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On the Lower Semicontinuity and Relaxation ies
of Certain Classes of Variational Integrals (**)

o semioomiuiliy und relaiation resubi, with respect t the
mwﬂl'(m lnump-l n{rhrjpcullwlﬂbl—jfu Vu)ds.

Sulle propricta di semicontinuita inferiore ¢ rilassamento
di certe classi di integrali variazionali

Russsuno, — Vengono povati skcuni risslat di semicondinuith
W opolegi fosiz df 2101, per Bionsl el e |Iw~IDVtD)HIfix i

0. - Inmnooucrion

Tn this paper we are concered with lower semicontinuity and relaxation, in the
LL () topology. of inegral of the type

1) 1@ w) = [, Vurdx
I
where @ is an open subset of R*.
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In 1961 Serrin proved, sec (Sl thar, i the funciion /:(x,5,2)s 2 X R X
% R > [0, + % [is comven with respest to the 2 variable and suible uniform
continuity awsumptions with respect o the remaining ones, then the ategral func-
viomal

we wg':o:-j,n..u.v.:a

nhwﬂmmmmnumdﬁllﬂpmlmdrihlﬂlww He alsa introduced a “re-
laxcd” functional defined as

020 U6, %5 @ BV (D) > inf. I‘rm.inf[f(x.v..vaﬂﬂr\(ﬂnlnm,
4

9=U0,eC (@)W N, u—a in LLI9)

and in 1964 with Goffman, sec [GS], gave an integral representation theorem
BVIQ) for it when £2 is a bownded open set, the intcgrand / depends only on the © vari
able and & i convex. Mare precisely they proved that

(3 M2, u) -anvuJa +Jf'{%‘—l)ﬂm|

where f* is the recession function. of / (see section 1 aso for the definition of
BV-spaces),

A similar result, but in a different framework, has been proved in [CEDAI]. Lower
mumv&lmwud:rhnmnpmbhmmh.mpolowuhubuummdhw
Maso in [DM2), where the Goff hewrem hs b ded
\nllumnmﬂu:hlhemg-mdjdcpmdnhm!x.:lmdmﬁam&d:kpwﬂt
{x,2), verie
mmmmmwmmu.&x :1‘-&l+y1 [ where s a L'(2)
and y & R, bat is not secessurely continuous with respect to the x varisble, has heen
considered and some relaxation results, in L' (2) topology, have been proved, see The-
orerm 4.1 in (BoDM]. When the integrand f depends only on (5, 2), a L “lower semicon-
tinuity result, covering several cases of discontinuous behaviours of fwith respect to the
variable 1, has been proved by De Giorgi, Buttazzo, Dal Maso, see [DBD). Finally, in
the same order of ideas, some cases of dependence on the x variable have been treated
in [AL

In this paper we consider an open subsct 12 of R* und we prove some lower scmi-
continuity and relaxation results, always in the L (£2) tapalogy, for the functional in

- ———————
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(011, More preciscly we prove that, see Theorem 23, i / satisies

L [fitxre R x RO (0, + 2,
(041 Slx, o) is comvex for almost every xe R,

Fie,5) s lower semicontinuoss for every z& R*

and
VA Q3,: 00, + =[~[0, +=]
increasing, continuous in zero with 4,(0)=0
such that for ol eompact K of A exists xx in K verifying
S, 2) % flx, 2) + Ay tdiam KI{1 +fin, 2}, VeeK ¥,

03)

then the functional

06 Gla

ewe B () [, Tardc + [ [, :I?':I )JIWI
P i

is lower semicontinuous in the L, () topology (for a.e. x & 2/ L, ) being the reces-

sion function of fLs, 1. We ebserve that such resulis allow us to treat also cases when /

is not uniformly continuous or even discontinuous with respect 1 the x varisble.
Fuhermore, if / satisfies (0.4, (0.5,

o7 S, 21 S flxg, z) 4 dgtdinm K1+ fleg, 20, VeeK, Ve,
and

0.8 fmel'@)

we prove that, see Theorem 38,

0:9) inl[Iimj:‘nflfu.\?u.)ﬂi.lk.kcc‘lﬂhn—w in L“‘lﬂll =
4,

= |, Tt + If“{ % ‘,“"H:I-}J:m, Vu e BV, ().
4 4

By such result we also deduce that, see Corollary 3.1,
IR =Gi,u)  for every u e BV (@),

One af the main rools utilized in order to prove our relaxation theore is an inncr
regularity result on the whole L, (2) for the functional in the lefi-hand sidc of (0.9),
see Theorem 3.6
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Finally we observe that oar assumptions seem to be different from those existing in
lnetature, indeed we assume no growth conditions and no aniform continuity assump-
tions an f with respect ta the x variable.

