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Ivteomucrion:

This puper arises within the gencral research programme on the Foundations of
Mathematics, Logic and Camputer Science, carried out since the carly eightics at the
the Seminar directed by Ennio De Giorgi at the Scuola Narmale Superioce in Pisa (see
(20)). The main sim of this peogramme is not 1o provide safe and unguetionable grounds
1o scientific activity, but rather to develop coceptual enmimments where this activity
can be carried out nateally and without anifical constraints.

“The foundational programme of E. De Giong was inspired by the following princi-
ples, which he wied to epitomize quoting Hamlk (sce [4], (8], [91):

wThere are more things in heaven and earth, Horitio, than are deewmt of in yosir philaso-
by (Hamler, Act 1, Sc. V, w. 166-167).

~ Nowreductionize; there are many kinds of acqualitsively differents objccts and

concepts which are studicd by science and humanity. Alihough the ser.theoretic enco-

i of mary rmathematial concepes has becn fruiful in providing » decp logica analy-
natutsl matheitical

times, to formulate sppropriate axioms and canjectures. For instance, the intuitive no-
tion of operation subsaimes the intensional concep: of computation process, and s ape-
rations cannor be simply coded by their graphs. Similarly, conceiving collecrion us ri-
th-ralucd operitions forces unnecessary mml.mem on the definition of collection,
aid yet it does. not make apparent their intrinsic extemsionality, Taking satanal numbers
us primitives allows for a clearer unslysis of the connections between different imple-
mentations such o+ Frege-Russell cardinals, Von Neumann ordinals, Church numerals,
etc. Moseover the possibility of using different kinds of objects simplifics the enterpeise
of engrafting new notions.

- Open ol his fsmmework s open 0 extensions i any conceivabl dirc:

Mathematics,

i narural way, In ace ous dim i 1o precile a foundational framework

commeodating any sufficiently clear concept arising in the different ficlds of sciences
and humankty. For example, the mxiomatic framework of 8] has been used in (9] for
engrafiiog concepts such as medaguiliies andl fudeends; in (18] for

‘metamathematical
a detailed trestment of operations. collections and sets; -miialislfwmuodmm
tingent qualities und madal concepts. Some basic notions from Biology arc
in [12] within that framework

Onher important characters of these foundational thevries are:
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— Sclfdescription: the most relevant propenies, operations and relations considered
i this theory are themsclves objecss of the theory. In particular, variogs gralities are in-
troduced in order 1o clasify the diffesen sevie of objects, including operations, col-
lections and qualiies themsclrs. Also the aseriuins and the predicies which aise n de-
veloping this theory are objects of the theory. In fact, wlmociwe this paper propo-
ﬁdmmmmmuwuf«tmmmbm
including predicates and propositions themselves. Thete are alio several logical opera-
*tions, relations nd qualitis, imvolving predicates and propositions, including the quali-
ty of being & trur proposition.

e this theory s developed using the axiomatic method

d the analysis and the criticism of all interested scholars. Therefore an exposition
' rigorous yet informal syle seems more appropristc.

E-d‘n:pwpouhofmﬂulwndumduwm-ppnmukbl [6]. Further in-
vestgatins, along these fincs, have been carriod out by various mathematicins, log-
cians and computer scientists ince Speing 1994, stating from the «Basic Theories= in-
trodueed n [6). For exampie, in (10] and [11], metamathematical notions, such us for
il propesitiow, and interpretation axc cngrafied by introducing suitable kinds of ob-
jects together with relatioas aud operstions involving them. In (7], the concept of ruria-
Hrédlmnl“m.hnmk‘lﬂ!ym-ddﬂmnmntmlﬁu’ in the same siyle.
I 17) uned (13] n similar engrafiing is given for the general notions of m-sry aperafion
and respectively of collection, comelation, st and
Thi papes aracunts 1.« gensral pesséatation of the idéas developed by Ennio: De
Giorgi, together with the authors, during the year 1996. They should conitute the ske-
lcton of 1 general papes on the foundations, which remained incomplere after the death
of Ennio De Giorgin October 1996, Far the benefit of those readers which have not
been previously exposed to presentations of the foundatinal theories 4 la De Giorgi,
wdww:hnwvw-wm give a brief disclaimer of the intentions of the authors,
which can help to climinae some misunderstanding.

