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Periodic and Almost Periodic Linear Isometries of Hardy Spaces

AssTrACT. — Let T be a strongly continuous semigroup of linear isometries of the Hardy space
HP (1 < p < 00, p # 2) of holomorphic functions on the open unit disc of C. The main result of
this paper concerns a characterization of the case in which T is almost periodic. As a consequence of
a detailed analysis of the behaviour of T, it is shown that T is almost periodic if, and only if, its
conformal flow is elliptic. The case in which T is periodic is also investigated.

Isometrie lineari periodiche e quasi periodiche di spazi di Hardy

Sunto. — Sia T un semigruppo fortemente continuo di isometrie lineari dello spazio di Hardy
HP (1 < p < o0, p # 2) delle funzioni olomorfe sul disco unita aperto di C. Un’analisi dettagliata
del comportamento di T mostra che T ¢ quasi periodico se, e soltanto se, il suo flusso conforme &
ellittico. Viene altresi caratterizzato il caso in cui T & periodico.

The present paper, dedicated to the memory of Luigi Amerio, is devoted to the
description of the periodic and almost periodic linear isometries of the Hardy spaces H?
(1<p<oo,p#2).

The Hardy space H™ is the space of all bounded holomorphic functions on the open
unit disc 4 of C; it is a Banach space for the sup-norm.

For 1 < p < oo, the Hardy space H? consists of those holomorphic functions f on A4
for which the integrals

2n

J F e dB

0
are bounded as 7 1 1. Denoting by || /||” the supremum of these integrals, f + || || is a
norm on H” withy respect to which H? is a Banach space: a Hilbert space if p = 2. In this
latter case the theory of linear isometries of H? can be linked to the general theory of

(*) Indirizzo dell’ Autore: Politecnico di Torino, Dipartimento di Matematica, Corso Duca degli
Abruzzi 24, 10129 Torino, Italy.
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linear isometries of separable Hilbert spaces by the fact that, if

+00
f) = Zanz”
n=0

is the power-series expansion of f € H?, then

+00
AP =" lal.
n=0

For 1 < p < 00,p # 2, the linear isometries of H? into H? have been fully described
by F. Forelli in [6] as weighted composition operators associated to holomorphic maps
A — A represented by non-constant inner functions. Using Forelli’s result we will show
that a linear isometry A : H? — HP is n-periodic, z.e. A” = I for some integer # > 1, if,
and only if, there is an infinite set E C A with a cluster point in 4, such that

(A" =f2)

for all f € H? and all z € E.

Forelli’s results were intrumental in the characterization of all strongly continuous
semigroups of linear isometries of T : Ry — L(H?), which was carried out by E. Berkson
in [4] for 1 < p < 00,p # 2, showing that any such semigroup T is a semigroup of
weighted composition operators associated with a continuous flow ¢ of holomorphic
automorphisms of 4.

The analysis of the behaviour of the flow ¢ yields a characterization of the cases in
which the semigroup T is periodic or almost periodic, leading in particular to the
conclusion that T is almost periodic if, and only if, ¢ is elliptic, ze. fixes a point in 4.

In the final section of this paper, the analysis will be extended to H* following a
different approach based on a result by H. P. Lotz, [8], according to which every strongly
continuous semigroup of linear operators acting on H* is uniformly continuous.

As a consequence of this result, any strongly continuous semigroup of linear isometries
H> — H® is the restriction to R, of a uniformly continuous one-parameter group of
isometries of H* onto itself. Surjective isometries H*® — H* were shown (see K.
Hoffman, [7]) — as a consequence of a “Banach Stone theorem” — to be weighted
composition operators associated with continuous flows of holomorphic automorphisms
of 4. At this point, the extension to H* of the results, concerning periodicity and almost
periodicity, established for H? when p < oo is easily obtained (*).