L+ NOTATIONS AND PHELIMINARY RESULTS

We first recall some definitions concemig increasing set functions (sce [DGLI).

Let £ and A be open subsers of R*; we say that A cc 2 if 4 i a compact subset of
2 and thit a family  of open subsets of R* is dense if whenever A, , A, are open scts
with A, ccd; there exists B & # such that A, cc B ec A,

Let Fbe a real function defined on the set of all open subset of R*; we say that £ is
increasing if

Ay Gy FlA,) S FAy).

For an increasing function F we define the inner regular envelope F_ as the function
defined for every open set @ by

nn F (@)= sup FlA).
Accar

Tn this paper we consider functionals of the type F(82, u) where 0 s an open set of
R", &t belongs o a suitable functional spuce and the set function F:, u) is increasing.
For every 0 we set F_(,w) = (Fi, @) (£).

Let 12 be an open subset of R", we denote by BV(RQ) the set of the functions in
L'(82) whose distributional partial derivatives asc Radon measures with bounded total
vasiation an 2. We recal that, see [G), [EGY, [DGCPY, [Z], ifu € BV(2), then the to-
wal varistion of Du on £2 is given by

J 1ol -..m{juav,.z.;,EC;(n; ), lefe)] €1 for cvery xe @),
d ¥

moreover, by the Raden-Nikodim's theorem, for all & & BVIQ) we have
(D ME] j\’nlxhﬁr +D'@(E)  for every Borel set F,
£

where we denate by Vi the Rudon-Nikodin's derivative of Du und by D' the singular
part of Du (both taken with respect o Lebesgue messure). We denote by By (2) the
set of functions on 2 which are in AV(A) for every A cc Q.

Letf: 2@ R*+=f(z) [0, + 5[ be a convex function; it is well known that for every
e R* the limit lim, ftz /1) cxiss s0 denote by f* the recession function of / defined
af* ek I.un  4ftz /)€ [0, + =[. The recession function is important in the

study of relpsarion prolems for otegnd [unctionals on BV s it has been, prowed by
Goffman and Serrin, (see (GS])
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Tuwonss L1: Lot D be a boundad open set, iR [0, + 1 be comex. Then for
every e By () we bave

w2 Jﬂt'mw: ‘J"{drm )mm

=w[m}uj/:v...:&<t9.;. increasing, Q= U, 0,
s
meC () Vb e N, uy—u in L.'_nml‘

Resane 120 If 2 i3 0 bounded open set then Theorem 1.1 implies that the
functional

n(BV..IQIHJﬂWExJ}& ;J,r- J.ﬂm:

.f|n.|
& lower semicontinuows in the L, (2) topology

In this paper we consider functions of the type (2 being an open subsct of RY)
fu,illﬂxk‘—‘ftx.zislﬂ.+°"|9uhthnfvu:xe.ﬂﬂx +}is convex and we
denote by f* the recession function of flx, ), given by f*(x,+k{x,z)e @ x

KR i g,z /1),

Let @ be a bounded open ser of R* and let e3> 0; we put 9, = |re
@ 2 distix, 32) > £},

1F 9 is an open subset of R* and f is a function as in (0.4) we set

(13 ne, -)-acl\’;.‘lﬂl»-nj'ﬂx. Vuyde;

(14) T(2.:weBV. () ;nf[lin}hﬂ(& g ey B €€ (D), w4y i L, (215

s Ga. }heBV.,(Ql—;II:x,V-MHJ[‘ '"" }Aw,\

Provosrion 1.3: Let 2 be a bounded aper ser, [ R™ -+ [0, + = [ be concex and fet
G, ) be the functional in (1.3). Then for every n e BVi, (D) we have

7 D'
e (2. = [A(Vudds + [ 4| Da].
J J .lm.|}
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Prooy: Let GIQ, l&mnbpuiln-ilnuEBVk(ﬂ) We first show that

| Gi2,u) 2T (8.u). If GI2,u)= + % the sbove inequality is wivial s0 we can
| suppose GIQ,u) < + %. Theorem 1.1 implies that, for every A cc 2, Gls,u) 2
=A%

Gl u) = T(2,u)

To show the opposite inequality ler us observe that I (Q,u) = ninhnan.-m For
every ke N let (uf L€' (@3 be such that

wfsuin L (@),
HOT7e,m) = lim Jﬂv:.‘]-k.
i

Then there exist (k) and & (&) e N such that

3%} Wiy w) ]‘ﬂv.u‘m——, Wb = k)
B
wd
| (.8 M-qu,,‘,-:%. Vh2 A (k).

1f we put by = max {Bk), b* (k)} and w; = ul, then by (1.7) and (1.8) we have
that

| weC @i,

i) Q7w = I AA¥udde - L,
ol
I
‘ b= olns < .