~ This theory has no consmcivist tenct. Akhongh we believe that constructive
mathematics is ane of the highest achicvements of this century, sill we think that even
constructive: mathematics itsclf can benefit by serious research stemming from diffe-
rent philsophical standpoints. Banning certain methods would merely impose useless
activiy.

~ A significant point of diference between our theory and the xisting frameworks
is that all of them come os formeel systems, while our theory is intended as an axiomati-
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zation of many different concepts, which cas, but not necessarily has o e, specified in
any formal system. We do not inend to peopose a s formal sysem, which thould hu-
ve, becanse of some technical feature,

lﬁumnhm.mxscumduﬂylnﬁ:slomhyc(-dommmnﬂbchw}. it
penerates very comprehensive formal

~ This foundational theory can sppear prima facie unnceessarily complicated, but
this scems unescapable if we want 10 represent nasurally within this framework, ut Jesst
in principle, the multitude of concepal sysems.

The paper is arganized as follows. In Section 1, we introduce the first fundamental
concepts of the theory, namely qualities and relations, as in [8], [9], [18]. In Section 2
we insroduce the apenations uad we develop & simplified version of (18], In Section 3 we
consider various kinds of praporitions and predicates together with logical operations ac-
ting on them. In Section 4 w propase a gencral theory of collections and correlations, In

comments, from rescarchers in various areas of Science and Humanity.

1. - FUNDAMINTAL QUALITIES AND RELATIONS.

. doal with several
rbemnm-dgufwc

framework consisting of a few fundamental gualier and relatic
Mmu-m-mmkﬂmzmhnm&mmm
framework.

i mbemate Logc md Canguies S 10 wel o ot Jaclioes i Scione
gualitaticely different
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8], we isolate 35 priiive, i, not seducible 1o preceding concepts,
notior

akject x bar the quality ¢ (wtitien s g x);
~ the alect 1 s a binary relation;

the objects x,y e in che biory relation ¢ (writien w8 r x,¥);
the olyect 3 i a termary relatson;
#lbjuxy,zmm*mqmmrlmkmuu.y‘x}.

5) x i a quaternary relation if and omly if Qrelg x.
‘We introduce next the fumdanencel relations Rqual, Reelb, Reelr, wihich describe the
behweiour of qualdes and relarons. Hence we postulite:
Ao 12 Bl s & by wladot 1
1) 4 Ryual .y then Qg x;
2) 4f Qqual g then Repal g5 = g 5.
Aaom 1.3: Rrelb is & ternary relavion:
10 4f Roell 353, hen Qreth x; |
2Nt Qeelh r thew Roclh 3 907553,

Axiom 1.4 Reell &5 a quaternary relation:
1) if Reck x,y,z, w then Qreit x;
20 if Qrvle & then Revlt 4,5, 3,3920%. 9,2

") Mm.ummmqnhhuﬂdmntuwdumn_w

Moreoer
them have suffix or infix op or coll.
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Finally we introduce also an dewisy relation Rid berween objects of arbiteary
kind:

Aioom 15 Rid s ¢ binary reletion such shat Rid x,y botli if and anly §fx and y ave
the same object.

Since Rid is the idomity relanion between arbitary objects, we shall write x = y in
place of Rid x,y.

We do not exclude, of course, that there are also gudary.relations, and in general
relutions of any larger aity, The sesson fos sioppiog here to quaternasy relations s two-
fold. On the one hand, in this paper we utlize only relations with arity up to four. On
the othier hand, we coukd have considared ol biery nelacions andsed some irsénal
enceding of n-cuples, such as that of section 5. However, it seems moe in line with our
informing principles not to have 1o encode narural primitive concepts such as simple and
binary uperations, which are mafurally described by means of a fermary and @ qualermiry
nhmmhmmmhmﬁmyr&mukﬁm»
sheut ineril dscription, Horeves an iternaldescrption of il ki of biecs, inchie
ding quaternary relarions, is obtained in section 3, by introdh
tions and the notion of ruh.

