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Asstract. — Let (M, &) be an orientable compact 3-manifold equipped with a codimen-
sion-1 transversely orientable foliation, and let S # S2 be a compact orientable surface 7 -injec-
tively embedded in M. This work consists of two parts. First we study the tautness of F; we de-
fine the notions of generalized Reeb component and non-taut component, and we show that the
absence of non-taut components is equivalent to tautness. Then we study the problem of
transversality of S respect to &, and we prove that if F does not contain generalized Reeb com-
ponents then, either S is isotope to a leaf of F or, up to isotopy, S can be made transverse to F
except at —y(S) saddles (i.e. isolated tangency points with index —1).

Foliazioni tese di codimensione 1 in dimensione 3 e trasversalita
rispetto a superfici embedded

SunTO. — Sia (M, &) una varietd compatta orientabile di dimensione 3 con una foliazione
trasversalmente orientabile di codimensione 1, e sia S # §? una superficie compatta orientabile
embedded in M in modo che 'embedding induca un omomorfismo iniettivo di 77, (S). Questo
lavoro si svolge in due tempi. Prima di tutto studiamo &, definiamo la nozione di componente di
Reeb generalizzata, quella di componente non tesa e mostriamo come ’assenza di componenti
non tese equivale al fatto che & sia tesa. Quindi studiamo il problema della trasversalita di S ri-
spetto a J e dimostriamo che, se & non contiene componenti di Reeb generalizzate, allora o § &
isotopa a una foglia di F oppure con un’isotopia § pud essere messa trasversa a J tranne che in
—x(8) selle (cio¢ punti isolati di tangenza con indice —1).

INTRODUCTION

Around 1972 Roussarie [13] and Thurston [16] simultaneously proved the follow-
ing result:
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Tueorem 1: Let M be an orientable compact 3-manifold and let F be a transversely
orientable foliation of codimension 1 on M without Reeb components. If OM # @ then
each component of OM is required to be a leaf of or to be transverse to .

Let @ be an embedding of a compact orientable surface S# 8% in M such that
@y 71(S) =7, (M) is an injective homomorphism. Then @ is isotopic to an embed-
ding @' which is transverse to F except at a finite number of saddle and circle
tangencies.

This theorem plays a fundamental role in the theory of Thurston norm [T2]. Rous-
sarie proved in [Rou] the following:

(*) If S is the torus T2, and if & does not contain components of type I and II
(Reeb-type foliations constructed starting from an annulus instead of a disc), then the
circle tangencies can be isotoped away.

Moreover, in [T2] we find the following statement:

(**) If each leaf intersects a closed transverse curve, then the circle tangencies
can be isotoped away.

This fact is often quoted in literature with hints like «... The same techniques work
in the present case ...» ([T2]) or «...it is well known to experts that...» ([G]), but we
couldn’t find its proof (the most common references are [Roul, [T1], [T2]). Moreover
note that the hypotheses in (**) are stronger than the hypotheses in (*) because, by
Theorem 1.1.5 (Sullivan), the first ones are equivalent to tautness of & whereas it is not
difficult to find a non-taut foliation satisfying the second ones. The purpose of this
work is to give a complete proof of (**) and to specify its hypotheses. Namely, in sec-
tion 2 we define the notion of generalized Reeb component and in section 3 we prove
the following:

Tueorem 2: Let V be a compact orientable smooth 3-manifold. Let F be a codimen-
sion-one, transversely orvientable foliation of class at least C* on V not containing any
generalized Reeb component. If OV # @, then each component of IV is required to be
transverse to F or to be a leaf of T.

Let S be a closed orientable and connected surface of genus =1 and let ¢ : S—V be
a smooth embedding (at least C?) such that @.:m(S)—n (V) is an injective
homomorphism.

Then @ is isotopic either to an embedding which is transverse to F except at a finite num-
ber of saddle tangencies, or to an embedding whose image is contained in a leaf of .

Working on this problem, it is natural to compare the hypotheses

1) (V, F) does not contain generalized Reeb components;

2) Fis taut.
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Remark: The notion of «generalized Reeb component» (GRC) exists in literature,
but its definition varies. E.g. in [G] GRCs are «bundles over §! with fiber a compact
surface § with boundary. The boundary tori are leaves and the interior leaves are
homeomorphic to int (§) and nearly tangent to S except near the ends which spiral in
the same direction about the boundary tori»; in [ET] a GRC in a compact manifold V
is «a submanifold N c V of maximal dimension bounded by tori, such that the orienta-
tion of these tori as leaves is the same as (or simultaneously opposite to) their orienta-
tion as boundary components of N».

In this paper we study only the orientable case and we choose a non-standard ter-
minology. Namely, we introduce the name «non-taut component» to mean what GRC
means in [8], and we use «GRC» in the sense of [G].

In section 2 we study these objects and give some examples. We show how the ab-
sence of non-taut components is equivalent to tautness (Theorem 2.1.6). We see that a
GRC is also a non-taut component but not conversely, so the hypothesis 2) is stronger
than 1). We also show how the geometric nature of the noyion of GRC (and not taut-
ness) plays a fundamental role in the proof of Theorem 2.

Our proof of Theorem 2 will also allow us to replace the general assumption (ab-
sence of GRCs) by a weaker (optimal) assumption which depends on th surface § we
aim to isotope. More precisely we will see that

— GRCs, defined as in 2.3.1, have a complexity hierarchy (essentially the Euler
characteristic of the fiber).

— Theorem 2 hlods true assuming (V, &) not to contain GRCs of complexity
smaller than a certain bound which depends on y(S).

It is may be worth remarking that Theorem 1 does not seem to display the hierar-
chy just mentioned. Assuming  to contain no (genuine) Reeb component, one proves
the result for all surface .

Finally we note that many results of this paper are already well known to experts;
some results of section 2 can be seen as corollaries of work of Goodman [Go], but we
preferred to give independent proofs; the techniques used to prove Theorem 2 are
generalizations of the techniques used by Roussarie in [Rou].

1. - SOME PRELIMINARY FACTS

2.1. Some definitions.

Let M be an orientable smooth (at least C?) 3-manifold and let Fbe a smooth folia-
tion of codimension 1 on M.

DerintTioN 1.1.1: A transverse section X is an interval, smoothly embedded in M,
which is transverse to JF at every point.
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DeriniTioN 1.1.2: A transversal is a smooth embedding ¢ : [0, 1] —M, trans-
verse to F at every point.
A transversal @ is closed if (0)=¢(1) or if (0) and ¢(1) are in IV.

DeriNtTioN 1.1.3: & is transversely orientable if its normal in some Riemannian
metric can be so oriented at every point that the orientation depends continuously on
the point.

If Fis transversely oriented, then for every transversal y the positive orientation of
y is well defined as the one concordant with the orientation of J.

DerinitioN 1.1.4: Fis taut if and only if a closed transversal exists which meets all
the leaves of 7.

Tueorem 1.1.5 (Sullivan [Sul): F is taut if and only if every leaf has a closed
transversal passing through it.

The proof of this theorem is not difficult in the compact case.

Derintrion 1.1.6 (Novikov connected components [N]): If & is transversely ori-
ented and A and B are two different leaves of &, we say A > B if and only if a positive
transversal exists from A to B. We set A > A VA.

We say that A and B lie on the same connected component if and only if A > B and
B>A.

We say A> B if and only if every closed transversal meeting A meets also B.

Tueorem 1.1.7 (Classification of the leaves): Let F be a leaf of F and let = be a
transverse section such that F N\ X # . Then we have one and only one of the following
situations:

1) N F is a discrete set.
2) The closure in X of X NF contains an open set of X.
3) The interior of the closure in 3 of X NF is the empty set. Moreover:
— 1) < F, with the intrinsic topology, is embedded in M
- 2) < The interior of the closure of F in M is not empty <> Fcint (F).

We say:

1) F is embedded.
2) F is locally dense.
3) F is exceptional.

For the proof see [CL]. For the terminology of example2.2.2 we also refer
to [CL].
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1.2. The starting point.

Let V be a smooth 3-manifold with a transversely orientable foliation &. Let R be a
compact orientable smooth 2-manifold different from the disc D? and from the sphere
$% and let @ be a smooth embedding of R in V such that:

i) If OR#0, then for every component y of JR, either ¢(y)cdV or
@(y) cint (V).
ii) @(int (R))cint(V) and ¢ is transverse to dV.

iii) @ is transverse to & in a neighborhood of OR and for every component y of R,
either @(y) is transverse to & or it is contained in a leaf of F.

DerinitioN 1.2.1: One such ¢ is called reduced if the set on which it is not trans-
verse to & consists of:

1) |x(R) | saddle tangencies which, by Hopf theorem, are the only singularities
of the foliation @*(F) (x(R) is the Euler characteristic of R).