By (19) and Theorem 1.1 we obtsin

‘ (1100 182, = b 102774, ) = limind f iV )de = Gla), W
| We recall the following lemma (see Lemma 2.2 in [CEDA2]).

Laamen -TﬂA&ermsﬂ,,’kﬂm[Dﬁmn&ﬂ = A wd let ws arume
that WewR*f(~2) e L'A) Lat (my i L™ (A;R") amd m e L™ (A;R") be such
that

1) g ) = miix) almost everywhere in A;
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2 n:pilm.lll-m.< +, Then
i lin [,y (0 = [, o
4 4
For every sobser © of R* and i @ {1, 2, ..., 5} we denote by £, the profection of

8 on the fth wdis and given (51,3, ., %) G R we put SE= 20 ¥ e R” |y, =}
Obsiously we have that:

Lisesta 1.5; Lot 9 be ans cpen set and It be s psiioe Borel sacwsre with a{2) <
< = Then for every 1€ (1,2, ...,u] the st

A= {xe @, |uisi) > 0}

& at et countable.

Lenaan 16 Let 2 be s bounded open set and let 1 be a pasitive Borel measure wih
HI) < + 2. For every & > O there exist m, € N and Qf, QF , .., QF, opew doint rect-
amfes whose sides are paraliel o the coondimates axer such that for every @ (1, ..., m, }
dinrs Q< £ and

wEQINQINA) =0.

Proor: Lete >0 Foreveryiw {1, ..., m} et (/11'); . 7 be a sequence of hyper-
‘planes orthogonal 1o the j-th axis. Fos the sake of simplicity we denote by x, the iner-
section of [1]* with the fth axis and we suppose that 0< (e/2VA ) < (%,
— ) < (e/ Vo LWk e Z.Let], = {x e 2,: p(5!) > 0] fu(S,) = Ofaremykcz
and for every i & {1, 2, ...} the hyperplanes (T} ka2 i« (1....,«} determine a perti-
ﬂmufk‘.wm-pmﬂxgqunimmw-lmidwmwﬂdwm:

axes, Being 2 bmdodmmmm,gwmmme,m,d:hmm
lndﬂdnnnl intersect @, 1 we cull Qf, ..., 0%, these rectangles the thesis

]fﬂummnfmdknxblh:xiel.ib:n,bduhyhml 1.8 1, at most countable,
there exists i & @, — I, such that
kS Unk < by b
O<nh=tu-h< 2=,

Va
<l = tuk< ﬁ
We set P{ = {y @ R*:3, = (5. ), } and we replace the hyperplane 17§ by P{. Being 2
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the number of the integers k & Z such that x;, e [, is finite, say &y, &y,
Then by considering the wnlﬂ:’h“ ey W PR U L U P we
the previous case and the thesis follows.

2, - SexcosTvurmy

Let £ be an open subset of R", let f be as in (0.4) verifying (0.5). In this section we
prove a lower semicontinuity result, in the L, (£2) topology, for the Rmctional G(, +)
given by (1.3).

21 Letfbear ifing (0.5). Then for every 2 & R*f* (-, 2) i
Lo sevaicotiins sud Jor eoety A0C D ond ey compast in K. of A & sl

@) f" 2 &7 )+ A (dism KV /" (x,2), VaeK, ViR
R besng given by (0.5).

Procr: For everyz € R* the function f (-, 2} s lower semicontinuous since it is the.
supremum of the fumily of lower scmicontinuos functions x & 0~ ¢f(x, /).
Let Acc, KA be a compact set, 2,4 and % given by (03), then

e‘[x:"

g'(x. ﬂ + iy idiam x){: ol s f]] Veeln, 4wl

K0 we have (21). ®

Lensar 2:2: Lot b an open sef, fbe asin El‘u)rmf)mg (0.5) amd det A cc Q. Then
the functional G(A, ) is lower semicantinuons on BVIA) in the Ll (A) topology

Pnoor‘L:(neBVMlByme]EfmmqkeNlhﬂcnmmdﬂmmmun—

Q i ides are pasallel o the coordinates ases such that,
A% = ANQY. we have (D) (347 N1 4) =0 and diam Af < 1 /F for every ke N
and for every ;= 1,2, ..., m. Let (i )y € BV(A) such that i — u in L (A). We can
soppose. that the lisit below esists el

Faiy
41w, | < + .
Dy 4100

S, Vg dede + I/' (x. s
i



g
Tt resulis

@3 G -Jﬂx. Tndds + If' (x. ﬁﬁ)ﬂmﬂ >
y

n - g
=3 J'/u‘v..,m +3 J'j" x, dlbusl)'”m"'
' i
Lt 8 such that A cc B cc @ and 7 ¢ B; by (0.5) and (2.1) there exist 1 and xf € &
“such that

fiste) < )+ o £) 1 #fm )
(24}
,'-W.x)‘,r'u.uu.({]{/‘u.n}.
fot every x e A and for every z. Morcover by (2.2) we definitively have that