2, - Orenamions

Wemmmdﬂsmmumwna{lhmhm&no{wm 1t
an object

builds on the inuition of . or tw,
objects and possibly produces a resalr. Thbplmnﬂmunnmph.ﬁedmofm
mz«[m According o the pattern which will be followed methodically in engral-
| and ek of Section 1,

mqmmmmmmmMm"mw
which describe their behaviour, Flere we introduce the qualities Qvpr and Qapb of
being respectively a siple (snary) and a hinary operation and the corresponding rels-
tions. Rops and Ropb. The fimctionaliy of aperations is expressed by postulating that the
relations Rops and Ropb are eusivalents, Hence we postulates

Axiow 2.1: Qops t5 a quolity and Rops 15 a ternary relation:
13 if Rops xy then Qopi %;
2) if Ropsfxy and Rops f.x.x then y =z

Axow 22 Qopb is & quality and Ropb i & quaternary relation:
1) of Rapb x, 3,2, then Qaph x;
2) if Roph g.x,y.% and Raph g.x, v, 1 ther 2 =1,
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 Given the axioms sbove, we can adopt unambiguously the stundard norations:
= i Qops f, then y = f stands for Rops f,x, 7

= i Qopb g then < = gy stands for Ropb .5%,,2.

an abject y such that y = f we say that ay s the rerut of / applicd to
o caistys; morcover we denote such 3 by f. I no

Wehnmwrwwfuuwum.mudummwnk

Mwmmmzmm 3). We cotild have done wwy even with binary
operaion, by encoding them as -md.wwmmwewehmhﬂw
in the ficld of ind Computer Science, ma-
iy opesations appear naturally s binary, f:g..ddmnnrndmnhm composition af
conjunction of formulae). However, we consider in this paper only binary

which appear 10 be satural and hasic.
On the other hand, we intend to uchieve a significant completencss at the level of
- simple operations, hence introduce the operation Cur (abrmaction d fa Curry), which re-
dusces each binary operation to the Iteration of a simplc ané, the operation K {which ge.
simple comstant opemtios), the apemllm m tivenion nfmpl:opcu -om).

Aacw 2.3: Cur is a siwple operation. For alf binary operstions g, Curg exises and is a
stmple operation. For ail 5, (Cur g) edsts and is u simple cpenstion such that
Moz ((Cwrglxly =z = go =zl
Axiow 24: K &5 a simple aperation. For all x, Kx exists and is o simple openation such
that

Vay. (Kely =x.
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Amom 2.5: Camwbmryq:mbn ff, g are simple operatsons, them Cangp fi exits
and s & imple. Gpenttion

Wy I(Gz-w fle=y o X (g=zhf=yD.

Asow 26: SthWm IF£, g are simple operations then Sf exises and s a
simple openation such

Vo ((Sf)x=y = Iz (=2 Ak =hAk=y).

Axiom 27 buuumkww“,m&mdmhfmm“
stngple openstion such
1) (ne fls =y -Ir £
20 Vel (il f1x = 3) &= Sylfy =x1).
Following (18] we introduce also three operations which are basic in dealing with
operations: the equality and imequality tests Eg und Ney and the binary anian
Bun. Hence we postulate:

Axaon 2.8 Eq awd Neg are binary openstions:
1) For all x,y,2% Eg xy =2 f and only f x=y=z.
2} For all x, 7,2 Neg 1 =1 if and only if x %y and y =2,

Axiom 29 Bmu.smqopm&u U £ g are simple operations, then Bun g exists
and is a simple aperation such.

liny(lBMﬁlxﬂynk=yVy 7);

2) ¥ (3 (Bun fe)x =) = Fy (k=3 Vgr=y))

Although the Axioms 2.1-2:3 constitute & system which s essentially weaker than
those af [17), (18], nevertheless they yield a rather rich theory of openitions.