1. - PERIODIC ISOMETRIES

Let A be a linear isometry of the Banach space H? (1 < p < oo;p # 2). According to
Theorem 1 of [6], A has a unique representation

(1) Af =F.foy V f e H?,

(*) Note added in proofs. A forthcoming paper will be devoted to linear isometries of H>.
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with F € Hol(4) and y a non-constant inner function. Being

(2) F = A1,

where 1 is the constant function equal to 1 on 4, then F € H? and ||F|| = 1.
As was shown by F. Forelli in [6], F and y are related by the equation

6) [1Fran= [ 5s

By TME Z@),
M M

where: du is the Lebesgue measure on 94 with u(94) = 1; X is the collection of all u-
measurable sets in 04; X(y) is the collection of all symmetric differences of sets
U=y YE),withE € X, and V =y 1(K),withK € X, u(K) = 0; P is the Poisson kernel

1—|wf
L
11— w7
and
(4) o= |wdn
We consider here the particular case in which y is a Moebius transformation of 4,

az+b

pa) ==——,

bz+a

witha,b e C, |a? — |6 =1,z€ 4.
A first consequence of this choice is that X(y) = 2. Furthermore

2n 2n —
1 : 1 (ae " +b
=— NJ) = — | —————d0b
o JW(e )d 2n Jbe"" —|—ad
0
2

0

2
zz_jm J(ae*”’jLZ) (1 - ie*"" + (gﬁ") - )d@
0
7 5
0
2 > 1
l—|of" =1~|b/a" = —;
la|
1 1 1

TP B -t
a

Since

(fz—‘”) =T
& (bz + ﬁ)
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then,
B Z&_ze’:‘g b
bell +7

— 1 _ dl// i0
ke '(d_z> (<)

=la — by (") > = ‘a

b
P(y(e”))

Hence, (3) reads

J |FfPdu = J ‘ng‘dﬂ VM e Xy),
M M

implying that

|FfP = ‘i;/z/‘ a.e. on 0.

Since (dy/ dz)l/ ? is an outer function, there is an inner function G such that

5) F= G(fi—"z’)l/p,

and the following proposition holds.

ProPOSITION 1: If the inner function y in (1) is a Moebius transformation of A, there is an
inner function G such that

1
(6) A:HPBfHG<i,—lg) p.fot//VfGHp.

Going back to the general case, suppose now that there exist an integer » > 1 and
some z € 4 such that

7) (A")2) =fx) VfeH.
Since
A'f =F, . foyl forp=2,....
where
F,=F.Foy. - .Foyl!,

(7) reads now
(8) F,(2) =1,

and y"(z) = z.
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This latter conclusion implies that either y(z) = z or

Card{z,y(2),...,v" ' (2)} > 1,

in which case, by Proposition 4 of [9], v is a holomorphic automorphism of A fixing a
point a € 4.
Hence, if there is an infinite set E C 4 with a cluster point in 4, such that, if z € E (7)
holds, then y is an #-periodic holomorphic automorphism of A fixing a point a € 4.
Being

and

dy _ 1
(d_z> (“)‘ RERSTrT

then

Since

by (5) and (9) |G(a)| = 1, showing that the inner function G is constant:
Glz) =«

for all z € 4 and some x € 94, which, by (7), is x = e2™/".
Hence (2) becomes

1p
(10) A:Hp9f|—>ezm./”<fl—vzl> .fo¢ V feH".
Theorem 2 of [6] yields then

Traeorem 1: If A € LIH?) (1 < p < 0o,p # 2) is an isometry, and if there exists an
infinite set E C Awith a cluster point in A such that (7) holds for some n > 1, all z € E and
all f € HP, then A is a periodic surjective isometry, with period n, represented by (10),
where y is a periodic Moebius transformation of A.

Vice versa, for any Moebius transformation w of A, such that w" = id, (2) defines an n-
periodic (surjective) linear isometry of HP.

It is worth remarking, at this point, that, if A is periodic, it is necessarily surjective.

