s*7)

<

We take the sup for z € B(x,, gr) by choosing g (0, %), s=[2¢(1-9)1"% t=1—4.
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Then B(z, tr) — B(z, s*r) c B(x,, r) — B(xy, gr) and Vze B(x,, gr) we get

(3.14) f G*a(v, v)(dx) + ! sup 2 <

2 Blx,
Blxo g (x0, q7)
5¢%(%0) 52 (%g, 7) ¢ (7) y
<g, . sup m(dx)
7 z€ Bl(xg, g7)
B(z, r) = Bz, gr)
<c o, r)ei(gr) 5o (o) f v2m(dx) <
~ q ~
B 7
( (Z’ g )) Bl(xg, ) — B(xg, gr)
<c o, 1) e (gr) 3°(x) f v2 m(dx)
! m(Blxq, 7))

Bl(xg, r) = B(xg, g7)
with ¢, = cqg 7" (s/t)*" 7% /(¢ = 5)*.

Proor or THEOREM 3: Let us consider the test function = (#— &) G; ¢, where G is the
regularized Green function relative to z and to the ball B(z, #), ¢ is the capacitory potential of
Bz, sr) w.r.t. Blz, tr). zeB(xy, gr), s<t<1, q to be fixed. £ is a constant. We have

(15 0= fa(u,(u—k)ang)(dx)-

B(z, tr)

. f 0Galu, w)(dx) + fw—k)gaa(u,G;)(dxH f (u—k) Gialu, ¢)(dx) +

Blz, tr) Bz, tr) Blz, tr)

f (pGga(u,u)(dx)-l-% f al(u— kP @, GE)dx) +

Bl(z, tr) Bz, tr)

1
+ j (1~ £) G alu, ¢)(ds) ~ f (u— kP alg, GI)(dx).
Blz, tr) Blz, tr)
Then for o <r, we get

1
(3.16) j #Gialu, u)(d) + 5 f (= k2 mtdx) =

Bz, tr) B(z, 0)
1

-2 [ w=krate, G- | w-b Giatw, @) -
Bz, tr) Bz, tr)

N =

j alg, Gilu— k) =2 [ (a= k) Giatu, ¢)(d) =

B(z, tr) B(z, tr)



1
-2 f Gl k) dvys oy — 2 f (= k) G2, @)(dx) <
Bz, tr) Bz, tr)
< supu—kP+2 f (4~ k) GEalu, @)(dx) <
2 Bz, ) B
1
< supu—br+ L f Gialu, u)(dx) +1 f (= k2 Gialg, @)(dx) <
2 Bz, ) n
Bz, tr) Blz, tr)
1 L1
< — sup (u— AP+ — j Gy alu, u)(dx) +
2 Bz, tr)

77B(z, 1r)
+n sup (u—k)?*  sup  Gicap (Bl(z, sr), B(z, tr)).
Blz, tr) B(z, tr) — B(z, sr)

Then, by the max principle and by Theorem (4), we have for arbitrary >0

1
(3.17) j #Gialu, u)(d) + 5 ][ (= &) maldy) <

B(z, tr) B(z, 0)

1 1
< > sup (u— k) + — J Ggalu, u)(dx)
Bz, m B(z, tr) — B(z, sr)

+n sup (u—k)?*  sup  Gicap(Blz, sr), Blz, tr)).
B(z, tr) B(z, tr) — Blz, sr)

Moreover, the application of Harnack’s inequality on Green’s function gives

(3.18) sup Ggcap (B(z, s7), Blz, tr)) <

Bz, tr) — B(z, sr)

< e ) inf Ggcap (B(z, sr), B(z, tr)) < ct®(2) cf (r) 257,
B(z, tr) — B(z, sr)

where /=16"" sup ¢, '(x). This implies that

x e B(xg, 2R)
1
619 | aGialu, uldn + > |k mian <
Bz, 1) Bz, 0)

1

< — sup (u— &) + nect®(z) ¢ (r) sup e2a ) sup (u — k)? +
2 B(z, tr) zeB(z, tr) — B(z, sr) Bz, tr)

1
+2 f Gialu, u)(dx)

77B(z, tr) — B(z, sr)
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Then, passing to the limit as 0—0 we obtain, by Lebesgue theorem in [2], for 7z-a.e. 2

(3.20) j @Gh, m alu, u)(dx) + %(Zt(z) — k)<

B(z, tr)

1
< | = +nect®(2) £ (r) sup e ) sup (u — k) +
2 zeB(z, 1) = Blz, s7) B(z, 1)

L1 f Galu, u)dx) .

