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ABSTRACT. — In this paper we study the Dirichlet problem for a class of linear second order
elliptic equations in non divergence form in an open subset V of R n with ¯V irregular and coef-
ficients discontinuous in V and singular on a subset of ¯V .

Equazioni ellittiche del secondo ordine
con coefficienti discontinui in domini non regolari

SUNTO. — In questo lavoro si studia il problema di Dirichlet per una classe di equazioni el-
littiche del secondo ordine in forma non variazionale in un aperto V di R n a coefficienti discon-
tinui in V e singolari su un sottoinsieme di ¯V .

INTRODUCTION

Let V be an open subset of R n , nF2.
Let us consider a weight function r in the class A(V) (see Section 1 for the defini-

tion) and denote by Sr the subset of ¯V where r goes to zero. We observe (see (1.1))
that, if Src¯ , then r is related to the distance function to Sr .

Let L be the uniformly elliptic differential operator

Lu42 !
n

i , j41
aij uxi xj

1 !
n

i41
ai uxi

1a u(1)

(*) Indirizzo degli Autori: DIIMA, Facoltà di Scienze, Università di Salerno, Via S. Allen-
de, 84081 Baronissi (SA), Italy.

E-mail: canaleHdiima.unisa.it; casoHdiima.unisa.it; transiriHdiima.unisa.it
(**) Memoria presentata il 15 dicembre 1999 da Mario Troisi, uno dei XL.
Mathematics Subject Classification: 35 J 25, 46 E 35.



— 64 —

with coefficients aij4aji�L Q (V), i , j41, R , n . We study the following Dirichlet
problem

u�W 2
s (V)OW

i
1
s21 (V) , Lu1lbu4 f , f�L 2

s (V) ,(2)

where b is a positive function, l , s�R , W 2
s (V), W

i
1
s21 (V) and L 2

s (V) are some
weighted Sobolev spaces (see Section 1 for definitions) and the weight functions are
suitable powers of r .

In a recent paper (see [9]) problem (2) has been studied under the following hy-
potheses on coefficients aij of L:

(3) (aij )xk
�L q

loc (V 0Sr ) , sup
x�V

V(aij )xk
VL q (VOB(x , r(x) ) )E1Q , i , j , k41, R , n ,

where qD2 if n42, q4n if nF3 and B(x , r(x) ) is the open ball centered at x of
radius r(x). In such a paper similar hypotheses are made on ai , a and b . If ¯V is singu-
lar, further conditions on r , aij , ai , a , b and l are given in order to problem (2) be
uniquely solvable.

We observe that if, in particular, r is positive constant and V is a bounded open
subset of R n , nF3, condition (3) becomes

(aij )xk
�L n (V) , i , j , k41, R , n ,

that is the classical hypothesis of C. Miranda (see [16]).
This means that the result in [9] extends that one contained in [16] to the case V

unbounded open set with singular boundary and (aij )xk
, ai and a singular functions

near to Sr .
Further generalizations of Miranda’s result can be found in literature. For example

in [2], [10], [11], [12] the coefficients aij of the operator L belong to wider functional
spaces and in [19] V is an unbounded open set.

In this paper we study problem (2) with coefficients aij which satisfy a condition
more general than (3).

In fact we suppose (see conditon a) in Section 3) that aij do not necessarily satisfy
the last requirement in (3) and can be split in the following way

aij4a ij1g ij , i , j41, R , n ,(4)

where a ij are bounded simmetric functions which verify an uniformly elliptic condi-
tion and hypothesis (3), g ij are sufficiently small near to Sr and at infinity.

In Section 6 we give an example of a function with a behaviour similar to g ij , but
which does not satisfy the last requirement in (3).

We emphasize that in these weaker hypotheses on aij it is not possible to use, as in
[9], some results of variational type contained in [5].

In this paper we are able to get a priori bounds for solutions of problem (2) (see
sections 3 and 4) as follows. On the part of V close to Sr or to infinity, we suitably
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adapt to a ij in (4) some results contained in [9] and make use of the smallness hy-
potheses on g ij . On the rest of V we use some imbedding and compactness theorems
contained in [8].

From a priori bounds we deduce some existence and uniqueness results in Section 5.