In the following sections we shall investigate under which conditions strongly
continuous semigroups of linear isometries of Hardy spaces H? are almost periodic or
periodic. We will begin by collecting some results on continuous flows of holomorphic
automorphisms of 4, [3], [4].
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2. - CONTINUOUS FLOWS OF HOLOMORPHIC AUTOMORPHISMS OF A

Any continuous flow ¢ of holomorphic automorphisms of 4 is defined by a one-
parameter subgroup of SU(1,1).
If the holomorphic automorphism ¢, is defined by
- an(8)  ap(2)
(11 12>ESUOJL

ap(t) a2

ze.
a11 ()2 + a2(2)
(1) =————= (z€ 4,
i a1z + a11(2)
then )
¢, = exp 10,
where

andy e R, ce C,
A direct computation yields

cxp® =140+ (1 = 7)1+ 57 (1 - 7)o+
+§! (IC\2 - y2)21+;—5! (|c|2 — y2)2@+ L=

:(1 +§ (el =) +i’;—4!(lc|2 - V2)2+---)I+
+G+5Q¥—f)+50$—ff+u>0

3! 5!

If |y] > ||, letting 7 = /72 — |c|*, then

cos (rt) + Qsin (72) Esin (7¢)
(11) exp 16 = 7 o ;
Esin (rt) cos (rt) — 24 sin (r)
r r
if [y < |el, letting s = \/|c|* — 12,
iy . c .
cosh (sz) + N sinh (sz) }smh (s2)

exp 1@ = _ ) ;
? sinh (sz) cosh (st) — % sinh (sz)
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finally, if |y| = |¢], then

1+ tc

expt@z[+t@=< o ‘ )
tc 11—ty

Hence, if |y| > |c|, @ defines the periodic flow, with period 7 = 27/, of Moebius

transformations of 4

(cos (rt) + z'Zsin (rz‘))z + Esin (rt)
(12) IR z r 7 L )
;sin (r2)z + cos (rt) — z';sin ()

while, if |y| < || or if |y| = |¢|, the flows defined by @ are expressed respectively by the
Moebius transformations

(COSh (s2) + iV sinh (st))z + € sinh (s2)
(13) ¢, 12— — 3 3

gsinh (st)z + cosh (st) — z‘%sinh (s2)

(1 44 14 tanh (xz‘)) 74+ ¢ tanh (sz)
s s

gtanh (st)z+1— z'?tanh (s2)

and
(14) gz

When |y| > ||, the orbit of any z € 4is a circle contained in 4. If |y| < |¢|, the orbit of
2 is an arc whose extremes lie in 94, while, if |y| = |¢|, the orbit of z is a circle contained in
A and tangent to 4.

By Theorem 6 of [9], if |y| > |c| the periodic flow (12) fixes a unique point a of 4,
which can be determined by looking at the points z € C where

(1 + ity)z + tc
fez+1—ity

d
(15) @ =0VIeR.
Since
(16) %@(Z) _ —c? 4+ 2y +c

_ 29
(E sin (r¢)z + cos (rt) — z‘zsin (n‘))
7 7

the points z € C satisfying (15) are the zeros of the polynomial
e — 2iyz —c,

ze.,

ifc#0,orz=0ifc=0.
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An elementary discussion completes the proof of the following proposition.

ProposITiON 2: The inequality |y| > |c| is equivalent to any one of the following

conditions:
@ is periodic;
¢ fixes a (unique) point a € A.
If Iyl > |e| > 0O, then

if y<0

or

a=il"" if »>0.

If ¢ =0, ¢ is periodic with period 27/|y| and a = 0.
If |y] < |el, (13) yields

b
lim ¢,() =~— /s
e P
5 s
(s—ipz—c c

—G+s+1y s+

) c

(1+z§)z+;

lim ¢,(z) =————=
t—+00 £Z+1—Z
s s

s+t ¢
C wts—iy  s—iy

for all points z € 4 (because

det(* ™ o) 2 det( * o ¢ =0)
—c sy c s—1y '
Hence:

ProposiTion 3: If |y| < |c|, the points

(17) 4=——""€cd4 and p=—"—cou
Sty s—1y

are the Wolff points of the semiflows R.3t— ¢_, and Ry >t— ¢, where ¢, is given by

(13).
For any t € R, they are the unigue fixed points of the continuous extension of ¢, to A.