. for instance, the existence of all simple finste operstions, and that simple

mmmum:mmm.mmmmmdnkw
etc. We have not postulsted the existence of an ideniiy operation since this can be ob-
tained as usual by taking 1= SKK.

Of particular interest for the next chaptes is the nation of «generalized permurators.
which we introduce by means of the quality Qgpenm. Roughly speaking, & generalized
permutator T is un eperation which rearranges the argumentse of 4 given operation,
ie.

W de) s = u,&, 1)y

whete i, ...{s are positive Integers not
Clearly, ndfhmwhmumdmdummudpcmmuuﬂu
any operation of transpositions T verifying.the following condiion




—
#{ﬂlmmmmwwwméuﬂmdnaw&
are. simple. operations wnd such that
Moz, (T )x)y =2 = (f)x=z).
<an obuain T by the following formidble expression:
SUSURS)SURKMSCKS NSRRI
: do por characierize completly the notion of generalised permetater, since the-
norions

Axiom 2000 Qyperms &5 & quulity.

5)KW:—MQ’F
Mvuﬂun»lﬁmﬂnp:ﬂﬁ?ﬂ)-

s)mm:-nd T

4) §f Qgperm ¢ then Qgperni (Car Canip) .

- PROPOSITIONS. AND. PREDIGATIVE OERATIONS

thissection we deal with some vy peneal ideas sbous pepostions v predicots
peediacie e, We st e gl

Quprop; s we will write Qgrop x to mean that « is a propacision, without
mwumﬁwabwpummwhﬂlnhqﬂrwﬂmho‘m
calculus, bymo(lkmnlhrﬁm hence Qelprop x means
x5 a davical proposition.
Assom 3.1: Qgprop, Qclprop are qualitics. If Qelprop x then Qgprop 3.

W let the usual logical operations act on all peopositions; namely we introdhuce the
9 maw: Vel {ditmetion), Non (negatiais), and sute the following

Axiom 320 Bt and Vel are binary operations. Now 15 & simple opensiion:
N 1) If pog ame propositions, then Etpg, Vel py and Now p exit awd ure proposi.
tions,

2) If p,g are classical proponitions, then alvo B pg and Vel pg are classionl,
3) Now p s 4 claicsl propesition: f and only if p is  clasical proposition.
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Fallowing the usual notation we write p A\ g, p Vg, ~p instead of Ef py, Vel py,
Now .

A charucteristic feature of this theory is the presence of a quality Qtver correspon-
ding to wabslnic and total tratha, differenly from [9], [10] (Ii] therefore we write
Qrverx 10 mean that x is  (abuolutely) true proposition. Since we intend the quality
mudummmammcmmmm. interrogative, dubi.

prapositions, ctc.) we cannat postulate the principle of the excluded middle (fer

mmdm:rmmpeepmm We give in the following axiom 4 «principle of

for propositions of geneta] kind, and we state the lassical truh rules
g R

Axiom 3.3 Quwer & 4 quality.

1 If Qgerop p, thew at miost ome of Qever p, Qrver —p bolds

2) I p,q are clasical propositions then;
znom_n.bausyf.nda-lnym-pndmuw
2.2) Querlp A g} Bolds of and oniy if boch Quoer p and Qrver g boid;
2.3) Quierlp \V g} bolds if and anly if ar least ome. of Qrer p, Oiver g bolds.

Having introduced the propasitions as above, we can consider the classical concept
of predicate 4 a Frege, namely as an gperstion whese vaiues are propastions {sce [191).

Many introductions of this concept are possible (sce for instance (10, [22), [23), In
this cxposiion we prefer 10 avoid the use of tuples, hence we consider simple

m.m,nmwn=ommmmu.¢dr
cative. operations.

Asaon 34: Qgpred, Qelpred are gualiies

1) f Qelpred . then Qipred .
2) I p it 4 prodicite, then p s & simple totil openstion and o is @ predicate for

ewery .

3) Let v be a gevicral permrutator. Then, for every predicate p, there exits a prodicate p"
such that p'x = (g} for all x.