1. - NOTATIONS AND FUNCTION CLASSES

Let E be a Lebesgue measurable subset of R n and S(E) the s-algebra of Lebesgue
measurable subsets of E .

For any A�S(E), NAN is the Lebesgue measure of A , D(A) is the class of restric-
tions to A of functions z�C Q

o (R n ) such that supp zOA %A , L p
loc (A) is the class of

functions f : AKC such that zf�L p (A) for any z� D(A). We set

NfNp , A4V f VL p (A) , 1 GpG1Q .

We put

B(x , r) 4 ]y�R n : Ny2xNE r( , Br4B(0 , r) (x�R n , (r�R1 .

Let V be an open subset of R n . We set

V(x , r) 4VOB(x , r) (x�V , (r�R1 .

We call A(V) the class of functions r : VKR1 satisfying

sup
x , y�V

Nx2yNEr(y)

N log
r(x)

r(y) N E1Q .

It is easy to see that r� A(V) if and only if r : VKR1 and there exists a constant
g�R1 such that

g21 r(y) Gr(x) Ggr(y) (x�V , (y�V(x , r(x) ) .

Some examples of functions r� A(V) are given in [22] where it is also observed that
A(V) contains the class of positive Lipschitz functions with Lipschitz constant less
than 1.

For any r� A(V) we set

Sr4 ]y�¯V : lim
xKy

r(x) 40( .

As shown in [8], Sr is a closed subset in ¯V . Moreover if Src¯ it results (see
[22])

r(x) G dist (x , Sr ) (x�V .(1.1)

It is well-known (see, e.g., Theor. 2, Chap. VI in [18] and Lemma 3.6.1 in [24]) that
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there exist a�C Q (V)OC 0, 1 (V), c1 , c2�R1 such that

c1 dist (x , Sr ) Ga(x) Gc2 dist (x , Sr ) (x�V .

We put

V k4 ]x�V : NxNEk , a(x) D1/k( (k�N .

If f� D(R1 ) is a fixed function such that

0 G fG1, f(t) 41 if tG1/2 , f(t) 40 if tF1 ,

we define the functions

c k : x� V K (12 f (ka(x) ) ) f(NxN/2k) (k�N .

We remark that, for any k�N , c k belongs to D(V 0Sr ) and the following conditions
hold

0 Gc kG1 , c kNVk
41, supp c k% V2k .

Let Ao (V) be the class of measurable functions r� A(V). If r� Ao (V), then (see
[8])

r�L Q
loc (V ) , r21�L Q

loc (V 0Sr ) .(1.2)

Further examples and properties of functions of A(V) can be found in [22], [20], [4],
[8], [7].

If r�N , 1 GpG1Q , s�R and r� Ao (V), we denote by W r , p
s (V) the space of

distributions u on V such that r s1NaN2 r ¯a u�L p (V) for NaNG r endowed with the
norm

VuVW r , p
s (V)4 !

NaNG r
Nr s1NaN2 r ¯a uNp , V .(1.3)

Moreover we denote by W
i

r , p
s (V) the closure of C Q

o (V) in W r , p
s (V). We put

W 0, p
s (V) 4L p

s (V) , W r , 2
s (V) 4W r

s (V) , W
i

r , 2
s (V) 4 W

i
r
s (V) .

For some properties of weighted Sobolev spaces, where the weight functions are pow-
ers of a function r� A(V), see, e.g., [3], [14], [17], [15], [21], [4], [8], [7].

If 1 GpE1Q , s�R and r� Ao (V), we set

V(x) 4V(x , r(x) ) (x�V ,(1.4)

and consider the spaces K p
s (V), K

Ap
s (V), K

i
p
s (V) defined in [4] in correspondence of the

family of open sets defined by (1.4). Let us recall that:
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K p
s (V) is the space of functions g�L p

loc (V 0Sr ) such that

VgVK p
s (V)4 sup

x�V
(r s2n/p (x)NgNp , V(x) )E1Q ,(1.5)

endowed with the norm defined by (1.5),

K
Ap

s (V) is the closure of L Q
s (V) in K p

s (V),

K
i

p
s (V) is the closure of C Q

o (V) in K p
s (V).