If y = 0, the Wolff points are —e’#'8¢ and e’ #8¢,
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Finally, (14) yields

ProrosiTioN 4: If |y| = |c| ( # 0), the point l; is the Wolff point of the two semiflows
Rist—¢_, and Ry >t ¢, where ¢, is given by (14).
It is also the unique fixed point of the continuous extension of $, to A.

As a consequence of some of these facts, the following corollary holds.

CoroLLARY 1: If the orbit of some z € A by the flow ¢ is relatively compact in A, then
the set

Fix(¢) ={z€4:¢,(z) =2V re R}

is non-empty (and consists of a unique point).
Vice versa, if Fix(¢) # 0, then the orbit of any z € A is relatively compact in A.

It will be useful in the following to compute an expression, in terms of & and f3, of (13)

when [y| < |c|.
First of all, (13) yields
6) = [(s +29)e* + 5 — Y|z + c(e* — 1)
B (et — )2+ (s —ip)e +s+iy
Since
, c
S+y=— P
and therefore
s—iy=—==—ca,
then
c=(s—iy)p=—caff
Furthermore,
c
s+iy=s—iy===2f.
B
Then
_E(ﬁez"” —a)z+ (e — 1)
(18) ?) = e — 1)z +¢(ff — ae®)
B (B! — a)z — (%' — 1)ap
(e2st _ 1)2 _|_ﬁ — qe2st !
Hence,

de, _ e(a—pf) 2
(19) (d_z> (z) = <(1 — )y + e2tg — ﬂ) ’
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Remark: A direct computation shows that, setting
Z—a

72— p’

0',17/;(2) =

(18) can be written
$,() = 005" (M a,5(2),

which is the expression of ¢, given by Theorem (1.6) in [3].
If |y < lel, Iyl = lels 7] > |el, the flow ¢ is called, respectively, elliptic, parabolic,
hyperbolic.

3. - PERIODIC SEMIGROUPS OF ISOMETRIES OF H”

Let T : Ry — L(HP) be a strongly continuous semigroup of linear isometries of H?
into itself, and let X : D(X) C L(H?) — L(HP?) be its infinitesimal generator.

According to Theorem (1.6) of [4], there are a unique continuous flow ¢ of Moebius
transformations of 4 and a unique family {p, : # € R} of inner functions p, such that

1/p

(20) (T2 =p,) [(ﬂ%qﬁ,) (z)] f(¢,()) Vt € Ry, Vz € 4, Vf € HP.
Furthermore,
Prse® =, @) .0, (8,0) Vi1 € Re, Ve

and ¢+ p, is a continuous map of R into H'.

Vice versa, given ¢ and ¢ — p, as above, satisfying the latter two conditions, the map
Ry 3¢+ T(¢) expressed by (20) is a strongly continuous semigroup of isometries of H?.
The flow ¢ is called, the conformal flow or the conformal group, [4], of the semigroup T.

If the flow ¢ is periodic with period 7 > 0 - and therefore is elliptic, [9] - then, by
Theorem 4.1 of [4], the role of the family {p,:#€ R} is played by the family
{e .t € R, } for some fixed 6 € R, so that (20) is replaced by

1/p

(21) (T ) = K%q@) (z)} f(¢,(), Vz€ 4, Vf € H

and for all € R,

Vice versa, given any real constant ¢ and any non-trivial periodic continuous flow ¢ of
holomorphic automorphisms of 4, the map R > ¢+ T(#) defined by (21) is a strongly
continuous group of (surjective) isometries of H?. For any ¢ € R, ¢, is represented by
(12), with » = 27/7, and the fixed point a is given by Proposition 2. Furthermore

(22) (d% gbt) (2) = (E !