D',
Flx, Ve + ,“{x‘ )b | < +=
‘J . ‘I [Du; [

from which, together with (24), we infer thar for every ke N and for every
=12 -

J,ﬂx,‘_v...;d:r + ]/“{x,‘, %‘T)JID«-] <+,
L) P
By virtue of this, (23} and (24} we get

235 Gid,u) = 2\[ Jﬂx,‘.v-..m+Im.v..:—j,rw.vm}+
e & ¥

’_ILJJ . 2 armnl[ o ot -

J JID-‘\] 2 ,fce,"v-.}a“SJ (

JED«I

’E. !A,(ﬂ{hﬂx.v..)m,‘g JJ'H:”_(X_A




By Remark 1.2 it results

26 m;mlf‘, J‘qu-‘."ﬂ;)‘r+'$, IJ' ix,‘. :|DT. J|Du.|)a
' W

E'J'ns s 3 J ()9 jlm').ﬂm

By (2.5) and (2.6) we get

27 limyinf G, ) > Z‘, jjgx, Tl + J'

iy e -

,.\.(%} Iim'mp['g‘!{l + e, iy M +;‘J}' {x. ﬁ?}:“ ]4|m.|]

Once we observe that by (22)

: gl
"“’.“"’[,g. Jii+l:x.Vn)}nﬁr+'§ I fe s )i[m,|]< =,
o &
letting & go to + % in (2.7) we obtain

@8) liminf G, u.!klim.‘mf[il J"""‘“’"’*’EJ {xf. ﬁk\ )4|m;].
i

LetX = () U A7 Fised e X then we hive hat for every ke N there exss 8 unique

Jjve N such that xa A} and

S et sut. v = sl v,

Sor(s 85)-r(e )

For every & & N it results Juf =] % diam A <1 /& 50 that limt = x, therefore
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lower semicontimuity of f we deduce that for every xa X

ey 3 1000016, i > 15, %,

@9

wie S5 7 53)

Avx-nﬁrlly,e,*-g(.q -UA,‘)»‘U_mnau}n
we have, by Lemma 16,
2100 L*{A-X)= |Du|(A-X)=0,
By Fatou's Lemma, (29) and (2.10) it resubs
@10 limi | 3 o) fint, Vudie = [Fix, e
by b 4
and analogoasly
212 Hn:‘infj’glz,ﬂﬂ{
i

{&,‘Im]]a‘\mlkll { T"'J"“""
Finally by (2.8), (2.11), (2.12)
linf GlA, ) = jfu Vudds + J',r-( %}.ﬂm =Gid.a). ®

Let us show the semicontinuiy theotem

Traeowers 23: Let Q be an per sct and f be a1 i (0,4) veriing (0.5). Ther the fonc-
E-lc-cu Vit Jower semicontinuons on BVae (D) in the stromg: topalegy of
()

Puacor: Let A oc 92, let (wy ) € BVie, () and It w & BV, (2} be such that 4, —u
in L5 (2). Then GU82, w,) 2 G(A, 2 ), moreover by Lemma 2.2 we have

i inf GUZ, 1) = Boinf GUA, ) = GUA, ).
Finally
Gif.2) = wop GlA, ) € liminf Gl ). ®
Azo

By Theorem 2.3 we deduce the following corollary:




o

Conotiany 2.4 Let § be an open sei, a:x & R-valx) a [0, + %[ be lower sensican-
fimaons and g:7 € R*—g(z) & (0, + 2 be comoex. Then she functional

uEBVhI.QI—-Ialxlg(Vﬂdxf atog” )dlD«\

(e
s lorwer semiconsinuous i the L (S2) ropology.

Proor: We ebserve that if we pur f(x, z) = alx)giz) then f verifies (0.4) and (0.5).
Indeed, heing  hower semicontinuous, for every compact K there exists 3 K such
that

alyg) Saly), Ve

alxy)gle) Satedgle),  WeeK, Ve,
By virtue of this the thesis follows from Theorem 23. ®

In particular if a savisfies the assumptions of Corollary 2.4 and g(2) = |2| the
functional

d|Da|

e Bl P i
d ‘

is lower semicontinuous n the srong topology of L (),

Resaue 2.3: We remark that Theorem 2.3 bolds also for functions f which do not
verify Serrin's conditions, sce [S), as it cun be proved with easy examples.

On the cther side we observe. that
Reunnc 2.6 The Runctional G(2, ) in (1.3) i not neueulnl) LL (@) lower semi-
continuous if the imegrand / is not semicontinuous, see the exangle in section 4 of
cs!
3. - Reoomon

In this section we intend o prove u relaxation resuli for the functional fn
(14).