4) 1 Quprop p, thew Qapred pand Kp = p. [fp ir a predicate awd the volues of p are pro-
positions, then Tp = Kp.

lllfywwl?a'ndﬁa'ﬁ'wobﬂwa..ﬂwww

6) Let 1 be a gevenal pemeutator. classical predicate p there exicts a classi-
cal prodicate p’ nmbzb-rp:—(m)xﬁrdlx

70 Qelprop p bolds f and only if Qelpred p and Qgprap p.
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| The clases 3 3 6 i the o above alow 10 «permuate varablee n eated
predicates; moreaver, taken together with cause 2), i provides (classcal

all the predicarive operations, secording 1o the following commutation rukes:

Ao 3.5 Let p, g be predicative openstions. Then:

1) Narp cxists and s a prodicative operstion such that Y. (Naw pe = New(px).

 2) Etpg cxists and is ¢ predicative aperation such that W, (Ef pgle = Etipe)gx).

© 3) Velpy exier and i a predicative openation such thar V. (Vel pglx=

= Vel(lge).

4 Non p is classical f and ouly f p is classical.

5} Jf bith p, g are classical them also Et pg, Vel pg are classical.

| Also in the case of prodicative operaions we adopt the usul nostions 5 A g,

PV 4, ~p iasiead of Et pg, Vel pg, Non p respectively.

" In order 10 enhance the sff deseriptive power of the theory, we ensure the exisience

of propositions which descebe the sction of any kind of object, such as qualite, ela
and themselves.

Aow 36: Guprwnwkm Wt 5 ¢ quaternary relation, ther:
1) Gopr ¢ 55 a predicative peration,
2 (!((Gnyr:lxlvlz)w o .mmmﬁwmx yorw

3) Myaw. (Qreer ((((Gopr £)x)p)2ho 2%, 3,5, 0)
(e (((Gepra)x)3)zhew is free of and omly §f x,7, 2,3 are in the relation 1).

The points 2) and 3) of the wiom ahove justify the =quoted aotations

=t ¥y, 10w = ({{Gopr £)x)y)2)w

‘Since quatcrnary relations describe the behaviours of all other kinds of objects, we can
m&em-immmw the remaining kinds of objects considered in

the previous sections in the naural way, namely:

Axicn 3.7

1) If 5 i a termary relation, then Goprs = (Gopr Recle)s.

2) [f ris a binary selation, then Gapr r = (Gopr Rl

3) If g is a guality, then Gopr g = (Gopr Raual)g.

4) [ff 5 a simple operation, then Gopr f = (Gopr Rops) f.

3) If g & @ bimary operation, then Gopr g = (Gopr Ropblg.

The watomics propositions generated by the predicates obtained by the operation
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Gopr are asservions. concerning the qualitics or relations ta which Gopr is applied; hence
we cxtend the quored notarion in the natural way, namely:

- qualty, then ag.xo stands for (Gopr g)x;

= if 7 is a binary relation, then a3, yo stands for (Gapr rlx)y;

~if 3 18 8 ternary relation, then 41 3, o» stands for ((Gopr 1)y}

- v = yo suands for ((Gopr Rid}x)y, and wx # y» stunds. for ~(((Gope Rel)x)y).

Cﬂmmrmsfb&pouu})ofﬂxmm)ﬁmﬁhlhmufﬂxpmwulm

produsing aiomic propositions
Quer, describe the behaviour of objects of any %ind, including quaternary relations.
This circularity justifics the choice of stopping to quatemary relations, since it provides
un jmtermal description of the action all objects.

Before introducing the cvistential and the smiversal quantifiers 13 operations Edt,
Univ which act on predicative opcrations, some remarks are useful. The intended mea-
ning of universal quantification, say, is that for any object x, the meaning of (Uni p)s
involves all values {py}x for every object y. Hence we have w consider besides p alsa
the sransposed predicaten Tp such that ((Tp)x)y = (gy}hx. Actually, we postulaied the
clauses 2) and 3) of axiom 3.4 in order to make possible the squantification with re-
spect 1o arbitrary variabless. Thmh:wmlomuht\hamnqmnﬁmn
follows:

Axions 3.8 Unie and Exist ane simple aperations. Let p be a predicate; then:
1) Borh Exist p and Univ p cxist, and are predicates such shat:
V. (Unio p)x = Univ (Tp)x  and V. (et phx = Bxist (Tp).