2) Some circle tangencies y'...y", /=0, embedded by ¢ into different leaves
L,. Each y’ has a neighborhood M’=y’x [—1,1] x [—1, 1],, where y’=y’x
x {0} x {0}, F={{z=2} zel—1, 1]} and ¢(S5) =y’ x {z= —y?}. Moreover
every y’ is homotopically non-trivial in the leaf L,.

The following result of Roussarie is our starting point.

Tueorem 1.2.2 [Roul: Let (V, &) and R be as above. Assume F not to contain S
leaves and (V, F) not to contain Reeb components. If OV # @ then each component of
AV is required to be a leaf of F or to be transverse to F. Let ¢ be an embedding of R in V
injective.

Then @ is isotopic to a reduced embedding.

Remark: By Reeb’s global stability theorem ([R]), if & contains an S%-leaf, then V is
diffeomorphic to a bundle over S* or D' with fiber $?; in particular 77, (V) = {0} or
7,(V) =Z. Therefore, since ¢, is injective, if 7, (R) is large enough then & cannot
contain a S§2-leaf.

Ipea oF prooF: First of all we put ¢ in a generic position with respect to J, i.e. in
such a way that ¢ has only a finite number of points of tangency. Each of these points
locally looks either like a maximum (or minimum) or like a saddle; since R is different
from D? and 52, x(R) = 0 and then, by the Hopf theorem (see for example [M]), there
are as many maxima and minima (centers) as saddles.

We begin by «flattening out» R near any center. This eventually leads either to a
cancellation with a saddle or to the appearence of a circle tangency, and allows to es-
tablish Theorem 1.2.2.
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1.3. The scheme of the proof.

In order to prove Theorem 2, first of all we observe that, since the surface S is of
genus =1, then 7, (S) is large enough (in the sense of the above remark). Moreover
the conditions i) and iii) are trivially satisfied since 85 = @, and we can easily obtain ii).
Therefore we can apply Theorem 1.2.2.

Once we have a reduced embedding, we can locally modify it near the circle tan-
gencies in such a way as to obtain an embedding which has some annulus tangencies
(or contact annuli) replacing the circle ones, i.e. we make the embedding adhere a little
to the leaves L.

In the cases in which the holonomy of L, is trivial, we try to displace leaf by leaf the
annuli, keeping their boundaries on the image of ¢. The displacement of an annulus
goes on until we find one of the following situations:

— We run into a leaf with non-trivial holonomy.
— We run into a saddle tangency.

— We run into a different contact annulus.

We study all the possibilities and case by case we define a standard move by which
either we make the annulus transverse to & or we go on with the displacement.

When we go on, it happens that the contact surfaces (the annuli) become compli-
cated. So we must be able to displace generic compact orientable surfaces.

By well-ordering the contact configurations, we conclude the proof by induction.
The inductive step is the Proposition 3.1.1, i.e. by a finite number of applications of
Proposition 3.1.1, we come to a minimal configuration in which either we make ¢
transverse to F (except at —x(S) saddles), or the image of ¢ is contained in a leaf of F.

The displacement of contact surfaces is not at all trivial and here we fundamentally
use the absence of GRCs and the injectivity of @, (Theorem 2.3.5).

2. - NON-TAUT FOLIATIONS IN DIMENSION 3, ORIENTABLE CASE

2.1. Non-taut components.

In this part we examine transversely orientable foliations of codimension 1 on
orientable 3-manifolds. We define the non-taut components and show how such com-
ponents are the kernel of «non-tautness».

DeriNiTION 2.1.1: A non-taut component is a connected compact orientable 3-
manifold V with a codimension-1, transversely orientable foliation & such that:

1) @ # AV =Union of leaves.

ii) If we fix an orientation for V and one for &, and we consider on 9V the two
orientations (as boundary of V and as union of leaves of &), then either these orienta-
tions agree on all components of AV, or they disagree on all components of V.



127 —
iii) Every leaf of int (V) admits a closed transversal passing through it.

ExampLE 2.1.2: Let us consider a compact surface SCR?, dS# ¢. Let W =S5 X R
and f= (1/dist (s, 35)) : int (§) — R. We define Fon W as follows: the leaves of Fare
the components of 9§ X R and the graphs of the functions f. = ( f+ ¢), as ¢ varies in R
(see figure 1-a). Now let V = W/7Z (where Z acts on R by translations). Clearly Fis Z-
invariant, so it remains well-defined on V. It is easy to verify that (V, &) is a non-taut
component.

ExampLE 2.1.3: Let S be the pant in R?, S= B((0, 0), 4) \(B((2, 0), 1) UB((—
—2,0),1)) and (W, F) be as in Example 2.1.2. Let ¢ e Diff* (§) be the diffeomor-
phism induced by the rotation of angle 7 around the origin in R* and let V= W/G,
when G, (x, £) = (¢(x), £+ 1) (see figure 1-b). In this case Fis G,-invariant and it is
easy to verify that the result is a non-taut component whose boundary consists of two
tori.

This construction can be generalized by considering any orientable compact sur-
face § (with non empty boundary), any ¢ € Diff " (§) and a foliation & which is G,-in-
variant. The number of boundary tori of the resulting 3-manifold depends on ¢.

Remark: A Reeb component is a non-taut component.
In order to study these components we start justifying their name.

ProrosiTioN 2.1.4: A non-taut component (V, F) is not taut.

Fig. 1. — a): The foliation & defined on W in example 2.1.2, b): The manifold V of
example 2.1.3.
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Proor: By Theorem 1.1.5 it suffices to prove that V has a leaf without closed
transversals. Fix a metric and an orientation for V. It follows by condition ii) of defini-
tion 2.1.1 that the trajectories positively normal to & on 9V are all pointing inwards V
or all pointing outwards V and so no transversal passing through a leaf of 3V can be
closed. m

Remark: By condition iii) of definition 2.1.1 it follows that if V is a non-taut com-
ponent, then Fji(y) is taut.

The boundaries of the non-taut components in Examples 2.1.2 and 2.1.3 consist of
toric leaves. This is not accidental.

ProrosiTioN 2.1.5: If V is a non-taut component, then 3V is a union of tori. (See
also [7]).

Proor: Firstly we fix a Riemannian metric on V and an orientation of (V, &) so
that the leaves of dV are oriented like dV; so the unitary vector field 5 positively nor-
mal to Fis well-defined. Since # is nowhere zero and points outward on 9V, it follows
by Hopf’s theorem that (V) =0 (see for example [M]). Moreover 2x(V) = x(3V),
because if we mirror V in its boundary we get a closed manifold, whose x is 0 and can
be computed as 2x(V) — x(3V). So x(3V) =0.

Suppose now that dV contains $? leaves. Then by Reeb’s stability Theorem [11]
every leaf must be an §?, in particular each leaf in 9V is an S? and then ¥(8V) > 0 (re-
member that 8V # @) which is a contradiction. Then 8V does not contain S? leaves. It
follows that each component of 9V has zero Euler characteristic and therefore it is a
torus. u

The following theorem provides a characterization, via non-taut components, of
foliations which are not taut.

Tueorem 2.1.6: Let M be closed orientable 3-manifold and let F be a transversely
orientable foliation on M of codimension 1. Then (M, F) is taut if and only if it does
not contain any non-taut component.

Proor: First of all we fix an orientation for (M, &). By Proposition 2.1.4 if (M, &)
contains a non-taut component then it cannot be taut. Conversely, suppose & is not
taut. Then by Theorem 1.1.5 there exists a leaf F without closed transversals passing
through it. Let us consider the set X = U {B leaf of F|F > B} (i.e. X = U {B leaf of
F|3 a positive transversal from F to B}).

We observe that from the definition it follows that X is saturated in F (i.e. it is a
union of leaves) and it is an open subset (and then a submanifold) of M. Moreover if
xeBc X and v is a positive transversal from F to B, then we can modify y near B so
that x becomes the ending point of y, therefore X = {xe M|3 a positive tranversal
from F to x}.
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We set W = X, W is saturated in & Consider now a foliated local chart for Fon a
neighborhood U=~ B? x (—1, 1). If x, y € U, we say that «y lies on the positive (nega-
tive) side of x» if and only if a positive (negative) transversal from x to y exists in U. If
x € X and y lies on the positive side of x, then we can find a positive transversal in M
from F to y, therefore y € X. So for each x € X the positive side of x is contained in X.

Now let x e W\ X and U be as above. In U, X lies only on the positive side of x. In
fact, suppose on the contrary that there exists y € X which lies on the negative side of
x. Then x € X and this contradicts the fact that x e W\ X. Moreover if y lies on the po-
sitive side of x then y € X (see figure 2) in fact, since x € W we can find y' € X near x
and such that y lies on the positive side of y', thus, by the above argument, y e X. It
follows that the foliated local chart becomes also a smooth chart for W which there-
fore is a compact submanifold of M.