2
—sin (rt)z + cos (r2) — Z‘Zsin (n‘))
7 7
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Hence,

(23) (d% ¢,) (a) = ™%,

. yxr
according as a = ¢

c
We will now describe the infinitesimal generator X of the group T expressed by (21).
As a consequence of (22),

o ¢ cos (rt)z — rsin (r2) — £y cos ()
——(¢,)) = -2
0t 07

— 3 b
(E sin (r£)z + cos (r2) — z'zsin (rt))
r 7

and therefore

1/p
(d) s[4 tp . iy—tcz
- (@{ (&#)e) })t_o‘ T

Forf e H’,t #0and z € 4,

1/p
}(Tmf ~ @) = % { e [(d% ¢;> (z)] /($,2) —f(z)}

By (16),

. d
i /(¢0) /@] = (% 4)) =

X <<% ¢l) (z)) = (-2 +2iyz+c) j,i; :

Since the modulus of the restriction to 94 of the polynomial 2+ — 22 + 2iyz + ¢ is
bounded away from zero, then, by (24),

feD(X):>ﬁeHP,
dz
and therefore
df
(25) D(X):{feHP:d—zeHP}.

Furthermore
(26) X = Xo + 491,
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where Xy is the infinitesimal generator of the periodic group Ty of composition operators
HP > f— To@t)f = f o ¢,, with period 7, domain D(X) = D(X), and

- ) + (—e2 + 2iyz+c) A (2)

Xo ) =2 Z

forall f € D(X) and all z € 4.
We will now establish a condition under which the semigroup T is periodic.

Let zp € 4 and 7 > 0 be such that

(27) (T(2) f)(z0) = f(z0) V[ € HP,
and such that for any # € (0,7)
(28) (T o) # flzo)  for some f € H”.

Choosing = 1, (20) yields

and therefore, by (27),
d 1/p
(29) p-(20) Kd_z ¢T> (ZO>] = 1.

Hence,
f(¢.(0)) =f(20) Vf €H,
¢T(ZO) = 20-

Thus, [9], ¢ is a periodic flow with period 7/7 for some positive integer 7, and
therefore

(30) $.(2) =2 Vze 4
and
(31) ¢$,(a) = a

for all # € R and some a € 4.

The condition (28) - holding for any # € (0, 7) and, given ¢, for some f € H? - implies
that # = 1, Ze. that ¢ has period 7.

Since p,(z) = € for some 6 € IR, (29) reads now

eZ‘(5‘L’ — 1
that is to say,
2
(32) o= ?

for some positive integer 7.
In conclusion, the following Proposition holds.
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ProrosiTion 5: If there are 29 € A and t© > 0 satisfying (27) and (28), the strongly
continuous semigroup T of linear isometries HP — HP (1 < p < 0o,p # 2) is the restric-
tion to Ry of a strongly continuous group of surjective linear isometries of H? which is
periodic with period 7, is represented by (21), i.e.,

(33) (T ) = & Kd% ¢[) (z)} Y 6.)

forallt € Ry, z€ A, f € H?, where ¢ is a continuous flow of holomorphic automorphisms
of 4, periodic with period t, and m is a positive integer.

CoroLLary  2: Any strongly continuous group T of linear isometries of HP
(1 <p < oo,p #2), periodic with period © > 0, is represented by (33) where ¢ is a
continuous flow of holomorphic automorphisms of A, periodic with period T, and m is a
positive integer.

4. - ALMOST PERIODIC SEMIGROUPS OF ISOMETRIES OF H”

Let the continuous semiflow ¢ be elliptic, let 7 > 0 be its period and let the group T be
expressed by (21) with 6 € R. By (26), X is a perturbation of Xj by the operator 75I. Thus
X and Xy have the same eigenvectors, and both the spectrum and the point-spectrum of
X are obtained by translating by 70 respectively the spectrum and the point-spectrum of
Xo. Since ¢ is periodic with period 7 - and therefore also T is periodic with period 7 (and
vice versa) - by Theorem 3.1 of [1] the spectrum o(Xj) of X, consists entirely of
eigenvalues 7727/27 for some 7 € 7, and the corresponding eigenvectors span a dense
linear subspace of H?. Thus, by Theorem 9 of [2], T is almost periodic, and the following
proposition holds.