For some properties of the spaces K p
s (V), K

Ap
s (V) and K

i
p
s (V) we refer to [4], [8],

[7].

REMARK 1.1: Let us fix r� Ao (V), 1 GpE1Q , s�R . We observe that if

g�L p
loc (V 0Sr ), then, for any z� D(V 0Sr ), we have zg� K

i
p
s (V).

Now, if we fix z� D(V 0Sr ), then zg�L p (V) and so there exists a sequence of
functions (gn )n�N , gn�C Q

o (V), such that

gnKzg in L p (V) .

For every fixed c� D(V 0Sr ) with c Nsupp z
41, evidently we have

cgnKzg in L p (V) .(1.6)

From (1.2) and (1.6) we obtain that zg�K p
s (V) and

cgnKzg in K p
s (V) ,

so zg� K
i

p
s (V). r

2. - A PRELIMINAR LEMMA

Let us suppose nF2 and fix r� A(V)OL Q (V) such that S4Src¯ .
Set

B14 ]x�B1 : xnD0( , Bo4 ]x�B1 : xn40( ,

we suppose that there exists an open subset V* of R n such that

h1 ) there are a d�R1 , an open cover ]Ui(i� I of ¯V* and, for any i� I , a C 2-dif-
feomorphism c i : UiK B1 such that

c i (UiOV*) 4B1 , c i (UiO¯V*) 4Bo ;(2.1)

(2.2) the components of c i and c21
i and of their first and second derivatives are

bounded by a constant independent of i;

(2.3) for any x�V*d there exists an i� I such that B(x , d) %Ui and, for any
x�V* 0V*d , B(x , d) %V* , where V*d 4 ]x�V* : dist (x , ¯V*) Ed(;
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V%V* , ¯V0S%¯V* .(2.4)

REMARK 2.1: It is easy to prove that (2.1), (2.2) and (2.3) hold when V* has the
uniform C 2-regularity property defined in Section 4.6 in [1]. r

Let us consider in V the second order linear differential operator

Lu42 !
i , j41

n

aij uxi xj
1 !

i41

n

ai uxi
1au(2.5)

with the following conditions on the coefficients:

aij4aji , aij�L Q (V) , i , j41, R , n ,h2 )

!
i , j41

n

aij j i j jFnNjN2 (j�R n , a.e. in V ,

where n is a positive constant independent of x and j;

(aij )xk
�L q

loc (V 0S), i , j , k41, R n ,h3 )

where

qD2 if n42 , q4n if nF3 ;

ai� K
Aq

1 (V) , i41, R , n , a� K
At

2 (V) ,h4 )

where

t42 if 2 GnE4 , tD2 if n44, t4
n

2
if nD4 .

In the sequel

ux4 g!
i41

n

u 2
xi
h1/2

, uxx4 g !
i , j41

n

u 2
xi xjh1/2

.

We consider a function b : VKR1 such that the following hypothesis holds:

b� K
At

2 (V) , )d� K
Aq

1 (V) such that b xGbd .h5 )

An example of function b which satisfies the hypothesis h5 ) can be given in the fol-
lowing way. From Remark 3.1 in [8] and Theorem 3.2 in [22], there exist
s� A(V)OC Q (V)OC 0, 1 (V), c0 , c1 , c2�R1 such that

c1 r(x) Gs (x) Gc2 r(x) (x�V ,(2.6)

s xGc0 (x�V .(2.7)
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So, the function

b4
1

s 2
(2.8)

satisfies the hypothesis h5 ).

Indeed, b�L Q
2 (V) and then b� K

At
2 (V). If we put d4

2s x

s
, d�L Q

1 (V) and so

d� K
Aq

1 (V). Furthermore we have b x4bd .
Another example of function which satisfies the hypothesis h5 ) is the func-

tion

b(x) 4
1

(11NxN2 )t
, x�V , tD0 .(2.9)

Indeed, b�L Q
2 (V) and then b� K

At
2 (V). If we set d4

2tNxN

11NxN2
, d�L Q

1 (V) and then

d� K
Aq

1 (V). Moreover we have b x4bd .

We also observe that, from Lemma 2.1 in [8], b� K
i

t
2 (V).