Recall now that F has no closed transversals passing through it, so Fc W\X. In
particular OW # ¢,

Saying that for every x € 9W the set X lies only on the positive side of x is equiva-
lent to saying that the vector field positively normal to & points inward at all boundary
points of W. In order to see this suppose on the contrary that there exists a leaf
Ac dW whose positively normal vectors point outward of W. Let B¢ X be a leaf which
passes near A into a foliated local chart. Since Bc X, we can find a positive transversal
from F to B. By modifying such a transversal in a neighborhood of B and into the local
chart, we find a positive transversal from F to A (see figure 3). It follows that Ac X
and thus A can’t be contained in OW.

Remark: The argument of Proposition 2.1.5 also works for W, so OW is a union of
tori.

Let us consider now the set X of non-empty submanifolds V of M such that
Vc W, Vis compact of dimension 3, V is saturated in & and the positive transversals
at every boundary point of V are pointing into V. We order &K by inclusion. Since
We X, X #0. Let now {V;} be a chain in %X and let V= [1V,. We claim that V = ¢.

Fig. 2. — Foliated local charts near oW.
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Fig. 3. — How to find a positive transversal from F to A.

In order to see it, consider a sequence x;€ AV, if necessary by passing to a subse-
quence, we can suppose that x,; converges to x. Consider now a foliated local chart on
a neighborhood U of x of the type U=~ B2 X (—1, 1). Since the positive transversals
at every boundary point of each V, point into V;, then the positive side of V; in U
must be contained in V; and so xe V.

Obviously V is saturated in Fand it is a submanifold of W, i.e. Ve X and thus X is
inductive.

Let V, be a minimal element of X. V; with the foliation induced by &is a non-taut
component. In fact the conditions i) and ii) of definition 2.1.1 are easy to verify; re-
garding condition iii) observe that if int (V,) contains a leaf without closed transver-
sals passing through it, we can define a new W as above. Such a W is easily checked to
be strictly contained in V|, which contradicts the minimality of V,. =

CorOLLARY 2.1.7: Let M be a closed orientable 3-manifold and let F be a codimen-
sion 1 transversely orientable foliation on M. If &F does not contain toric leaves, F is
taut.

The proof immediately follows from Theorem 2.1.6 and Proposition 2.1.5.

CoroLLARrY 2.1.8: Let (M, &) be as above, if L is a closed leaf of genus > 1, then L
is met by a closed transversal.

Proor (See ALso [Gol): Suppose the contrary. Then starting from L, we can con-
struct a manifold W as in the proof of Theorem 2.1.6. Now L is a component of oW
which is a union of tori. This gives a contradiction. ™
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2.2. Some examples.

Let (V, &) be a non-taut component. It follows from Definition 2.1.1, and in par-
ticular from condition #z), that int (V) consists of only one component in the sense of
Novikov (1). In fact by theorem 1.1 in [N], if more components are present, then there
exists in int (V) at least one leaf without closed transversals passing through it. There-
fore, again by [N], there exists a leaf A such that A > B VBcint(V) ().

There are three cases:

1) A is embedded.
2) A is an exceptional leaf.
3) A is locally dense.

We expose now an example for case 3) and one for case 2), showing in this way
that all the cases are possible (examples 2.1.2 and 2.1.3 are part of case 1)).

Case 3).

Let X be a transverse section passing through A (i.e. a D! transverse to & and inter-
secting A). Let x; and x, be points of ¥ N A and y be a path from x; to x, in A (see
figure 4).

Let us consider a foliated local chart on a neighborhood of y. Here we can find in
3 two points y; near x; ( =1, 2) such that in X we have (y,, y;) C (x5, x;). Then we
can construct a path d from ¥, to y, such that 0 intersects only A and the leaves inter-

2/
T b

/ ya]
N\

Z2
1 Ty \ To

Y1 >

Situation into the manifold. Local chart.

Fig. 4. — Situation into the manifold. Local chart.

(") See definition 1.1.6.
(®) See definition 1.1.6.
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sected by X (see figure 4). We can now close ¢ with X so as to obtain a closed transver-
sal passing through A and intersecting only leaves intersected by X.

Since A > B Vleaf B, 3 must intersect every leaf in int (V). Moreover, since this ar-
gument works for every transverse section, it follows that each leaf in int (V) is locally
dense. In this case we say that (V, &) is a dense component.

Exampre 2.2.1: This example is a 3-dimensional version of the foliation defined on
the torus §' X §' with each leaf dense. Let us consider R? foliated by parallel lines,
whose angular coefficient is irrational, and let us make the quotient by Z (where Z
acts by translations on the first coordinate of R?). We obtain a foliation on S! X R.
Now we define a foliation on §' x R x (—1, 1) by imposing that on each fence p x
XRX (—1,1) (peS') the leaves are the graphs of the functions £:(—1, 1)—R |

£lx) = % + t. We extend the foliation to S' X R x [ —1, 1] by adding the leaves
- X

S'xRx {1} and §' xR x { —1}. By making the quotient by 7Z (this time 7 acts by

translations on R) we obtain a foliation Fon V' =T? x [ —1, 1] and it is easy to check

that (V, &) is a dense non-taut component (in figure5 S' is pictured as an

interval).

~

ExampLe 2.2.2 (Case 2)): This example is based on Sacksteder’s example of folia-
tion with exceptional leaves on V, X §', where V, is a closed oriented surface of genus
2 (see [CL]).

Let a, b, ¢, d be the generators of 7, (V) so that the unique nontrivial relation be-
tween these elements is aba 'b "'cdc'd ' =1 and let G be the free subgroup of
7,(V,) generated by 4 and ¢. Given £, ge diff* (§') we can define a homomorphism

e

e

-
St x R. Leaf in S' x R x [-1,1]. Fence p x R x [—1,1].

T
>

Fig. 5. — Constructing a dense component.
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@ : (V) —diff " (§1) setting @(a) =F, ¢lc) =g, ¢(b) =q@(d) =1. ¢ is well-de-
fined, since @(aba 'b " tcde 'd ) =fof logogl=1.

Let F be the suspension of ¢, the fiber bundle where F is defined is homeomor-
phic to V, X §*. The leaves of F are transversal to the fiber S' and in one-to-one corre-
spondence with the orbits of ¢ (i.e. the orbits of ¢(s,(V,)) which acts obviously on
$'). The exceptional and minimal sets of & are in one-to-one correspondence respect-
ively with the exceptional and minimal sets of ¢. These correspondences can be visu-
alized considering a fiber S!, a leaf Fe & and finally FN S'.

Considering S' as [0, 1]1/0 ~ 1, we define the diffeomorphisms:

—flx) =x + % (mod 1)
5 el
—elx) = 3 2 s
-3 w23

g(1)=1,g'(1) = %,g(@(l) =0k=2,geC>(S") and such that its graph has
the form of figure 6:

R ETT T T e :
1 :
Y . !
2] v
3 v
1) v
2 v
bl b
3 ' ' '
b A
6 ' ' ' :
(0,00 T I 1 % ¢ 1
6 3 2 3 6

Fig. 6. — The graph of g.

It is known ([CL]) that such a ¢ produces a foliation with exceptional leaves. For

. . 1 . .
instance, the orbit of = corresponds to an exceptional leaf, and an exceptional set for
. . . . . 1
@ is the set K obtained by constructing three copies of a Cantor set in [O, Z]’

1 1 2 5 . 1 . .
[— —], [— Z] (the orbit of 5 is dense in K).

> )

32 3
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We'll see that the leaves which are >-maximal are exceptional. First of all we ob-
serve that if a leaf F passes through (z , 1) (i.e. F corresponds to the orbit of a point
in (% , 1)) then it can’t be >-maximal. In fact, g((% , 1)) c (% , 1) and so, as in case
3), we can find a closed transversal y passing through F and intersecting only leaves

. 5 . . . 1
passing through (Z’ 1). In particular y doesn’t intersect the leaf passing through 5

and so F is not >-maximal. 5
Let now x ¢ K. We'll see that the orbit of x contains points in = 1) and it fol-

lows that maximal leaves correspond to orbits in K and so are exceptional. If

x: (%, %) U (%, ?) U (% , 11), thenzappslyingfwe find a point (in the orbit of x) in
(Z’ 1). If xe(O, Z)U (;, E)U (;, E)’ then applying f we find a point in

(;, —). The Cantor set can be defined by induction starting from C, = [0, 1] and

constructing C,, ; from C; removing each central third from each interval forming C,.

2 5 . , . .
If xe (=, =) and x lies in one of the intervals removed at the step 7 to obtain the

Cantor in (; , %), we have that g(x) e (l , E) or g(x) lies in one of the intervals re-

) . D1 . (2 5
moved at the step 7 — 1 to obtain the Cantor in (— , —) or the Cantor in (;, Z).