20 If p is clesscal then both Univ p and Exidt p are clavical

3) 1 p s clossical and its salues v propesiions, then:
3.1) Univ p is true if and only f the propesition. p is trae for all 5}
3.2) Extit p is true if and ondy if the proposition g fs true for owe x

W will often use the notations Yp, 3o instesd of Unie p, Exist p. When the valucs of
p are propositions, we use also the more standard notations Wx. px, Yy py, etc. in-
stead of Univ p and 3x. px, Jy. py, eic. instead of Bist p, OF course this notation docs
mmﬂm,l&tmww&mkl
Aftcr introducing the the predicative operations, the

logical opera-
s Now, I, Vil v, s e e satpnicn precicnts defined by means of Goprs
e fisce the problem of finding «classicality axioms» which da not lead to contradiction.
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‘Some negative resuls, cssentially inspired to the Liar Antinomy (or to Tarski's theo:
rem, see [1]}, hmhznpvwedmmhgunmn[!] (10), (111, In particu-

onc connot consistently postulate that all atomic predicates are classical In fact one
aan prove:

* Tiamonum 1: A leust one of e predicater
P Gopr Qrver, Gopr Rid, Gopr Rops
s ot classeal. Hence Gopr Rrelt iy mot classial

Proor; Assume the contrary, 'ﬂ:mkyAmdeaaemuhn:dmdmR
that [{Rely)z = <Ropr 3, 7, x.

P = Nl Gope Qver) A K{Gepr Rid) AR :
Q = Gopr Qrver A KiGopr Rid) AR,

 Thon ((Prly)2 means thit oy i s opecation, = = 2, = s and ot sy Qiers,
B BR10)5)c i s 1 .20 i, ok T2 3 o

Now put L, = 33P and L, = ¥¥~Q. Then L,z means that s is an aperstion
which, applied to itself, gives a result which is not a truc propositios, whereas Lyz
‘means that «if 2 is un opecation which applies to itsef, then the result & not a truc.
pmuhlm»-

the propositions Ly L; and L L; are statements of Liar's type, since both are
m(nwﬂlwﬂindmy they are not true (o not enjoy Qroer). Heace both pro-
positions LyLy and Lyl cannor be classical and the thesis follows.  Q.ED,

The search for the strongest axioms of classicality which do not lead 1o contradic-
~ tion is an interesting problem which has noc yet received & definitive answer.

4 In order to deal classically with otdinury mathematics, the following axioms could
be pastulated:

Axsont Ck The following predicates are classical:

Gopr Rill, Gopr Reoll, Gope Reaer, Gopr Rog and Gopr Ropb.
lnmdswhm:mmmmmhbkfm&ul;mpmdmumm
- sets and ainural numbers,
notion of semiclussical predicative oper mkm@bsp«hu&hmumadﬁ

1 be sufficienty wide 1o cocompass all atomic by

~and 10 be closed under the logesl operations. On the oher hand, it should
‘hmmdimdb-mMnudmupnnﬂghlh:Mcdm
We inroduce semiclassical predicates by means of the quality Qucpred, and state
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that all classical and all momic predicates are semiclassical and that semiclassical
predicates are closed under the logical operations.

Axions 3.9 Qucpred and Qicprop are guolivics.

3) Qrely t = Qscored| Gopr £).
4) If . f are semiclassical predicates then p A g, p N @, =p, Vip, Fp, wnd poe for all x are
Foric

5) If v &5 a geweral permmutator and p i & semicaical predicate, then there exsits d sensi-
classical predicate p' sich that p'x = (1p)x for any x.