REMARK 2.2: One can show that under hypotheses h1 )-h5 ), from Remark 3.1 and
Theorem 3.1 in [8] (see also [7]), it follows that for any s , l�R the operator

u�W 2
s (V) KLu1lbu�L 2

s (V)

is bounded. r

We put

Lo u42 !
i , j41

n

aij uxi xj
,

gA 4 !
i , j41

n

((aij )x1Naij Nd) ,

where d is the function defined in h5 ).
Let us fix a bounded open subset V of R n such that

V%V or VO¯Vc¯ and V%Ui 0S for some i� I .(2.10)

LEMMA 2.1: If the hypotheses h1 )-h3 ) and h5 ) hold, then, for any lF0 and for any
function v satisfying

v�W 2 (V)OW
i

1 (V) , supp v%V ,
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we have the bound

Nvxx N2, VGc(NLo v1lbvN2, V1NgA vx N2, V1NvN2, V ) ,(2.11)

where c�R1 is independent of v and l .

PROOF: Proceeding as in the proof of Lemma 5.1 in [7] (see also Section 7 in [6]),
we obtain

Nvxx N2
2, VGc1 (NLo vN2

2, V1Ngvx N2, V
2 1NvN2, V

2 ) ,(2.12)

where g4 !
i , j41

n

(aij )x and c1�R1 is independent of v and l .

By means of known techniques (see, e.g., [13], [6], [7]) we have

�
V

(Lo v1lbv)2 dxF�
V

(Lo v)2 dx1l 2�
V

b 2 v 2 dx1(2.13)

12ln�
V

bvx
2 dx22l�

V

bgA NvNvx dx .

Moreover we have

�
V

bgA NvNvx dxG
l

2
�

V

b 2 v 2 dx1
1

2l
�

V

NgA vx N2 dx .(2.14)

From (2.12), (2.13) and (2.14) we deduce the result. r

3. - A PRIORI BOUNDS

Let us suppose that aij satisfy the following further condition:

a) there exist functions a ij such that

a ij4a ji�L Q (V) , (a ij )xk
� K

Aq
1 (V) , i , j , k41, R , n ,

!
i , j41

n

a ij j i j jFn o NjN2 (j�R n , a.e. in V ,

where n o is a positive constant independent of x and j and for any e�R1 there exists
ke�N such that:

ess sup
V0Vke

!
i , j41

n

Na ij2aij NEe ,

where V k , k�N , are the sets defined in Section 1.
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LEMMA 3.1: If the conditions h1 )-h5 ), a) hold and l 1 is a real number, then there
exists a constant c�R1 such that

Nvxx N2, VGc(NLv1lbvN2, V1Nr21 vx N2, V1Nr22 vN2, V ) ,(3.1)

for any l� [l 1 , 1Q[ and for any function v satisfying

v�W 2 (V)OW
i

1 (V) , supp v%V .

PROOF: Let us suppose lF0 and consider the functions c k , k�N , introduced in
Section 1.

Applying Lemma 2.1 in [9] to the function (12c k )v in the case L4

42 !
i , j41

n

a ij
¯ 2

¯xi ¯xj

, we get

(3.2) N((12c k ) v)xx N2, VG

Gc1uN2 !
i , j41

n

a ij ((12c k ) v)xi xj
1lb(12c k ) vN

2, V
1

1Nr21 ((12c k ) v)x N2, V1Nr22 (12c k ) vN2, Vh ,

where c1�R1 is independent of l , v and k .
Moreover we have

(3.3) N2 !
i , j41

n

a ij ((12c k ) v)xi xj
1lb(12c k ) vN2, VG

GNLo ((12c k ) v)1lb(12c k ) vN2, V1

1N !
i , j41

n

(a ij2aij ) ((12c k ) v)xi xjN
2, V

G

Gc2gN(12c k )(Lo v1lbv)N2, V1N(12c k )x vx N2, V1

1N(12c k )xx vN2, V1N ((12c k ) v)xx !
i , j41

n

(a ij2aij ) N
2, V

h,

where c2�R1 is independent of l , v and k .
From (3.2), (3.3) and a) we easily deduce that there exists ko�N such that

N((12c ko
) v)xx N2, VGc3 (NLo v1lbvN2, V1Nr21 vx N2, V1Nr22 vN2, V ) ,(3.4)

where c3�R1 is independent of l and v . From now on, we denote by cj , j44, 5 , 6 ,
positive constants independent of l and v .
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Applying Lemma 2.1 to the function c ko
v , we get

N(c ko
v)xx N2, VGc4 (NLo (c ko

v)1lbc ko
vN2, V1(3.5)

1NgA(c ko
v)x N2, V1Nc ko

vN2, V ) .