B(z, tr) — Bz, sr)
. 1
We now choose t=1—g, s=2¢, with ge (O, Z]' From

(3.21) sup (u — k)* < (1 +2ncct®(2) ¢ (r) sup o2tz ”) sup (u— k)*+
Bz, tr) z€B(z, tr) — B(z, sr) B(z, tr)

1 f Gialu, u)(dx),

Bl(z, tr) — B(z, sr)
we take the supremum for ze B(xy, ¢7). Then from Theorem (4) we have

(3.22) sup (u— k) < (1+29esd (xg) ¢ (r) s (g, 7)) sup (u— k) +
B(xg, qr) Bl(xg, 7)

21/
41 (%, 7) ) f alu, w)dx) <
Bl(xg, r) —

s
i ( cap (B(xo, 7), B(xg, gr))

B(xg, gr)

< (14 29es$ (x0) e (r) % (xq, 7)) sup (u— k)? +
Bl(xg, )

21
57 (%, 7)
+ — J e o, ) Gy, 20 et u)(dx) ,
n Bl(xg, 7) — B(xo, gr)

with s(xg, 7) defined as in Eq. (3.2). From Proposition (1), it follows that

1
(3.23) f G*a(v, v)(dx)+ — sup v?<
Blxo. gr) B(xg, qr)

< v2m(dx) <

2 xg, P et (gr) s (x,) J’
“ (B(xy, 7))

Blxg, 7) — Blxg, gr)

< chf(qr) f”(xO) r) X()lg(xo) sup Z}Z’
B(xg, 7)
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where s,(x,) has been defined in Eq. (3.3). Thus

(3.24) j G2 o alat, )(dx) < ¢, (qr) s (e, 1) 50 () sup (= B

B(xg, gr) Blxo, 7)

Then, by (3.22) we obtain

(3.25) J Gl 20 @lat, u)(dx) + sup (u— k)? <

B(xg, gr)
Bl(xo, gr)

< [¢,ci (gr) s (xg, 7) s¢¥ () + 1+ 2358 (x0) e (7) s (xo, r)]B(sup)(u — k)P +
X0, 7

3/
L) [ Gt .

n B(xqg, ) — B(xq, gr)

By «hole filling» after having multiplied by #, we obtain

alu, u)(dx) +n sup |u—k|*<

Bl(xg, 27)
B(xg, gr)

326)  (s°Uxp, )+ 1) j G

Blxo, gr)

< sup (u—k)Vlc,ci (qr) s7'(xo, 7) 50%(x0) + 1+ 2mesg (x0) ¢f (7) 52! (x0, )] +
B(xq, 7)

Y(xo, j G, u, u)(dx) .

B(xg, 7)

We now study the last term at the right hand side of (3.26)

627) | G e wd) = [ G el w)(dy) -
Blxg, 7) )

Blxg, 7

_ [ (Gitey, 20-10 = G, o) alu, )(dx).

B(xg, 7)
Here we have taken into account that
xo X0
G B(xp, 2¢ " 'r GB(xO 27)

is a solution of the problem

a(F,v) =0, Yove®B(x,y, 2771,
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therefore by the maximum principle and Theorem (4)

(3.28) inf F= inf F= inf G2

=
—1, =
Bl(xo, 7) 3B(x, 2r) 3B(x, 2r) B(xp, 2™ r)

Co(xO) 72
> cexp (~uta ”(m)

Therefore, by Poincaré inequality, we also have for arbitrary 7€ (0, 1)

(3.29) J o yalu, ) J Gyl 2oty 1)(dx) —

Blxg, 7) B(xp, 7)

(x0) 7
—cexp (—byulxy, ) (%) J alu, u)(dx) <

X0, 7)

sJG"

B(xg, 7)

[ _aba) exp (—yuta, ) 22 [ e-apman,
i B

alu, u)(dx) —

Blxg, 2¢ " '7)

B(xy, 7)) ¢ (k" 'gr) (k" 'gr)?

X0, K~ 1g7)

where 7z denotes the average of # on B(x,, k" 'gr). By choosing 7 such that k~'g = ¢,
we find

(3.30) J G ottty w)(dx) < J G sy, a)(d) —

B(xg, 7) B(xg, 7)
— , 1 _
. co(xg) exp (—yulxg, 7)) sup |4 — 7 |2m(Blxo, g7)),
m(B(x,, 7)) ¢1(gr) Bixg, g

while taking the doubling property of #2 into account,

m(B(xy, gr))

B, ) - 04

we obtain that

(3.31) J oy, a)dv) < J Gyl 2oty 1)(dx) —

Bl(xg, 7) B(xg, 7)

2
v (o) (XO)

—cq” " (exp (—lyulxy, 7))

sup |u—1ul’.
c1(gr) Bxg, gr)
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Taking into account (3.31) and choosing z = £ in (3.26), we obtain

Bl(xg, 27)

332 (x, 1) + ) f G alu, w)(dx) +

B(xo, gr)

v—2 C()Z(xO) — 2
+{n+cg”(exp (=lyulx, 7)) sup |u—7a|*<
Cq (c]r) B(xg, qr)

(333) <y sup |u—u|*[c,cf (gr) s> (xo, ) 50® (x0) + 1+ 2mesg (o) e () 2050, 1)1 +
Bl(xg,7)

+53(xg, 7 J Giley, 20 e, u)(dx) .