Lumsa 3.1t Let 9 be an open sot and let f verify (0.5), (0.7). Them, for every z& R",
Ftv2) e L@

Proow: The dlaim follows immediatly by (0.5) and (0.7). ®
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2 Lo e o et L f ey 03) and (7). T fr ey
e RY fl0.2) b continuons an ©

Proor: Letz R*, ¢ > 0 and let K be u compact subset of £ such that diam & < ¢,
moreaer ket A be an open st such that K ¢ A cc £, then, by (0.5, there exist x, X
and Ay such that
o0 foxazh 2 fix 1) = Ratel1 4 fiv o)

By Lemma 3.1 f(:, 2) is bounded on A 5o that these exists 4 costast € = Cy such that
flx,2) £ C for every xe A Then, for every ye K, by (3.1) and by (0.7) we have

S, 2) i, )~ ApL01+€) 3 fiy,2) - 2gle)| 1+ fx,, 21} - Ay(ed1 4 C) =
2fly,2) - 24 (M1 + C).
‘By interchanging the roles of x and ¥ it reslis
Ve, 2) =fp, )| S Mgle), Vxyek
where M=2(1+C). ®
For every ke N let 7, be a function in €' (R) serifying:

k=1 Ere-k-2;
3.2 PAUES ¥ i -k=rsk,
k41 r3k+2,
and
dy
(33) o grel.

Lenoun 3.3: Let Q be am open st , f be ax i (0.4) verifying (0.8). For every k& N et
o be & function as in (32) and (33). Thew

3.4) T, = lin 102, a ), Yuell(a),
33) L) =lmT (200, Vuelk(®)
Proor: 1f u e L (@), then for every ke N galu) e L (2) and galu) —a in
LL(2). Being 112, ) and 1_(8,) lower semicontinuous in L (2) we have
820 < limyind 1082, i (e},

36
100, ) & limind T (2,24 ().
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Let (usly e C'(£2) such that uy —w in L (D), w{x)—ulx) ar. in Q and

i) 102, b [, Vin G
d

For every ke N it results
it )eC(Q), YheN and gilm)—xile) in LL(Q)F h— + 2.
Being fix, -} convex and 0% dyj fde < 1 we have
G ujfu.vme.nu [‘/u.vmml ) | A onas
i isdes

< | ety Veds ]frawm [ﬂx.mm
o -

+ ] (e iz, B )4 [ (1=gi) fix, 0)de & [m.v~.m+
[

deluleied beluicien

+ ]/umn | fmvmisr [ fxoides

[T T = miehra e lnf ke

s J' fix, Vu,ldxf fﬂx‘olb:ijﬂx.vmldx‘ [ﬂx.ﬂ]d&
b

Jul ez

Let us observe that if b — + = then:

o9 | e | i o1k
Widi

Imi>4

By (3.8) (7) and (39) we conclude tha

030 T, gatu) < bimind [ 1, Vastu e T+ [ fis, 00
4 el

Tl + o, by (08), we per

(3.1 limsupT(92, 7, (u)) € 2,0}
3

By (3.6) and (3.11) we have (3.4).
Let us show (3.5). If Acc 2, then by (3,10} ve got

(3120 T zalw) £ 1A, 0 + [/anmsf (@) + j iz, 01,
Wi bk




from which we deduce that

313 T2t ST (R, m) + j Sz, O
ek

and Gnally that

B4 tmsupl- (8, ¢ ) <712, ).

By (3.6) and (3:13) cquality (3.5) follows.

Luous 3.4: Let R be an open set, f be a5 in (0.4) verdfying (0.8), Let w e L= {9Q),
(415G C' (D) be such that uy—u in Li,(52). Then shere exists (i )i 6 C' () smch
that

1) fa—u in Li(2),
2) Jai = ion < bl + 1.
3) limyind [ fix, Vi) ﬂ.n‘mfjfrx.v..n.k
Proows Let i = gpi o (unwnm.v.u.m\ﬁcsuz).nd(si)wﬂ-k-uull It

resulis that i 6 C'(2) for every beN; my—gpq.lu)=u in LL(2) and
Bt % =0y + 1. By 38) we huve

J,n,"v;. Yo % [, Vo 1 + [ s, 0)d.,
e (e fum | > W)

Tim L & 2: [ | > ke )0,
thiss, by (0.8), the thesis follows.