Let x� D(V 0S) be a function such that x Nsupp cko
41. Since the function xgA belongs to

the space K
Aq

1 (V) (see Remark 1.1), from the estimate (3.6) in [8] we deduce

NxgA(c ko
v)x N2, VGeV(c ko

v)x VW 1
o (V)1c1 (e)V(c ko

v)x VL 2
21 (V)G(3.6)

GeN(c ko
v)xx N2, V1c2 (e)Nr21 (c ko

v)x N2, V .

Then from (3.5) and (3.6) we have

N(c ko
v)xx N2, VGc5 (NLo v1lbvN2, V1Nr21 vx N2, V1Nr22 vN2, V ) .(3.7)

From (3.4) and (3.7) we get

Nvxx N2, VGc6 (NLo v1lbvN2, V1Nr21 vx N2, V1Nr22 vN2, V ) .(3.8)

If l 1E0, we fix l� [l 1 , 0[. From (3.6) in [8] we get

NlbvN2, VGNl 1 N(eNvxx N2, V1c3 (e)Nr21 vx N2, V1c4 (e)Nr22 vN2, V ) .(3.9)

From (3.8) for l40 and (3.9) we deduce (3.1) with Lo instead of L .
Finally, again by (3.6) in [8] we can obtain the result. r

We denote by W 2
loc (V 0S) (respectively W

i
1
loc (V 0S)) the space of all functions

u : VKR such that zu�W 2 (V) (respectively W
i

1 (V)) for any z� D(V 0S).

THEOREM 3.1: In the same hypotheses of Lemma 3.1, for any u : VKR such
that

u�W 2
loc (V 0S)OW

i
1
loc (V 0S)OL 2

s22 (V) ,

Lu1l 8 bu�L 2
s (V), for some s , l 8�R ,

(3.10)

we have u�W 2
s (V). Moreover, for any l 1�R , we have the bound

VuVW 2
s (V)Gc(VLu1lbuVL 2

s (V)1VuVL 2
s22 (V) ) (lFl 1 ,(3.11)

where the constant c�R1 is independent of u and l .

PROOF: The result follows from Lemma 3.1 applying arguments similar to those
one used in [9] in order to get Theorem 2.1 from Lemma 2.1. r
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COROLLARY 3.1: In the same hypotheses of Theorem 3.1 and if

)m�R1 : bFmr22 a.e. in V ,(3.12)

then for any s�R there exist c , l o�R1 such that

VuVW 2
s (V)GcVLu1lbuVL 2

s (V)(3.13)

(u�W 2
s (V)OW

i
1
s21 (V) , (lFl o .

PROOF: By means of known techniques (see, e.g., [23], [19]) and Theorem 3.1, we
have

lVuVL 2
s22 (V)Gm21

VlbuVL 2
s (V)Gm21

VLu1lbuVL 2
s (V)1

1m21
VLuVL 2

s (V)Gm21
VLu1lbuVL 2

s (V)1c1 VuVW 2
s (V)G(3.14)

Gc2 VLu1lbuVL 2
s (V)1c3 VuVL 2

s22 (V)

(u�W 2
s (V)OW

i
1
s21 (V) , (l�R1 ,

where c1 , c2 , c3�R1 are independent of u and l .
From (3.11) and (3.14) we deduce the result. r

4. - FURTHER A PRIORI BOUNDS

We assume that the following further hypotheses hold:

h6 ) the function s which satisfies (2.6) and (2.7) is such that

s x� K
i

q
o (V) ,

where q is the number defined in the hypothesis h3 );

(a ij )xk
, ai� K

i q
1 (V) , i , j , k41, R , n ,h7 )

a4a 81a 9 , a 8� K
i

t
2 (V) ,

a 9Fm o r22 a.e. in V ,

where t is the number defined in the hypothesis h4) and mo�R1 is independent of x .
An example of function r� Ao(V) satisfying the condition h6) can be found in [9].
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THEOREM 4.1: If the hypotheses h1 )-h7 ) and a) hold, then for any s�R there exist
c�R1 and an open set V o%% V 0S such that

VuVW 2
s (V)Gc(VLu1lbuVL 2

s (V)1NuN2, Vo
)(4.1)

(u�W 2
s (V)OW

i
1
s21 (V) , (lF0 .