Therefore, since f (( % , %)) = (3 , 2 ), with a finite number of applications of f and

g we find a point of the orbit of x in (Z’ 1).
The pair (V, X §', F) is not yet a non taut-component just because dV, = @.
Let us consider a fiber §' with a foliated neighborhood U~ D? x §! where the
leaves of induced foliation are D? x S! and let us remove U from V, X S!. We obtain a
foliated manifold (M;, J) such that dM; =S X §'. Let us consider now a foliation
obtained like in the example 2.1.2 letting § be an annulus C = §' x [0, 1]. Such a foli-

ation is defined on C X §'. We remove from C x S the part (Sl X (% , 1]) x St so
we obtain a foliated manifold (M,, ) such that M, = S' x §'. Finally we can glue
M, to M,, since the induced foliations on the respective boundaries are isomorphic.

We obtain so a foliated manifold (V, ). We let the reader check that (V, ) is a non-
taut component with exceptional leaves.

2.3. Generalized Reeb components and displacements of surfaces.

Let (V, &) be a non-taut component and let A be a >-maximal leaf. If A is em-
bedded, a priori it is not clear if any other leaf in V is embedded or how the other
leaves appear.

DeriniTioN 2.3.1 (Generalized Reeb components): A non-taut component V
which is topologically homeomorphic to A X §', where A is an orientable compact
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surface with a non empty boundary, and such that every leaf in int (V) is embedded
and homeomorphic to int (A), is called a generalized Reeb component (GRC).

Remark: A classic Reeb component is a GRC; the foliations described in examples

3 and are GRCs.

Remark: As the following example shows, the fact that topologically V=A X §!
does not imply that the foliation on V is the product one.

ExampLE 2.3.2: Let us consider the cylinder C; = C X RcR’, where CcR? is the
annulus delimited by the circles of radius Z and 2 , and let us consider on C; the fo-
liation F whose leaves are the graphs of thé functions from C to R £, 0) =tan(p) +
+ r when r varies in R. Let us consider now into the cylinder C,, done like C;, the leaves
L, given by the graphs of the functions g,(0,0) = ————— +» when

(a/27 = (o — @)
n €.

The region between L, and L, . ; is diffeomorphic to C; and so we can complete
the foliation on C, by gluing copies of (C;, &) between the leaves L,. The result is a
Z-invariant foliation (if Z acts on R by translations). The foliated manifold we obtain
by making the quotient, which is a GRC, is homeomorphic to C X S! but the foliation
is not the product one.

Before going on we specify what we mean for «displacement of surfaces». Let & be
the Reeb foliation on D? x §'c R? and let D be a disc contained in a leaf. Let f : 8D x
x [0,1]UDX {0} = D?x S' be a smooth function such that /(D x {0}) =D,
Vte [0, 11£(0D x {¢}) is contained in a leaf L,, the trajectories f( * , #) are normal to
& and (8D x {1}) is contained in §' X §'=3(D? x S') (see figure 7).

£(8D x [0,1])~"
oD x [0,1]UD x {0}

f(Dx{0})

Fig. 7. - f: 0D x [0, 11]UD X {0} »D?*x S'.
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We wonder if such a function can be extended to a function F: D X
x [0, 1]~ D?x §'in such a way that F(D x {¢}) c L, and the trajectories F( * , #) are
normal to &, i.e. we wonder if we can displace the disc D along the route fixed by f.

In general, the answer is no. Novikov showed in [10] how the presence of Reeb
components is the obstruction to extend functions like f.

In this section we examine the generalized problem of displacement of any com-
pact surface A contained in a leaf of a foliation &, along trajectories normal to &, once
the route of 94 is fixed. We see how in this case the obstruction to displace A is the
presence in F of a GRC in which the leaves are homeomorphic to int (A).

In the following V will be an orientable compact (connected) smooth 3-manifold
and F will be a transversely orientable foliation of codimension 1 on V, at least C?; if
9V # @ and S is a component of 9V, then we’ll suppose that Fis transverse to S or Sis a
leaf of & Moreover we’ll suppose a Riemannian metric fixed on V such that:

1) If xedV and F is transverse to AV at x, then here & is normal to AV.

i) If x eint (V), the trajectory normal to & and passing through x attains 3V in a
finite time or it is not adherent to 9V.

ProrosiTioN 2.3.3: Let A be an orientable compact connected surface with non
empty boundary. Let F :[0, 1l X A—int (V) be a smooth function, of maximum rank
at every point and such that:

1) VeelO,1[  F,=F, , i an  incompressible  embedding  i.e.
F..: m,(A) —»m (L, injective, of A into a leaf L,.

2) VxeA the trajectories t—F,(x) are normal to T and f=F . is an
embedding.

3) £ has an extension for t =1 to an embedding f,: OA—V such that each con-
nected component of f(A) is contained in a leaf of F. The set of the leaves which con-
tain f1(0A) will be called L,.

4) Fy(int (A)) N A0, 1[ x0A) = 0.

Moreover let us suppose that there exists x € int (A) such that F,(x) does not admit lim-
it as t—1.

Then there exists a leaf L without closed transversals passing through it. More par-
ticularly, the image of F is contained in a GRC and the image of f; is contained on the
boundary of such a component.

Proor: Let x € int (A) be a point without limit as #— 1. Since V is compact, there
exist a sequence #,— 1 and a point x € V such that #, < ¢, and x, = F,(x) —x. It fol-
lows by the choices on the metric that x e int (V).

Let L, be the leaf containing x. In V x has a foliated neighborhood of type U =
=D?x (—¢, ¢),withD?x {0} cL,and &, = {D? x {¢}}. So, if y € U then the nor-
mal trajectory passing through y also meets L,. Since x; converges to x, definitively
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Fig. 8. — The neighborhood U.

x,C U and then, if necessary by changing the sequence of #;, we can suppose that
x;e D? x {0} c L, V7 (see figure 8).
In order to complete the proof we need the following lemma:

Lemma 2.3.4: Setting A;=F,(A) cL,, we have

X

a) If t<s and F,(A)NF,(A) Z0, then F,(A)CF,(A).
aa) Definitively on i, A;CA; if i<j.

Proor: First of all note that, since F,(A) N F,(A) # @, F,(A) and F,(A) lie on the
same leaf. If #<s we have int(A4,) N A, = 0. In fact, if a point p e int (A4,) N A,
exists, by going back along the normal trajectory of p, one contradicts the hypothesis
4) of Proposition 2.3.3. Moreover, by hypothesis 2), we have 94, N 9A, = @ and there-
fore A,c A,. Point a) of the lemma is thus proved.

Regarding point aa) it suffices now to prove that definitively on 7,
int (4;) N A;# 0. In order to see it, suppose the contrary. Then for the metric induced
by V on L, we have dist; (34,, 9A,) < dist; (x,, x;) that converges to 0 (in U we have
disty(x;, x;) ~ dist;, (x;, x;)). Let us consider in V a neighborhood O of F, (8A) (on 34
F admits limit) of type N X [0, 6] where N is a neighborhood of F;(9A) in L, of type
Fi(3A) x (—¢, ¢) with F,(84) <> F,(34) x {0} x {0},

Fi(0A)

Fig. 9. — The neighborhood O.
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_‘D Ait1

Fig. 10. — The same position «wrapped up» in two different ways.

If we take 0 and & small enough, we can make the foliation induced on O be
{Nx {x}}. Since the trajectories F,(x) are normal to & we have that for
«near» 1, dist; (8A;, dA;) = 2¢. Since t;— 1, only a finite number of ¢ is «far» from
1 and so inf dist; (9A;, 3A;) > 0; i.e. the distances dist; (8A;, dA,) are lower bounded

i<j ’

and  therefore cannot converge to 0. It follows that 3n|Vi,;>n
int(A)NA;=0. =

By the hypotheses on F, Vze [0, 1) e >0 such that F|,  is an homeomor-
phism with its image; in particular F is an open map. Moreover F sends A X { * } on
the leaves of & which so induces on F(A X [#—¢, ¢+ €]) the product foliation. In
particular, it follows that the set {#e (%, 1) |F,(A) N Ay# @ (and then F,(A) >A4,)}
cannot have cluster points different from 1 and then, if necessary by changing the se-
quence of {#}, we can suppose that F,(4A) N (U,A,) =0 Vie (4, 1) \{z} (between
and ¢, the trajectories F, turn only one time). In order to understand better what is
going on, see the figure 10.

Let ¢,=F, ' oF,:A~int(4). ¢, is a homeomorphism between A and
@, (A).