Prososton 3.5: Let 12 be an open set, f be as in (0.4} and let us assnnee that ¥z &
SR 1) e Lk (D) Lt A, A, Ay @, ne L (A, UA) f A AU A, dhen

315) T, ) £ Ty, il 4 Ty, )
and, if AGA UA,, then
13.16) I RPITE MY RPIES RV R

Puoor: We first prove (3,15) when w e L™ 14, UA; ). Let (u} ) g C'(A;) and




i e CHA;) be such that
uf—uin LL(A)  wnd me. =12,

Lo T, 2 limsup [, Va4 1,2
%

By Lemma 34 we can suppose that
(3.18) bl leey = bleaian + 1. i=1.2.
Let Becd, be such that AceBUA, and Jet
geCid): 0EpEl, @=1omB
Serting
319 wy = gl + (1 = @luf
:nm that wy —u in LL(A) For every 2€10, 11, by the convexity of f, we

(3200 Ifu‘lvm)éesr qftx, Yl )de +
Py

+leI - ) fix, Vv # (1 —.:Ajj[x. il -1 Ve

Ik;‘*n,i)Vw).

1-4

sz[;u.v,..'mwj/u. Wi+ =0 [,

Pusting for m.,-a‘n my = (1) (1 = 1wt =)V, then by (3.17), (3.18) and
Lemma (1.4) we have

B2 Lim‘mp‘J f{x, .

- (uf - ) V5 -Jﬂx, 0ds.

By (317),(3:20) and (321) it resdlss

(3.22) A, ) & 104y ) + (A 1) + (1 —t}J.’u.mn‘.\-.
i

Finally, being J(A, +} Jower semicontinuous, we oheain

(3.23) TiA, w1 < liminf A, ) < HAyy ) + Tz, ).

So (3.15) is proved if wa L™ (A, UA;)
Now we prove (3.16) if w e L™ (4, U Ay ). Let A” cc A, By, B; such that B, cc 4,

e — e
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‘and A" oc B U B, then by (5.15) it follows that

(3.24) T ) €Ty w) + TBy ey € 1 Ay, ) + - (45,000
and by (3.24) thac
(.25 TAm sl (A, + 1 i4m

We now show (3.15) and (3.16] when w & L (4, U A; ). Letk & N and let us consider
i) where 7 verifies (3.2) and (3.3). The function () belongs to L™ (4, U 4;)
hen by Letoma 3.3 and by (3.15) we infer

13.26) rm,n::lmlmnm.z.(-usim:upm..mu:hh‘mfmI'M,,z.w)-

= Ty ) + 1Ay, ).
The proof of (3.16) is anslogous.  ®

Prowosmos 1.6 i(lﬂbrm:pelnil&—nm(ﬂﬂ)“ﬂ‘ﬁ"l{ﬂslﬂm’krum
ot Ve R0 e L (2) Then

(.27) M@=l () for ooy we L),

Puoon: Tt is wrival that 1. (2, u) € T(R, u) 50 it is enough 10 prove only the oppo-
site inequality. To this wim we can assume that I {2, u) < + %, We first suppose that
weL® (D). For every £ > 0 and f&e N U{0} let A, cc 2 be such that

A cd <R,
28 L (@A) =0,

Iig.u)- ? s, @ s1(2,q).
then for every /& N'U{0} there exists (1), C*(4,) such that
W in LAY and wein A,

(329)
TA, = Il:njf(m Vil b .
i

By (3:29)we cun assumne thar [ fix, Vo) < + = for cvery b and by Lerama 3.4 we can
sppose tht for cvery o o svery b

3.30) Mol g ol + 1.

1 we denote by A = 1, then the family (4, ; = 4, - ):/ @ N U{0} is a Jocally fi-




—a2—

it open wvering of Q. Let (), be  partiton of unity relatve to such covering,

ie,

Ve NU{O}geCld, — A ),
G311 osgE1,

'_Z'uq:,=| in 4.

For cvery f & N we denote by B/ ) an integer to be chosen later, and we put

13.32) 7=y,
3.33) - Ew,..v,‘
W

Tt clear that for every x & & the sum on the right hand side of (3.33) bas only a finite
sumber of non 2er0 tems, hence for every & > 0 i results that w, & C* (). Moseover
for every Acc @, 1€]0, 1L, by (3.33) we have

30 e, — wllsiay € doey — alloreny + (1= Olbederny =

=4

'2‘ @ity =w) Llw -0 €

sl"g:'.m.i.,,. [y = a] # (1 = -

By the eonvexity of / and the n.murjnx,w.)wuhm.