PROOF: Proceeding as in the proof of Lemma 3.1, let us consider the functions c k ,
k�N , defined in Section 1.

From Theorem 3.1 in [9] we have

(4.2) V(12c k ) uVW 2
s (V)G

Gc1V2 !
i , j41

n

a ij ((12c k ) u)xi xj
1a 9 (12c k ) u1lb(12c k ) u

VL 2
s (V)G

Gc1uVLo ((12c k ) u)1a 9 (12c k ) u1lb(12c k ) u
V

L 2
s (V)

1

1
V
!

i , j41

n

(a ij2aij ) ((12c k ) u)xi xjV
L 2

s (V)
hG

Gc2uV(12c k )(Lo u1a 9 u1lbu)VL 2
s (V)1V(12c k )x ux VL 2

s (V)1

1V(12c k )xx uVL 2
s (V)1V

((12c k ) u)xx !
i , j41

n

(a ij2aij ) V

L 2
s (V)

h ,

where c1 , c2�R1 are independent of l , u and k .
From hypothesis a) and from (4.2) we deduce that there exists ko�N such

that

V(12c ko
) uVW 2

s (V)Gc3 (VLo u1a 9 u1lbuVL 2
s (V)1(4.3)

1V(12c ko
)x ux VL 2

s (V)1V(12c ko
)xx uVL 2

s (V) ) ,

where c3�R1 is independent of l and u , as all the positive constants appearing in the
rest of the proof.

On the other hand, from Theorem 3.1 we get

Vc ko
uVW 2

s (V)Gc4 (VLo (c ko
u)1a 9 c ko

u1lbc ko
uVL 2

s (V)1(4.4)

1Vc ko
uVL 2

s22 (V) )Gc5 (Vc ko
(Lo u1a 9 u1lbu)VL 2

s (V)1

1V(c ko
)x ux VL 2

s (V)1V(c ko
)xx uVL 2

s (V)1Vc ko
uVL 2

s22 (V) ) .
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From (4.3) and (4.4) it follows

VuVW 2
s (V)Gc6 (VLo u1a 9 u1lbuVL 2

s (V)1V(c ko
)x ux VL 2

s (V)1(4.5)

1V(c ko
)xx uVL 2

s (V)1Vc ko
uVL 2

s22 (V) ) .

We remark that, by (1.2), we have

V(c ko
)x ux VL 2

s (V)Gc7 Nux N2, supp cko
,(4.6)

V(c ko
)xx uVL 2

s (V)1Vc ko
uVL 2

s22 (V)Gc8 NuN2, supp cko
.(4.7)

Moreover, from (3.7) in [8], for any e�R1 there exist c(e) �R1 and an open set
Ve%%V such that

!
i41

n

Vai uxi
VL 2

s (V)1Va 8 uVL 2
s (V)G(4.8)

GeVuVW 2
s (V)1c(e)(Nux N2, Ve

1NuN2, Ve
) .

From (4.5)-(4.8), taking in mind (1.2), we deduce the assertion. r

COROLLARY 4.1: If the hypotheses of Theorem 4.1 are satisfied and if

b21�L Q
loc (V 0S) ,(4.9)

then for any s�R there exist c , l o�R1 such that

VuVW 2
s (V)GcVLu1lbuVL 2

s (V)(4.10)

(u�W 2
s (V)OW

i
1
s21 (V) , (lFl o .