For 7<j we set V;=F(A X [¢;, t;]). We have some simple facts:

- V;=V,_,,; Vi<j and so we'll speak of V; rather than of V.
— V;is a manifold, angular at F, (6A4) U F, , (9A4), whose boundary is formed by
C}' = (A]'\Aj'_ 1) CLX and B] :f([j]_ 15 f]])

— F is injective on A X (£_,,¢) in fact, otherwise, by considering two
points (a, s),(b, t) e AX (t;_y, t;) such that F((a, s)) = F((b, t)) and going back
along the normal trajectories passing through these points, one contradicts the
fact that the F, turns only one time between # and #,,. Since F is open,
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p € fi(0A)

[l

Fig. 11. — The transversal y.

we have that V;=F(A x (¢,_,, #,)) is homeomorphic to A X [0, 1]/~ where we
set (x, 0) ~ (¢;(x), 1).

— The positive normals to & along C; are all pointing inward V; or all pointing
outward V; depending on the orientation.

We see now that each leaf of L; does not have closed transversals passing through
it. Let  be a transversal passing through a leaf L ¢ L;. If necessary by changing y in a
neighborhood of L, we can suppose that y passes through a point p € f;(3A) and that
here it locally agrees with a normal trajectory.

If j is large enough, then y enters into V; passing through B; (see figure 11).

In order to be closed, y must get out from V;, but it can do this only by passing
through B; and therefore remaining in V,, ;. Since this happens V7=, then y can-
not get out from U V;= UV, and then it can’t be closed. This argument works for

=i 7
every leaf in ;. It follows that W= L, U (U V]) is a non-taut component whose boun-
dary is L;. /

We see now that W is a GRC. First of all we show that each leaf in int (W) is em-
bedded. Let L be a leaf in int (W). We have that L = U;L; where L, is a leaf in V; and
L;.,>L,. Fix now ;. Each leaf in V;is embedded and then there exists a transverse sec-
tion X c V, such that ¥ N L; = 1 point. Suppose that ¥ N L;= p and that XN L, ; con-
tains also a point ¢ # p. In V; let F, (A) and F, (A) be the leaves containing p and ¢,
say #,<t,, and let F;(A) =L, ; F, (A) and F, (A) are both contained in F,(A).

Going back for (#, — £ ) along the normal trajectories of F, F, (4) ends up in
Ay, F(A) in F,_ ., which so contains A, and therefore F, ., , and 4, ,
must coincide (between #;_; and ¢ the trajectories F, turn only one time). But now the
presence of F, ., -, CA; contradicts the injectivity of F|, ot This argument does
not depend on 7, it follows that there exists X such that XN L;=1 point V;.

Suppose now that L is not embedded. Then ¥ N L must contain at least two
points. Let a be a path in L which connects these points. Since int (W) = UV, there
exists 7 such that a c V,, therefore ¥ NV, = at least two points and this is a contradic-
tion. It follows that L is embedded.
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L S S W !

Fig. 12. — The projection p.

We see now that W is homeomorphic to A X S! and that the leaves in int (W) are
homeomorphic to int (A). ¢,: A~ int(A) is an embedding of A with its image and by
the fact that ¢ ,.: 7, (A) — 7, (A) is injective follows that ¢;(A) is a retract of A (if A
is a surface of genus g with & holes, ¢,; must send holes around holes) and then V,=
~Ax [0, 1]/~ is homeomorphic to A X S'.

Similarly, by injectivity of ¢, it follows that each Lc int (W) is homeomorphic to

int (A) (remember L. U A,).
s s.t.A,CL

L, is a union of tori and, for 7 large enough, the normal projection
p: Li\fi(BA) = 3V;\B,=C, is well defined and is an isomorphism (see fig-
ure 12).

For 7 large the set M generated by the normal segments between L; and 9V, is
homeomorphic to L, X [0, 1] and then W =M UV, is homeomorphic to A X §*.
Therefore W is a GRC and the proof of Proposition 2.3.3 is concluded. m

With the following theorem we end the description of GRCs as an obstruction to
displace surfaces. This result plays a fundamental role in the proof of Theo-
rem 2.

TrEOREM 2.3.5: Suppose that (V, &) does not contain GRCs (). Let F be a function
satisfying the conditions 1)-4) of Proposition 2.3.3. Then F admits a smooth extension
at t=1 to an embedding F, of A into a leaf L, in such a way that F,|,, =f,.

Proor: By the Proposition 2.3.3, F has a unique extension F; in the obvious way.
Since A is connected, the image of F, is contained in only one leaf L;. We only have to
prove that F; is a smooth embedding.

Since F has maximum rank at every point and the trajectories F, are normal to &,
also F, is smooth and it has maximum rank at every point and then the integer degree
of F, (= {F, "(point)}) is constant on the connected component of L, \f;(8A) and
changes by one passing through f;(0A). We complete the proof by showing that V
pefi(8A) F ' (p) =1 point.

Let p be a point in f;(9A). Suppose now that there exists x e int(A) such

() For example if F is taut.
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that F,(x) =p, since f; is an embedding 3! ye dA such that f(y) =p. Consider
now a foliated local chart on a neighborhood of p, there are two cases:
1) The normal trajectories y, and y, reach L; by the same side.
2) y, and y, reach L; by opposite sides.
Going back along the normal trajectories, the case 1) leads to contradicting the hy-

pothesis 4) of Proposition 2.3.3; the case 2) cannot subsist because we have supposed
that & is transversely orientable. ™

4. - THE PROOF OF THEOREM 2.

3.1. The strategy.

Let (V, &) be as before. This section is entirely dedicated to proving the following
proposition:

ProposiTioN 3.1.1.: Suppose (V, F) does not contain GRCs (*). Let S be an orien-
table connected closed surface of genus =1. Let ¢ : SV be an embedding such
that:

— Qg T (8) = (V) is injective.

— 3 {R"},c; where R' # D? is a regular connected compact surface contained in S,
OR'# 0, such that j.: m,(R?) =7, (S) is injective (j is the inclusion map), and such
that N7 @(R") is contained in one leaf of F named L' (we’ll name such a R' a contact sur-
face or a contact component).

— On S\U R the foliation induced by F (the pull-back foliation ¢*(F)) has only
saddle singularities and @ |, .. is transverse to F except in the saddles (there are not
any circle tangencies).

@ is transverse to F on the boundaries R'.

— @ is smooth (like F) except on U R’ where it is angular.

The saddles lie on separate leaves (it is not restrictive to suppose this because
we can always obtain it).

— (*) For all i there exists a neighborhood W' of @(R?) in V of type U’ X [ —
— &, £], where U’ is a neighborbood of ¢(R?) in L', such that, called W'+ = U’ x (0, €]
and W'~ =U'X [—¢,0), we have p(S)NW'" =0 or p(S)NW'~ =¢.
Then @ is isotopic C) to a @' which satisfies the preceding conditions plus one of the
following three:

(*) For example if & is taut.
() Clearly such an isotopy cannot be regular but it will be only C° on § and like F on
S\Usr’".
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- #{(R)'} <1

- #{(R")'} <#{R'}

— #{(R")'} = #{R"} and the number of saddles of ¢*(F) on the transverse re-
gion is strictly smaller than the one of (¢')*(F).

Remark:  — (# saddles) + Z;{(R") =(S) and then I is a finite set.

Remark: If we consider the following order on the set of embeddings which satisfy
the conditions of Proposition 3.1.1:

[ —#{(R")'} <#{R'}

or

¢ <g < & —#{(R")'} =#{R'} and the number of saddles
of @*(F) on the transverse region is strictly

| less than that of (¢')*(F).

then the proposition says simply ¢’ <l ¢ exists.
Lemma 3.1.2: The Proposition 3.1.1 implies Theorem 2.

Proor: Given a reduced embedding ¢ in the Roussarie sense (1.2.1), if ¢ does not
have circle tangencies we have finished. If ¢ has some circle tangencies, by flattening
out ¢ around such tangencies, we can find an isotopy from ¢ to a ¢’ which has «con-
tact annuli» instead of the circle ones, and which satisfies the hypotheses of
Proposition 3.1.1.

By applying the Proposition 3.1.1 and by <I-induction we find an isotopy from ¢’
to a ¢ such that #{R'} < 1.If #{R’} =1, then there is only one contact component
and then the image of @ is contained in only one leaf; if #{R’} =0, then @ is trans-
verse to F except at —x(5) saddles. m

The idea of the proof of Proposition 3.1.1 is to try to make ¢ adhere to the leaves
as much as possible and to examine the obstruction when we must stop.

We start by displacing the contact components along the route fixed by ¢; when it
is not possible to go on, and Lemma 3.2.1 will say when and why, we define some szan-
dard local moves by which we’ll be able either to go on with the displacement (we’ll
see that in this case we eliminate one saddle by incorporating it with the contact sur-
face), or to eliminate some contact components by making them transverse to F
(Proposition 3.3.3).