Wemmpumumudmuwdlumthuksnlwd\rdn.ﬂmmvcm
prove that both predicates # and Q) of Theorem 1 sbove are semiclassical

Tlmvﬁulewemkdmzmlmnuﬂnd:l‘id&mwuﬁ:rdﬂndwnhmlmﬂ
‘but sill preserve most of the common intuitive meaning of muth. Taking into account
that, as far a5 the stomic predicates gencrated by Gopr are concemed, the universe
«determiness the truth of all boolean combinations, we propose an axiom which main-
tains the wsual <lassical boolzan structure o the propositional connectives and gives &
more sconstructives conient 1o the quantificrs.

Ao Sek: 1f p, g are semiclassical propasiion thei:

1) Qrverl ~p) = =(Qmer p);

2) Qrwerlp Ag) < Quuer p A Quver g,

3) Qroerip V g) = OnerpV Qiver 4

¥ is o sewiclasical predicote and p i o proposttion, then:

41 Queripx) = Quer(3ph:

5) Quer(¥p) = Qever(pc).

Ntice that sssuming the aviom Scl, the innitively equivalent Lis’s sunements
Lk und L;Ly behave differently. Tn fact Ly L becomes true whereas L, L; becomes
false, ie. ~(lLy) is wuel

+ COLLECTIONS AND CORRILATIONS.

W present in this section an axiomatization of the primitive nctions of culection
und conelation ot cortespondence). Our potion of collection is intended 1o capure
the most general concept of aggregute underlying the notions of clas, a5 conceived
by Erege and Russell, see [2]. In ordinury set theosy, grapés (Le. sets of pairs)
play the role of relations and opcrations. In our nowreductionist serting, we
prefer w single oul comdations (or coerespondences) as an independent peimiive
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[mam.mnrdmmmormmw&m

conmected, bue not identified, with that of grph.

W introduce the quality Qeoll of being a colection, together with the relations

Reoll of smembership and Rincl of suclusion and the quality Qcorr of being a correlation
with the termary relation Reorr. These notions are scxtensional in narure, in

e sense that eollections which have the same members are identical, and corrclations

which hase athe sime graphw are also identical. Hence we. postulate exensionality of

collections and cosrelations.

*Aoow 4.1 Qeoll s o guality, Reoll and Roel are binary rlstions.

1) If Reall %,y chew Qeoll x

2 I C, D are colleciions then Rincl C, D 45 WaiReoll D,x = Reoll C,x).

3) If C, D are collections then Kncl €, D A Rindl D, C = € = D

Axiom 42 Qe it u quality, Reorr it o tovnary velation.
) If Reore x, 3,2 then Qo x.

2) FF,G are conviations, then Rinel F, G &= ¥ 3(Reom G, 5,7 = Reow Fyx.y),
31 If F,G are comelations sbew: Rincl F.G A Rivel G, F = F = G.

 Wiken €, D ate collections and x is aiy object, we use the suandard notation x & C
ﬁfkuﬂ Cyx, and C2D, DEC for Rinel C,D.

~ When G is 4 corrclarion, we adopt the same notation of binary relations and write
G,y for Reor G, 5, 3.

We

Axion 4.3 Coll, Carr and Corfun are collections. Graph &t a comelation:
1) xe Coll if and only if Qeall x.

2) x & Corr if and only if Qoo .

3] Fe Corfun if and only if F& Com and ¥oalF,5 A Fx,z m y =z,
4.4) If Graph .y then x & Corr and y € Coll.

4.2} For all x & Com there cuists & wmique 3 & Coll such that Graph =, y.

The third clause of /xiom 4.3 allows the use of the sandard funciionsl notation for
functional 3

- Principle
for collections, as done in [18]. We prefer not 1o deal with evema! languages, but ra-
ther with the internal notion of predicate defined in § 3. Hence we intraduce the col-
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lection Compr of the comprehensibie predicates and we fosmulate the comesponding
«Comprehension Principles. Ta this end we give the definition of logically closed col-
lestion of predicatcswhich will be useful in the sequel.

Drrmmon 4.1: A collection € of predicates is called fogicalfy clased if the follo-
wing condisions are satisfied:

1) I peC then pr € for any x.

2) I p,g e €, then p Ag, p Vg, —p, Fp and Vp belong to C.

3} Ifpa Cand ris a pencralized permutaior, then there is 4 predicatc p* & C such
that p'x = (1plx for any x.