PROOF: From (4.9) and (1.2) it follows that

lNuN2, Vo
Gc1 Nr s lbuN2, Vo

Gc1 VlbuVL 2
s (V)(4.11)

(u�W 2
s (V)OW

i
1
s21 (V) , (l�R1 ,

where Vo is the open set of Theorem 4.1 and c1�R1 is independent of u and l .
Proceeding as in the proof of Corollary 3.1, using Theorem 4.1 instead of Theorem

3.1, we obtain the result. r

5. - EXISTENCE THEOREMS

THEOREM 5.1: If either the hypotheses h1 )-h6 ), a) and (3.12) or the hypotheses
h1 )2h7 ), a) and (4.9) hold, then for any s�R there exists l o�R1 such that for any
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lFl o the problem

u�W 2
s (V)OW

i
1
s21 (V) , Lu1lbu4 f , f�L 2

s (V)(5.1)

is uniquely solvable.

PROOF: We denote by A the operator 2D if h1 )-h6 ), a) and (3.12) hold, the opera-
tor 2D1a 9 in the other case.

For any t� [0 , 1] we set

Lt4 (12t) A1tL .

Using Corollary 3.1 when h1 )-h6 ), a) and (3.12) hold, Corollary 4.1 in the other case,
we deduce that there exist c , l o�R1 such that

VuVW 2
s (V)GcVLt u1lbuVL 2

s (V)

(u�W 2
s (V)OW

i
1
s21 (V) , (lFl o , (t� [0 , 1] .

If we fix lFl o , by Theorem 3.2 in [9], the problem

u�W 2
s (V)OW

i
1
s21 (V) , Au1lbu4 f , f�L 2

s (V)

is uniquely solvable.
Observing that

Lt1lb4 (12t)(A1lb)1t(L1lb) ,

we obtain the result by means of the method of continuity. r

THEOREM 5.2: If the hypotheses h1 )-h4 ), h6 ), h7 ) and a) are satisfied, then for any
s�R the problem

u�W 2
s (V)OW

i
1
s21 (V) , Lu4 f , f�L 2

s (V)(5.2)

is an index problem with index equal to zero.

PROOF: We consider the function b defined from (2.9) with t41.
Since b satisfies the hypotheses h5 ) and (4.9), by Theorem 5.1 the problem (5.1) is

uniquely solvable for l large enough.

On the other hand, since b� K
i

t
2 (V), from Lemma 2 in [4] and (3.8) in [8] the

operator

u�W 2
s (V) Kbu�L 2

s (V)

is compact.
So, from well-known results, we deduce the assertion. r
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6. - APPENDIX

Let us give an example of function f with a behaviour similar to g ij4aij2a ij (see
Section 3) and such that fxk

�K q
1 (V) for some k� ]1, R , n(.

Let us set V4R13]0 , 2[ and r(x) 4 g x1

21x1
ht

with t� [1 , 2[.

We fix d�R1 and consider the function f : VKR defined by

f (x) 4

.
`
/
`
´

x2 [ (4n 221) x122n11] arctan
1

n d

x2 [2n212 (2n21)2 x1 ] arctan
1

n d

0

x� y 1

2n11
,

1

2n
k3]0 , 2[

x� y 1

2n
,

1

2n21
k3]0 , 2[

x� [1 , 1Q[3]0 , 2[ .

Evidently f�L Q (V) and lim
NxNK1Q

f (x) 40.

On the other hand we have 0 G f(x) E2 arctan 1

n d
and then lim

xKxo
f (x) 40

(xo�S4 ]x�¯V : x140(.
Moreover we note that fx1

, fx2
�L Q

loc (V 0S) from which we deduce that
fx1

, fx2
�L q

loc (V 0S).
Now we fix a sequence (x n )n�N , x n�V , such that

x n
1 4

1

2n21
x n

2 41 .

For n large enough we have

y 1

2n
,

1

2n21
z3 y1, 11

1

2
r(x n )z%V(x n ) 4B(x n , r(x n ) ) .

Then we get

[r(x n ) ]q22 �
V(x n )

Nfx1
Nq dxF

F
1

2
[r(x n ) ]q21 �

1/2n

1/(2n21)

y(2n21)2 arctan
1

n d
zq

dx14

4
1

2
u 1

4n21
vt(q21) (2n21)2q21

2n
uarctan

1

n d
vq

.
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Finally for dE
(22t)(q21)

q
we obtain

lim
nK1Q

[r(x n ) ]q22 �
V(x n )

Nfx1
Nq dx41Q ,

hence fx1
�K q

1 (V).
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