Noration: If there are not ambiguities, we’ll name S both § and ¢(S), R’ both R’
and @(R?) and, sometimes, we’ll omit the index 7.
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3.2. Displacement of contact surfaces.

In order to define and apply the standard moves, we must firstly prove some tech-
nical lemmas which provide for the displacement of contact surfaces as far as it is pos-
sible. These lemmas also classify the situations in which we cannot go on with the dis-
placement and they fundamentally use the Theorem 2.3.5.

Every saddle ¢ has a foliated neighborhood M, of type [ =1, 11’ (parametrized by
(x, y, z)) in which the leaves are the planes {z =const.} and ¢(§) "M, = {z=x"—
—y2}. In the following we’ll suppose a Riemannian metric is fixed on V such that the

manifold (p(S\U Ri) is normal to & except in neighborhoods N,oM, of type
[—1—¢, 1+e] (.

Lemma 3.2.1: In the bypotheses of Proposition 3.1.1, for all i there exist T = 0 and a
smooth map F':[0, 1] X R'—V such that:

i) Setting V't F/(x) = F'(¢, x), F} is an embedding onto R' and F/ is an embed-
ding into a leaf L, for 0 <t <.

ii) f'=F{, . s an embedding into (S\R") and, for every x € OR', the trajec-
tories t—>f'(t, x) are normal to the traces FN@(S) for the metric induced by V on
@(8), if t#0.

iii) The map F' is of one of the following types:

a) F!is an embedding. Nx € R' the trajectories t— F,(x) are normal to F and
F* has maximum rank at every point (if T #0). The holonomy below R! = F!(R")cL,
is not trivial (see figure 13).

0) >0. Vxeint(R) the trajectories t—> F!(x) are transverse to F. Fl is an
immersion, it is injective on int (R') and there exists a saddle g such that g € F{(3R"). F*
has maximum rank except in g, x € R the trajectories t— F!(x) are normal to F except
in the neighborhood N, (see figure 13).

a)/,,_ysou%") 6)
—(5)
N~ T
Fi(Ri q

Fig. 13. — Cases a) and 0).

(®) Plus the conditions fixed in section 2 at dV.
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Fig. 14. — Case 7).

n) ©>0. F!is an embedding and j # i exists such that R’ N F.(8R") = . F'
has maximum rank at every point and the trajectories t— F}(x) are normal to F (see
figure 14).

Proor: For every 7, let us consider the set X of maps @ : [0, v] x R— V (7) with
v =0, satisfying the conditions i) and ii) of the proposition plus one of the following
three:

o) The trajectories t— @,(x) are transverse to J and normal to F except, if by
chance, in the neighborhoods N,; @ has maximum rank at every point, if v > 0. The
holonomy below @, (R) is not required to be non trivial.

0’ v>0. @, is an immersion, it is injective on int (R) and there exists a saddle ¢
such that g€ @,(0R). @ has maximum rank except in ¢. The trajectories r— @, (x)
are normal to F VxeR except in the neighborhood N,. In N, the trajectories r—
— @ ,(x) are transverse to F for all xeR and = v.

n) Like in the proposition.

X is not empty because it always contains the embedding R+ R (v = 0). We order
X by the relation

P <Y < Imm (P)cImm (¥P).

We'll use the Zorn lemma to obtain a maximal map @. Such a @ will be clearly of type
a', 0’ orp. If it is of type 77, we have finished. If it is of type a’, then the holonomy
below @, must be non trivial otherwise we can extend the definition interval and ob-
tain so a @ > @, that contradicts the maximality of @ which then is of type a. Finally
if @ is of type ', we can modify it by an isotopy with support in N, in such a way as to
obtain a @ of type §.

() Read: @%:[0, v'] xRV,
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A maximal @ of type a or  provides the request F*, otherwise the F is given by ®.

Remark: In the case in which v = 0 and the maximal @ is of type a’, the hypothe-
sis (*) of Proposition 3.1.1 is essential to conclude that @ is of type a.

We'll see now that X is inductive. Let {@;},. be a sequence of elements of X
with @, < @, ; since the maps of type ' and 7 are clearly maximal for <, @, is of
type a’ for all 7.

If necessary by reparameterizing the maps @, we can suppose that for all 7 we
have

—v,<v,.; ([0, v,;] is the definition interval of @)

- (pi“\[o,mxx =0,
We can now define

k_
@ = (pz'|k—th component of R

The images of the ¢% are annuli, called Sf, embedded in @(S\R); FNS# is made
up by circles parameterized, via ¢f, by {¢} x (k-th component of 3R).
Moreover we have

Sl'kCS,kJrl, S,kﬂSiZZQ lfl¢k

Let $*= U Sf. If necessary by reparameterizing the maps @;, we can suppose that

v;—v >0 and therefore we can define:

— Amap @:[0, v] X R~ V such that ¢, D

xaR)szJSk

and @([0, v] X

0,vi1xaR Z|[0, vj1x 3R

A map @ :[0, V[XR—V such that & =&,

There are two cases:

) S NS'=gVi=k
2) Ak=]st. SENSi=0

CASE 1)

Case 1) has two subcases:

1.1) The trajectories +— (¢, x) are all transverse to F up to v included.

1.2) A point xe€JR exists whose trajectory (¢, x) becomes tangental to F for
t=w.
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In case 1.1) we directly (%) apply Theorem 2.3.5 to the map @ and extend it at ¢ =
= v, obtaining in this way an upper bound of type a’ or # for the maps @,.

Remark: If C’is a connected component of OR?, ¢(C’) is a leaf of FN¢(S). In this
case ¢ does not touch the singularities of FN¢(S) and so, if we are in the case 5 and

@(C"YN AR’ =@, then ¢(C?) c AR/,
Case 1.2).

Since the foliation & is tangental to ¢(S) only in saddle points, @ (¢, x) converges,
for t— v, to a saddle g. Moreover, since the trajectories #— @(¢, y) are normal to the
traces F N @(S), there is at most one point y € IR, y # x such that the trajectory @(¢, y)
converges to g. Finally, since the saddles lie on different leaves (by the hypothesis of
Proposition 3.1.1), there are no other points of dR whose trajectories become tangen-
tal to F for t—v.

Observe that @ satisfies the hypotheses of Theorem 2.3.5 except in the neighbor-
hood N, in which the trajectories — @,(x) are not normal to J. Suppose that @
comes into M, from the top and that y # x exists with ¢(z, y) converging to g; i.e. that
Imm (@) "M, ={(x,y,2)el[—1,1F st. z=x*—y? and. z=0} ().

We can modify @ near ¢, by an isotopy with support contained in a neighborhood
N,>M,, and obtain a @' such that the trajectories #— @/ (x) are normal to & and in
such a way that @' satisfies all the hypotheses of Theorem 2.3.5.

It follows that @' admits an extension at #=v. We can now modify, near

o(S)
\\ /\ /I
! i X / ' :
3 (OR") | 7 | ®(3RY)
L, \\ ,’/
\ \\\\ ? ”’,I

Fig. 15. — A possible section of the neighborhood N, ({y =0 and x=0}).

(®) Tt may be a saddle g exists for which Imm (&) N M, =0 and so the trajectories t— @,
are transverse but not normal to J; if so, we can modify the metric in M, to make them normal
to F and then apply the Theorem 2.3.5. Observe that in this case the extension of @ cannot tou-
ch more contact components, since Yg; M, "R/ = 0, and then it must be of type a'.

(°) The hypothesis that @ comes from the top is not restrictive.

If y # x does not exist with @(z, y) converging to ¢, then Imm (@) "M, = {(x, y, ) e [ -
—1,1P st z=x?—9%, 220 and x =0} and the proof works mutatis mutandis.
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g, the extension of @’ to obtain an extension of @ which is of type 6'. The
extended @ is an upper bound for the maps @,.

CASE 2)

Observe that since & is transversely orientable, in this case the trajectories z—
— @(t, x) cannot be all transverse to & up to v included.

Therefore, in case 2), there exists x € IR whose trajectory @(z, x) becomes tangen-
tal to F at £ =v.

Then we proceed exactly as in case 1.2) and we find an upper bound of type 0 ' for
the maps @,.

Therefore XK is inductive and the lemma is so proved. =

Remark: In the case in which the map F’ is of type &, we can suppose that the
holonomy below F/(R) is trivial. In fact, above it is trivial since we come from the top
with F’ and, if the holonomy below F/(R) is not trivial, it suffices to push up a little
the saddle 4 and we can make this by an isotopy with support contained in M, and in
such a way as not to modify the previous conditions.

In the following we’ll suppose that, in the case J, the holonomy of F/(R) is
trivial.

After applying the Lemma 3.2.1 to a contact component R, we reparametrize the
map F in such a way that 7=1 (if =2 0).

In the cases « and 5 we have the maps F: R X [0, 1] — V which are immersions
and embeddings locally in ¢, i.e. each #€ [0, 1] has a neighborhood U such that F,
is an embedding.