Prorosition 6: If the conformal flow of the semigroup T of linear isometries of HP
(1 <p < oo,p #2)iselliptic, T is (the restriction to R of) an almost periodic group.

Remark: This Proposition can be proved without appealing to [1] and [2], replacing T
by a group T whose conformal flow fixes 0, that is to say, by the group
t—=TW)=S"oTwoS,
where S is defined by
dy 1/p
e = (%)) fwe yemaea,
and
7—a

=
v ZHl—az
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Since the conformal flow of T fixes 0, a direct inspection of (12) and (21) shows that
there are u,v € R such that

(34) (T f)(2) = e*f ()
for all f € H?, t € R and z € 4 showing that the function #— (T(#)f) is almost periodic.
Thus, also T is almost periodic, and this alternate proof of Proposition 6 is complete.

We will consider now the cases in which there are no fixed points of ¢ in 4.

If the continuous flow ¢ of Moebius transformations of 4 is represented by (14) - in
which case the continuous extension of ¢, to 4 fixes the (unique) point a = ic/y € 94 for
all # € R - then ([4], Theorem 5.1, pp. 408-410) there are constants 0 € R, u € R,
k € C such that

/p

(T(Of)(z) = e/lo—kw—plata/a=2)] sz ¢;) (z)} /($,2),

ze.,

el[ié*ik[,&l*/i(aﬁ’l)/(afl)]

35 T B
53) (TN (2) ezt 1 — ity f(

forallte Ry, z€e 4, f € H?.
Forz=0and f =1 (35) yields

(1 + ity)z + tc
fez+1—aty

et Sk—1)+i(0—tuRk)]
(36) (T(H1O0) — 1 = - —1,
(1 — ity)*?

and therefore

et

(OO =11 2 | =1

(tSk—1)t ‘

Since

e,u(z‘&‘sk—l)z‘
lim — =
t=+00l(1 + £212) /p

1’:—1—00

if &> 0, >0, and
e,u(ti‘rkfl)t

1220 I =
(L+2292)7°
if 3£ <0 and x> 0, there exists some / > 0 such that

lim
1—+00

whenever ¢ > /.
Hence (see, e.g., [5], p. 36),

2V T(1)1 — 1| > [(T(6)1)(0) — 1| > =

for all # > /, proving thereby
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Lemma 1: If the strongly continuous semigroup T of linear isometries of HP
(1 <p < o0,p # 2)is expressed by (35), where the flow ¢ of Moebius transformations of A
fixes one point in 04, then T is not almost periodic.

We will reach the same conclusion in the case in which the flow ¢ appearing in (20)
fixes two distinct points a and S8 of 94. By Theorem 5.11 of [4] the action of T(#) on any
f € HP is given by the equation

d 1/p
(57) (T = & ((d—z ¢,> (z)> £(3,).
where:
d¢ .
¢,(z) and 7; are given by (18) and (19);
— 785+ — /(AR — z—a 2st Z_ﬁ —2st __
R(t,2) = idt — u@p 1)z—[)’(e 1) -l-l)—(aﬁ_ = (e 1),

and 6 € R, u € R, ,v € R, are constants.
We will show that the semigroup T is not almost periodic.
Choosing f = 1 and z = 0, then

- - a2 B 2 (o — f\?
(T(O(O) = exp (zat @ = D5 (= 1) o (e - 1)) x (m) .
Therefore, setting
a4 = ez’a) ﬂ — ez’b

with 2,6 € R, 2 # b mod 2x, so that

%((aﬁ— 1)%) =1—cos(a—>0)
and
?R( B ) _ cosa—cosh
ap—1) 2(1—cosla—b)’
we have
[(T(2)1)(0)| = exp(u(1 — cos (a — b)) (1 — &*)
o (a2st cosa —cosh |e’(a—p) 2
_u(e — 1) 20 —cosa—B) |[&a_g|"
Since

lim [(T()1)(0)] = 0,

t—+00
and therefore

lim |[(TA)DO)] - 1] = 1,

t—+o00
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there is some / > 0 such that, if # > /, then
1
(TAHDO) 1] = 5.