4
(33%) J,‘{.‘.Nw,}l: = If {m ' {,E.. P e ..,vw,,‘))a <
4

;.'j,'[x.f'flw,.\v»,)a»r(n-n [(x. ‘»,vu‘.,).m
4

sf 1 Sl Vbl + (1 —:1[.’(:. - 2%"\7.-.)“5
J= FrTas

E-.Iﬂ‘ Fouddv +{§.1 J' U5 Vo i +

~As

TR~




+11 —.Jnjf(r-

< [s, % »m’g’( Jr -
A e %

1 —tJJf(x,

Let ws fix j e N, then we have
{Vw—,.|=ﬂ in A,

E\v.vw.-i=w‘w,-|*vp--‘7ﬂb in A=Ay,

s that

036 Jf(

»I/u,om+21 I s (u,vw,,mu,..vw,))&.
#
& N o

!uhomminuz,-imm,..h..g‘w.-w,.ww.=1mvw.-x‘

& Vg, = 0 50 thar by (3.30), Lemma 1.4 and an identification argument, for cvery
f€N U{0} it resuks

Ban | G J f(
AR

¥, ,+.("v.m)¢a

i) | 2l

V9,144 V)= J Jox, D)ike
i

ehi

by (3:37) there exdst 5° (/)& N and k(7 )& N verifying

338) if{x AR NS 1
e

A=

fix, O)de + 2L

for all 3 7 (7) and & 2 £(7 ). By (3.29) we obtain that for everyj & N = {1} there




cxists B ) & N such that

639 Li@w> K0 [ miia- £, veai),
.

morcover by (3.28) and the convergence of ul to & in LA (A} we ger

10,6 - i < Tk o) < Byl [ s, Ve e
P

50 that there exisis b™(7) & N with

(3.40) Ifu.v:‘ldr;f,(.ﬂ.s) 2l (@0 - Vo= b'().

Being A M supp ¢, CC A, for W;-dehem Immlﬂu in LLiA) i is
clear that for every & N there exists 5™ (/)& N such thi

1) J' O A L s
Ansee.s
By (3,381, (3.39), (3.40) and (3.41) we deduce the cxistence of
By > max B BTG LA B GO aad R
such that B + 1) = k(s ) and
(3.42) J |'|u.'~u]dx£ . YieN,

Arsepe
(3.43) ]',ftx.vu;,,msas]_w,un £, Vien,
A 2
(344 I for Vel e s a2~ -2, Wi=2,3,.,
Al Sy

(3.45) J f(.+<-;,,vw,,,+..1"vw,1]a‘ l o 00+ £
s =

VieN, kzki).
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Chioosing & =H(7 + 1) in (345) we also obiain

(3461 1 e T P
Wy,
€ 1 fn O+ £, VieN.
A Ay
&\ﬂj’)‘ (3.36), (3.43), (3.44) and (3.46) we deduce thar
10 [T <
4

7 &r; RO 2¢
=L@+ g +'§,[;. @+ L -T2+ F}»f

+u~nj,«x.m¢e+uf:|§ Fle O+ £\ =
p =, ¥

ni,(n.ur+:1—nj'm.nm+ Se4(1-ne
i

and by (3.34) and (3.42) that
(3.48). e, = sy € & + (1 = el

Fot every m e N, let us chose £ = 1 fmr t=1— (1 fne) and ey = (1= 1 [wrhewyja.
By (3.48) we have that

(349 wamu in L (D)
and by (3.47) and (3.49)
3.50) H0,u) € Lin_\_in.in[fi:.vw.hﬁr‘l_(ﬂ.u).

By Lemma 3.3, if #a L (2),
T:o,.)uli{nFu?.x.r-n=1i3nl'.|sz.x.m:-f,(q.; "

Lesna Ler Q be an open subset of R”, [be ar in (0.4) verdfytng (03], (0.7) and
{0.8), Let A cc @ with L*(34) = 0, and GlA, &) given by (13), then

(31 Iidn)=GtA,m), YueBVid)
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us first observe that (0.5 and (0.7), by Lemma 3.1, imply that ¥
@ RYCos) LA (@), By Theotem 23 and Proposkion 36 we have GUL,u) %
€10t u) =1 m,.)zwmqnsvun.
Let us show the apposite incquality and observe that to do this it is not resurictive 10
assume that GlA,u) < +m.
By Lomma 16 for evry AenN dhere cibt vy open dioint sectagles

@t.at, sides are 10 the coordinates axes such that, setting
aﬁ-AnQ,, s | D ((EA2) N A) = 0,V =1, 2, ..., vy, diam O < 1 [k
(3521 W.u)anlG(A,‘,nJK i{nﬁ!ml.u]‘

Let £ 0, und fixk e N and f & {1, 2,..., % } then there exists an open set B such
that

AlecBlaf,
LrBh € 2Lmah),
G N AN =GB} N AW - &,

then
B3 Gz B GRNAE ﬁs(a,*m‘.:—.‘

Let @)= B! N A and B with A cc Bec 2 by (0.3) and Proposition 2.1 there exist
o €T and 2y such that

St % s+ 2a( )41 0,
354

£t e e aa( B wo).
for every x & & and for every z& R*. Now we define

it = [InnmfIf(s,‘ by ) € (DY) = in L (0F)

By Proposition 1.3 and Proposition 3.6 we have

Jﬂ \Vadde+ r( x#, A0 )J|W|=J'" (2.0 =TF(GY u).