In the case & we have two cases:

— f; is injective on OR
— £, is not injective on J9R.

It follows from the proof of Lemma 3.2.1 that if £; is injective, then the map F is an
immersion and an embedding locally in #, and one x € OR exists such that £(x) con-
verges to a saddle ¢ (i.e. £, (X) = ¢). If £, is not injective, there exists x and y # x € IR
such that £ (x) = (y) =¢g. We'll consider now what happens in this case.

Lemma 3.2.2: In the case & Azeint(R) such that F,(z) =q.

Proor: Suppose on the contrary that F; (z) = ¢ with z € int (R). Remember that for
all # F,(R) is contained in the same leaf L, and that the trajectories #— F,(x) are trans-
verse to & for all xeint (R). Let us suppose that F comes from the top in M,.

If the trajectory F,(z) N M, is contained in {(x, y, z) € M, such that z <x* —y?},
then it cannot be transverse to & (in effect it becomes tangental to & in ¢); then
F(x)NM,c{(x,y,2)eM, st. 2>x*—y°}.
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¢ L

. \Ft(z) |
Fy(z +(v)
.q

Fig. 16. — How the path & may be in the section {y=0 and x=0} of a neighborhood N,.

It follows that f; is not injective and that, if x and y are the points of IR for which
£ (x) =£(y), for ¢ near to 1 an embedded path £:[0, 1] — F,(R) exists from F,(x) to
F,(y) contained in L, N M, (see figure 16).

The loop £U (LJ[F(S, x) U F(s, y)) is contractible in V; by going back along the

trajectories F; passing through &, we can find a loop 8 embedded in ¢(S$) which con-
tains the trajectories passing through x and y, and which is contractible in V.

Since @ : 7,(S) —m, (V) is injective, 8 is contractible also in ¢(S) and then it is
the boundary of a D? embedded in ¢(S).

In the induced foliation ¢*, the orbit through ¢ is an «eight» (contained in
F,(8R)) and, since the trajectories f,(x) are normal to the traces FN¢(S) and since F
is transversely orientable, one of the two lobes of the eight is contained in D? (see
figure 17).

It follows that such a lobe is contractible in § and then it is the boundary of a disc
D in S (see figure 18).

Observe that, by the hypotheses of Proposition 3.1.1, for all 7 7 .: 7, (R?) =, (S)
is injective (; is the inclusion map) and then in D there are no contact compo-
nents.

CE &>

Fig. 17. — In § the leaf of ¢ is an «eight».
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Fig. 18. — A lobe of the saddle is contractible. This cannot be.

The vector field positively normal to &N ¢(S) for the metric induced by V on ¢(5)
is transverse to D (%) and so, by the Hopf theorem (see for example [9]),

1 =x(D) = X index of the vector field

and then in D there are singularities of positive index (i.e. of type maximum or
minimum) but this is a contradiction because, by hypotheses of Proposition 3.1.1, the
only possible singularities of FN¢(S) are of saddle type and then they ave index
-1 =

As a corollary of Lemma 3.2.2 we have that, in case 9, if £ is not injective F is an
embedding of R/x~79 and F is an immersion, and an embedding locally in ¢, of
Rx[0,11/(x, 1)~ (y, 1).

We'll name the cases O:

0, if £ is injective, &, if £, is not injective.

Remark: As we had observed in the proof of Lemma 2.3.4, for all 7 if #<s and
F/(R)NF/(R) # ¢ then F/(R)cF/(R) #=0.

3.3. The moves.

Derinimion 3.3.1: We say that F' is a primitive immersion, or that R’ is a primitive
component, iff

F/(RX[0,11)Ng(S) =F (R x [0, 1]) U F{(RY)
(1% If one observes that at ¢ the vector field is not defined, we modify the disc D a little

near ¢ so as to obtain a smooth disc for which the positively normal vector field is defined and
transverse to the boundary.
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Lemma 3.3.2: If F is primitive then @ is isotopic to an embedding @' which coin-
cides with @ out of @ ' (F(RX [0, 11)) and which maps ¢ " (F(R X [0, 1])) on
Fi(R).

Proor: By using F, which is an embedding locally in #, we find a # > 0 and an iso-
topy between ¢ and a @' in such a way that ¢’ coincides with ¢ out of ¢ ~' (F(R x
x [0, ¢[)) and it maps ¢ "' (F(R x [0, #[)) on F,(R).

Let now

s=sup{re [0, 1] such that V7 <7 ¢ is isotopic to such a ¢’ as a bove}

If s # 1, by using a neighborhood Uc [0, 1] of s for which F|,  is an embedding, we
contradict the maximality of s. The thesis follows. m

ProposiTION 3.3.3: Let ¢ be an embedding that satisfies the hypotheses of Pro-
position 3.1.1. If @ has a primitive component R, then the Proposition3.1.1 is
valid for @.

Proor: The proof of this proposition consists of the exhaustive analysis of the pos-
sible cases. For each of them we’ll define a move which eliminates the component R or
incorporates a saddle with R.

CASE 9o)

Remember we have supposed that the holonomy below F; (R) is trivial. Since R is a
compact orientable surface, it is diffeomorphic to a sphere with £ holes and / handles,
since IR # 0 then £>0.

Let Ac R? be a smooth compact surface obtained from a disc by removing £ — 1 +
+ 2/little discs; R is diffeomorphic to A/ ~ where ~ is the equivalence relation which
identifies two by two the boundaries of 2/ discs in such a way as to obtain the / han-
dles (see figure 19).

{ handles k — 1 holes
A A

Fig. 19. — The surface A.
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Fig. 20. — The isotopy which inclines A in H.

Case 0,)

Let us now consider a surface, which we name A too, obtained from A by «pinch-
ing» it; i.e. by creating a cusp on the boundary of the first disc (the bigger one) in such
a way that F,(R) is diffeomorphic to A/ ~ (the new A). Let us fix a diffeomorphism
G : F{(R) <> A/ ~. If there are no ambiguities we’ll name ¢ both the saddle ¢ and G(g)
(the cup).

Named (y4, y5) i=1, ..., [ the pair of discs identified by ~ to make the handles,
for £ >0 small enough let be:

B, = {xeR? such that dist(x, A) <&},
B, = {xeR*\A such that dist (x, y}) <& for some 1 <7</, j=0,1},
M= B \B,,
H=Mx (—¢, e)cR’.
Let U be in V a foliated neighborhood of F; (R) diffeomorphic to H/ ~ ('), by a

diffeomorphism 1, such that on F;(R) v coincides with G, ie. w(F;(R))=
=(G(F;(R)), 0). Such a neighborhood exists since the holonomy of F;(R) is trivial.

g1(A,1) New saddles

hé (78, 1)

LN

hi(vi,1)

Fig. 21. — The results of /. There are two new saddles for each handle.

(") We understand that R’ is foliated by planes parallel to R?. Clearly such a foliation re-
spects ~.
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The idea is to incline F, (R), by an isotopy, in such a way as to make it transverse to
J except, clearly, at the right number of saddles (see figure 20).

We'll define the inclining isotopy in H and, by composing with v, we’ll obtain the
isotopy looked for.

For j=0,1,/=1, ...,/ and £>0, we define the annuli

C]?': {x e A such that dZI.Vl‘(X, )/f') = 5}

If £ is small enough, C/ N C)” =0 when (7, j) # (m, n). Moreover, if necessary by
changing the local model of A, we can suppose that for all 7 we have

dist (g, C§) > dist (¢, C{).

For all 7 let 7, be fixed such that dist (¢, C}) > ;> dist (¢, C}).
Now we are ready to define the isotopy. For £€ [0, 1] let be:

&t (A\ UCJZ) —H
g, (x) = (Alx), —dist(q, x)-at)

where A is a scale map of A which keeps A on ¥ ~!(¢(S)), and 2 > 0 is such that
a-sup {dist (g, x)} <e.

xeA
Forall j=0,17=1, ...,/ let be (see figure 21)

bi:(C/) x [0, 1] —H

7

dist (x, y?) ) dist (x, y%) ))

bi(x, t) = (x, —az‘(r,»(l - + dist (x, q) :

We can glue the maps g and 5 since they coincide along the sets 8C; and, by the
definition of the maps 5, the result respects ~ and is a -isotopy which makes A/ ~
transverse (12) to the foliation on H/ ~ except at the right number of saddles.

At this point it is easy to find an isotopy 7 which inclines also ¥ ~* (¢(S) \F(R x
x [0, 11)) and which links well to the g and the 5.

The angular points, which are present after we had applied the isotopy, are easily
smoothable and the composition with the diffeomorphism v provides, with the Lem-
ma 3.3.2, an isotopy of ¢ which eliminates the contact component R by making it
transverse to J.