Bl(xg, )
Since
(3.34) s(xg, 7) = sup e7%0: ") = exp 5(xq, 7)
ze B(xg, ) — Blxg, gr)
with 5(x,, ) = sup yu(xy, ), we now choose 7 =exp (—2/5(x,, r)) and

dividing by ~ #<Bto- 7 =Bl a7

(3.35) exp (3/5(x,, 7)) + 17,
we have

(3.36) f Gty alu, u)(dv) +

X() qr

2
e —215(xq, 7) +Cq —lyu(xo, r) O(XO)
01(47)

+

sup |u—u|*<

GEZE(XO’ ) +e —215(xq, 7) B(xg, gr)

[c,cit(gr) €250 D 518 (xy) + 1+ 2nesd (xy) ¢ (7) 25500077
< g1 q

—12
= = sup | —u|”+
€51X(x0’ ") +1 B(xg, 7) | |
18 305(xq, 7)

1 ; 3e,ci 2 (gr) 548 (x,) 2500 0

+ m f GB(()X())ZV)(Z(H, u)(dx)\ SEr) sup |Zl_%| +
1+e 0 Blxcr) e o4+ 1 Blxg,7)
X0,7

L[ G et wid)
+ 1+e —5105(xq, ) Blxo, 27) u, u x) -

B(xg, 7)



__38__
On the other hand the first member of previous inequality becomes

& (xo)

1+ qu—zezlz(xo, r)e —lyu(xo, r)
¢ (qr)

sup |u—u|’.

G alu, u)(dx) + -
Blxg, 27) > eslx(xo, r) +1 Blxo, 7)

B(xg, gr)

This means that

3¢, et (gr) si®(xy) €507

(3.37) j Gy, 2 0, 2)(dx) <

sup |u—u|*+

B(xg, gr) 651}()(0) ” +1 B(xo, 7)

0>

+ —1 f G alu, u)(dx) <2cct(gr) e —2[5(x0, ) sup |u—u |2 +

14¢ —5105(x, }’)B< ) Bl(xg, 27) Blxo, 7)
X0, ¥
e atu W
1+e —5105(xq, 7) B(xo, 27) ’ ’
Bl(xg, 7)

In the last inequality sup |« —#|? can be related to the energy by [6]

B(xg, 7)
R
0 2 do
(3.38) sup |u#—u| $c( 0sc u) exp| — fexp —2vulxy, 0) — || <
Bl(xo, 7) Blxo, R) . 0
1 3 d
S ———exp —Jexp —Zylu(xo,g)—g J. |u—u|? m(dx) <

m(B(x,, £R)) ; 0 ) s

< e (2(R) J Ggfx() 2g-1p la, u)(dx):
)

B(xg, #’R

R
d
-exp —jexp(—Zyﬂ(xo,Q)?Q) .

r

Then

R
d
(3.39) f Gty an @t ) (dx) S ccf (qr) e (R) exp | — Jexp ( —2yu(xy,0) ?Q ) .

B(xg,gr) r

1
f Gy aln, w)de) + ——— j G, u)(dx).

x0,2¢ ') 1+ ¢ 25007 X0, 29
B(xg, £2R) Blxp, 7)



If we consider ze€ M[a, B(x,, Ry)1, B(xy, Ry) cX and R < &R, one gets

(3.40) [ Gityagmatu, wd < [ Gy, alu, 0)(dy)
Blxg, 7) B(xg, £R)
and
(3.41) J Gty alu, )ldx) <
Bl(xg, gr)
R
4 dQ X0
<ccei'(gr) exp| — | exp | —2yulxy, 0) — f Glyy. 241 O, u)(dx) +
r e Bl(xy, #2R)
[ Gy atu, ) <
2500, 4 Blxg, 29 ') G\H> #)NAX) =
B(xq, #R)
R
4 dQ X0
< cci'(gr) exp| — Jexp —2yulxy, 0) — f GB(XO’qul,)a(u, u)(dx) +
r e B(xy, #2R)
R
d %
+exp —Jexp(—szw(xo,m)— f Gl 3ty la, w)(d)
Q 2
r Blxo, £2R)

If we make the choice yu(x, ) <o (loglog L ), we obtain by the previous inequality
r

R

(3.42) () <2exp|— Jexp(—log log ! ) d—Q Y(k?R) <
o] 0

r

where

X0, 2g " 1r)

(3.43) pi = [ Gy alu, w)(dx) .
B( )

X0, 7
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