— e ———————




e
By (34) and the fintencss of GiA,u) we obtain the finiteness of

]'fu,* S + [r (i Py tom

for every k@ N and =1, 2, .... v, from which, sogethér with (3.53), we conclude

638 GAm= i[Jﬂ:.wmﬁJ;{;}. )ik ]’ru,-‘.v:.m]+
f 'l o

,..[ ]/ <, EDD'.]]““”"*J"“("- o o) +

[ o] o>
aﬁu.wv.;m 'j“’m',)-ﬂmllf

2[Du

-EAJ;.,‘%)(HJ(X.V.,:M—; J‘l.[%)}‘(x‘ Aoy }d]])\—c-

='5_:| gt -g J'A.H-}(: + s, Vud e -
ot

S 1 dD'u
2 [n()r e iyt -
We now observe that there exisis (uf )y € €' (@}) such that

o L

s wtsa i LL(9)),

Tty =l [ it Va2
o




i

! By (3.36), (0.7) being GUA, u) < + % we obuiin
\ i |
I s DL E Elhrrf S, Vul vy = J
{l ~ b

|

- 'Z‘um.pj.l.(ﬂu IR MO P
e

>3 @ha- a.(%][}é‘,‘(::m;umw:,.n)],

‘ By (3.55) and (333} we have
|

il b o4 D
a3 et .Z\J"“?-V“”“J" (”‘JIM]"'M‘

< su..m.; Jaa( )i e sim v+

il [l e e

<Gl u) + ;..(ﬂ[; Lrd) +§; If{:,v-ln‘.r +
C

S [pef, dDu
+‘§'n-l ., le]d\m]us

<Gl + 1,(%}5(4,.@ 4—1,(%);‘1.'105: + A,(%); tre

sc;(.m)[| ugtil]]u,(*l]:.'m: nl.{ﬂr s
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(3:57) aid (35) imply
% Elf":’(ﬂ‘.kligi,(n:,.)_
'.1"@._: _][ -:Anc.‘m,m[u:.(ﬂ] u,(ﬂr.'m)u,(%)rn].
ﬂ;?ﬁ” by 3:55) and (139) e get
<

GiA, = 2T (@) -
=

y,ﬁ_

-z,(%)tf_flum;) = z,(i}cm.u: -A.{%}x -&

b q.(H[:.'mJ + G\A.a)[l + 1.(3‘-)] ¥ ;..(Hum; +2

IF ks 4 then Ay(L/k)—0 therchore, being Gid, )< +%, 3 Lr(@h) =
S2LTA) < +m, we have aud

3.61) G:A.unaiun‘lnrxll,ln,*m:—u
Finally Proposition 3.5 and (3.61) imply that
G =T (A -2

i e—0 we have (3511 ®

Turosen 3.8: Let R be an open set, [ be as in (0.4) verifving (0.5), (0.7) and (0.8)
Let A be an open set of Q then

A, 01 = G(A,m)
Jor cvery u & BV (A).
Proce: For every u & BV (@) the set functions G-, &) and I(+, ) are increasing

- sl inner regular and by Lemtna 3.7 they agree on the family of open sets A such that
Acc @, L*(3A) = 0. Being this fumily dense theorem follows, @
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Canourany 3.9: Let O be an open set. Let a: x € Q+>a(x) €10, + = be comtimwous
and g:ze R-vglz) e [0, + [ b comvex with g(0) = 0, Then

j.wgma+ fg(x). ‘”M )dIDuI -
@ d

- inlllim.inlj:lz)g(Vﬂ. Yabe; (g Jy € € (R — e in LE (.
g

Procr: The function fix, z) = a(x)g(z) verifies (0.4) and (0.5}, see Corollary 2.4,

1 now K is & compact st there exists % & K such that alxg ) €alx)V¥xe K and
d:mfm that alxgple)  alx)piz) for every xe K and for every 7. Choosing
4= (max alx) = alxx)) /alie) it is casy to prove that / verifies. (07) 50, by Theo-

rem 3.8 the Corollary follows. W
In particular if 4 is as in Corollary 3.9 and glz) = |2| then

J ()| Ve +J:£v11 ﬁ‘%ﬁ ‘ -

=in[[lim‘inl ()| Vet [ 1)y € €7 (@ ms—w i L]
F;

Comotiaxy 3,10: Let Q be an apen set, fbe as in (0.4) verifying (0.5), (0.7) and (08).

WD, ) = GLO, u)
Jor every we BV ().
Proow: The Corollary follows by Proposition 3.6 and Theorem 3.6, ®
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