In conclusion, if # > /,
2IT(1 1] > (TODO) ~1] > 5.

That proves

Lemma 2: If the strongly continuous semigroup T of linear isometries of HP
(1 <p < oo,p # 2)is expressed by (37), where the flow ¢ of Moebius transformations of A
fixes two distinct points in OA, then T is not almost periodic.

As a consequence of Proposition 6, and of Lemmas 1 and 2 the following theorem

holds.

THeOREM 2: The semigroup T of linear isometries of HP is almost periodic if, and only if,
the conformal flow of T fixes a point of A. In that case, T is the restriction to Ry of an almost
periodic group of surjective isometries of HP.

5. - SEMIGROUPS OF LINEAR ISOMETRIES OF H*°

So far we have always considered Hardy spaces H? with p finite (and p # 2). We will
now examine briefly the case of strongly continuous semigroups of linear isometries
acting on the Hardy space H* of all bounded holomorphic functions on 4, endowed with
the sup-norm.

Let T : R, — L£L(H*) be a strongly continuous semigroup of linear isometries of H>®
into itself. According to a result by H.P. Lotz, [8], T, as any strongly continuous
semigroup of linear operators acting on H*, is uniformly continuous. Hence, it is the
restriction to R of a uniformly continuous group on R, which will be denoted by the
same symbol T.

Since for any # < 0 and any f € H®

1Al =IT(= TS = ITOfI,

T:R — H* is a group of surjective isometries. According to [7] (Corollary, p. 147),
there are a function ¢ : R — 94 and a family {¢, : # € R} of holomorphic automor-
phisms of 4 such that

(38) TWf =ct)fop, ¥V teR fe H™,

Being c(#) = T(#)1, ¢ is a continuous homomorphism of R into 4. Therefore there is
0 € R such that

(39) c(t) = e V¥ t € R.
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Furthermore

¢5+t:¢xo¢t v S7t€R

and the map ¢ — ¢,(z) is continuous; thus, ¢ is a continuous flow of holomorphic
automorphisms of 4.

If Ty is the group of composition operators in H* defined by ¢, that is to say:
To(t)f =fo¢, forall € R and all f € H*, then

T() = ' Ty(2)

and the infinitesimal generators X and X, of T and T are bounded linear operators on
H* related by (26).

Suppose first that the flow ¢ is elliptic. Arguing as in the proof of Proposition 6, we
reach the conclusion that, if ¢ is elliptic, the group T is almost periodic.

In the other two cases, 7.¢., if there are no points in A which are fixed by ¢, there exist
one or two points of 94 which are Wolff points of the semiflows R>7—¢_, and
R 5 ¢+ ¢,. Thus, denoting by 1 the “coordinate function” 1(z) = z, (38) and 39) imply that
there is £ > 0 such that

1
1T ()] > 3 whenever |¢| > &,

proving thereby that the group T is not almost periodic.
In conclusion, the following theorem holds which extends to H* what we have seen
for H? when p # 2 is finite and > 1.

TueOREM 3: A strongly continuous semigroup T of linear isometries of H® into itself is
the restriction to R, of a strongly continuous group of surjective isometries. It is almost
periodic if, and only if, the conformal flow ¢ associated to T by (38) is elliptic, i.c. fixes a
point of A.

Moreover, T is periodic if, and only if, ¢ fixes a point of 4, ¢ is periodic and its period
is a rational multiple of the period of ¢.
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