In the case 0, the Proposition 3.3.3 is thus proved.

(') The maps A/ are ° and make some angular circles appear along the handles of 4, but it
is not hard to find some smooth » and so we can speak of transversality.
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-1 - by Pn{z=0}

Fig. 22. — The pant P and the neighborhood A.

Remark: By the elimination of R, we eliminate also ¢ but a saddle appears for each
little disc of A; the number of saddles on the transverse region of ¢ is so increased by

—x(R).

Case 0,)

In this case we prove the Proposition 3.3.3 by finding an isotopy which incorpo-
rates the saddle ¢ in the contact component R.

As in the case 8, we construct a standard local model in R’ in which we’ll
work.

In the following, we’ll name x; and x, the two different points of dR for which
hix) =Ax) =4q.

Let P be a pant, embedded in [1 —, 17’ foliated by the horizontal parallel planes
({(x, y,2) e [—1, 17 such that z =const.}), with the saddle at level 0, as in the fig-
ure 22. Let Ac[—1, 1P N {z=0} be a neighborhood of PN {z =0} such that A x
X [—1, 1] is a neighborhood of P and let A = b, U b, as in the figure 22.

As we have seen in the proof of Lemma 3.2.2, the leaf /, of FN¢(S) which passes
through ¢ is an eight contained in F;(3R).

If we set A’={pel—1, 17 such that z=0 and dist(p, A) <e}, for & small
enough, and by using the trivial holonomy below F, (R), we can find a foliated neigh-
borhood U of /, in V which is diffeomorphic to A" X [—1, 1] via a diffeomorphism
v, such that ¥(@(S\R)) = P.

If x, and x; lie on the same connected component of dR, then we are coming from
the top, i.e. (F(R X [—1, 1]))c {z=0}. In this case F, (R) lies outside the pant, i.e.
Y(F(R))\/,) is connected. In fact, if on the contrary it lies inside P, we have the con-
tradiction that a lobe of /, is contractible.

If x, and x; lie on different connected components of IR, then we are coming from
the bottom, i.e. Y(F(R X [—1,1]1))c {z<0} and in this case F,(R) lies inside the
pant, i.e. Y(F(R;)\/,) is not connected.
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In A X [—1, 1]itis easy to find an isotopy which sends P into P', where P’ is the
union of the three following sets (see figure 23):

A, by x [0,1], by x [1—,0].

Fig. 23. — The pant P'.

By composing by 1 ~!, we find an isotopy of ¢ in ¢’ such that ¢ = ¢’ out of U
and the new map F': R X [0, 1] =V, coincident with F out of U, satisfies the condi-
tions i) and ii) of Lemma 4 plus the following:

F/ is an embedding, F' has maximum rank at every point and the trajectories
t—F/(x) are normal to &.

This suffices to apply the Lemma 3.3.2. At this point we glue in the obvious way
F!(R) to 1 ~'(A) and we obtain a new contact component R. Such a gluing provides
the attachment of a pant to R which so incorporates the saddle 4.

The inclusion map 7.: 7, (R) =, (S) remains injective since the lobes [, cannot
be contractible.

Therefore ¢ verifies the conditions of Proposition 3.1.1, #{(R")'} = #{(R")}
and the number of saddles on the transverse region of ¢’ is smaller than the one of ¢.
Then, also in the case d, the Proposition 3.3.3 is proved.

CASE 7)

As we have remarked in the proof of Lemma 3.2.1, if C is a connected component
of 3R’ such that F,(C) N AR’ # @, then F, (C) c 3R’. After the Lemma 3.3.2, the gluing
of F;(R") to R’ is immediate.

Let T=F,(R") UR/’.If Tis a contact component which satisfies the conditions of
Proposition 3.1.1, then the new embedding obtained by Lemma 3.3.2 has one contact
component less than ¢.
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It is easy to see that we only have to check the following conditions:

B i (T) = (5) is injective.
jji) The condition (*) of Proposition 3.1.1.

7). The elements of & (T) which are elements of 7, (R’) or of 7, (R’) are not con-
tractible in S since the inclusion maps 7, (R’) — 7 ,(S) and 7, (R’) — 7, (S) are both
injective; in particular each component of 9T, as an element of m,(§), is not
zero.

Let now [y] €, (T) be a regular path homotopically trivial in S; y disconnects S,
and therefore T, in two regions one of which, called D, is contractible to a point.
From the above, D cannot contain components of 9T and so y is homotopically zero
also in T.

7). If (=) is satisfied, then we have finished. If () is not satisfied, then we’ll
make T transverse to JF as follows.
We share out the components of 9T in:

— C" = {components C such that there exists a neighborhood Hc S of C such
that p(H)NW ™~ =0}

— € = {components C such that there exists a neighborhood Hc S of C such
that p(H)NW™* =0}.

Note that @" cF,(3R?) and @~ c 3R’ or vice versa.

As in case 0, we can construct a local model of type A X [ —1, 1] with A, diffeo-
morphic to T, obtained from a disc by removing some little discs; in the model we can
find an isotopy, like the maps g and /4, which pushes up ©* and pushes down ¢, and
so making T transverse to F except at — (y(R’) + x(R’)) saddles (see figure 24).

The result of the isotopy is an embedding of § which satisfies the conditions of
Proposition 3.1.1 and which has two contact components less than ¢. Therefore also
in case  the Proposition 3.3.3 is proved.

Fig. 24. — The isotopy in a local model.
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CASE a)

First of all, if 7# 0, we can apply the Lemma 3.3.2 to displace R and therefore
we'll suppose 7=0.

Let y be an S! embedded in R such that the holonomy below ¥ is not trivial and let
C be a neighborhood of y in R homeomorphic to S'x [—1, 1].

Near R, the transversality of & is the same as a foliation with trivial holonomy; in
the sense that, considering a neighborhood of R in V of type W= U X (—¢, ¢), where
U is a neighborhood of R in L;, and the foliation § on W with horizontal leaves
({(«, s) such that s = const}), if we can make ¢ transverse to & in W, then for & small
enough, we can make ¢ transverse also to F.

In particular, as in the case #, we can find an isotopy of ¢ which pushes down R\C
and which fix C.

It follows that in case o we only have to study the case in which R is an annulus. In
the following we suppose R is an annulus.

Let N be the fence normal to y of length &. N is a cylinder and then the induced fo-
liation J = FNN consists of leaves homeomorphic to S! and leaves homeomorphic to
R. Moreover, since the holonomy below y is not trivial, for each &€= 0 there exist
leaves homeomorphic to R which pass near y more than ¢. Finally, we can parameter-
ize N by S§' X (—e¢, ¢) in such a way that the tangent line to the leaves ~ R is never
horizontal.

If necessary by changing the annulus C, we can find a neighborhood H of C of
type C' X (—¢, ¢), where C' is an annulus in R which contains C, in which the folia-
tion induced by Fis Jx(—1, 1) (we reparameterize C' by S'x (—1, 1)).

Moreover we can find such a neighborhood in such a way that ¢@(S) N H=S§" x
X [—l, i]xOUSlx {—l}x [0, e) US!x {i}x [0, &).

22 2 2

Let us consider an isotopy in H, from ¢ to a ¢', which displaces C in a region foli-
ated by planes; the tangent planes of the foliation X (—1, 1) are never horizontal
and it follows that ¢’ is transverse to .

So also case a is proved and the proof of Proposition3.3.3 is completed. ®

We complete now the proof of Proposition 3.11 by the following lemma

Lemma 3.3.4: In the hypotheses of Proposition 3.1.1, once we had applied the Lem-
ma3.2.1, up to isotopy, @ has some primitive components.

Proor: Let R’ be a contact component. If R’ is not primitive, then F’(R’X
x [0, 11) N @(S) contains some other contact components.

Let R be a component which is minimal by the inclusion in F'(R’ X [0, 1]), i.e. by
the relation R’ < R* if and only if

F/(R’x[0,11)NF(R"x [0,1])cF*(R*x[0,1])NF (R x[0,1]).
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As it is minimal, R is relatively primitive, i.e.

F(Rx[0,11)Ng(S)NF(R*x[0,11)=(F(AR x [0, 11)NF/(R*x [0, 11)) UF,(R) .

If R is primitive, we have finished. If not, then the holonomy below
F{(R))NFR %[0, 1]) is trivial. We can therefore apply the techniques of the proof
of Lemma3.3.2 to F and so we can find an isotopy of ¢ which displaces R out of
F{(Rx [0, 1]).

So, by induction on the number of contact components in F/(R x [0, 11), we find
a primitive component (if the worst comes to the worst we make R’ primi-

tive).

[A]
[CL]
[G]
[G2]
[G3]
[G4]
[Gol
[ET]
(M]

[N]
[R]

[Ro]
[Rou]

[St]
[Sul
[T1]

[T2]
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