Axion 4.4: Compr & @ logreally closed collection of dlassical predicates.

1) If p & Compr and p is 4 proposition for all x, thew there exise @ collection € =
= {x|px} suck char x5 C = Quwer po

2) Y p e Conepr, and () i & propositon foral x, ., then thre et a coreltion G
such thar G x,y = Oer (e)y.

The strenygh of the uxiom sbove depends on the predicates that one purs direily
hhﬂ:ﬂw Notice that putting a predicate into Compr implies that i is cassical. As a
stating point we st the folloving uncompromiscd wxiom, which corresponds 1 the

principle. underlying G8del-Bernays comprehension, We leave it up 1o interested re-
gml:nhlhﬁﬁddmmwmm‘wpm

Aoaons 45 1) If € v a collection then Gopr € = (Gopr Reoll) € & Compr.
20 If G is & comelation then Gopr G = (Gapr Rearr) G & Campr.
3) Gopr Rid & Camspr.

Axioms 4.4-4.5 imply the existence of many collections and correlations:

1) There exist the wmincrial collection V' of all objects, the empiy collection 0, and
mmu connecting esch object o inself.

i) Callections and correlarions are closed under bimary iniow, buniry intersection
M%ﬂni%mﬁml ‘moreover correlations are dosed under composi:
tion and

m)]qulomdubmdunthﬂtuklnﬂhu‘nnDtDamedC-WG
called the domain and the codomsaii of G respectively, such that x & 2 if and only if the-
re is y such that Gx,y, and y € C if and only if there is x such that G x, .
Moteover, if C and D are collections, then there exists a comrelation D % € called
the carferian prodisct of D and C such that (D % C)x, y holds if and only ifx & D and y &
& €. Finally, given u collection C, there exists also the collection G(C), the fniage of C un-
der G, defined by x & G(C) if and only if there is y & C such that Gy, x.
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i) Tx, 5 are bitcary objects, there exists the callecrion {x, v} whose clements
e exactly x and y, calied the daableton (or unordered pair} of x und . Ifx = y it is cal-
led the singleion of x and denated by {x}.
) T,y are arbitrary objects there exists the correlation (5}, called the singular
" cormelation of ., whose domain is the singleton of < and whose i i the single-
of y. Notice that, if G is o conrclation, then ()G = Gx,y.

In oedinary class and set theories, functions. relationts, openstions, etc. are identificd
ﬁh@mhmnmﬂmmwmdmm
 ducsionise it s that many fundamentalrelatons and operaions canot be objec-
of the theary. We have chosen stead the maximal sclfdescriptive capability, and we
ntroduced from the very beginning many deseriptive relations, such a5 Rgal,
Rincl. mudmuemmmymhmm.u.mmF
.,.dh,cw.-.nmmmze. Russell's asgument yields in

- Tomown 2 (e [18])
Gopr Reol!, Gopr Reorr, Gogr Rinel, Gopr Reelb, Gope Reelt ¢ Caimpr.
Thﬂﬁnzyhldl!hﬂutummmm:pﬂdmmbﬂswmtnwduln

*seen in remarks i)v) sbove. On the other hand we cannot prove even that collections
are stable under wnary wnion of wnary éutersection, or tha the eollections SE(X ) (of all
mu(hmx:mxfunﬂwm domain ¥
mmmmx)mmmmnmumhmgm
sian productss of cobection-valued correlations, and of atranspasitions of correlarion-
valued correlations. Since these constructions play an important réle in many arcas of
Mathematics, Logic and Semantics, it is interesting to postulate the cxisience of opera-
tions Un, Ini, Subooll, Cari, Trans that carry out the intended tasks. Hence we fol-
low [18) and give the axiom:

Asions 46: Un, Int, Subooi, Cart and Trans operstions,
i (um:;fxu.‘qurdmmmx»mm,mnmm
o sach

telX & JeXtrax).
2) (Intersection) If X & a callection of collections and Int X = (1X exists, then st is @
eallection smch that

1allX = We X ex).
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3) (Subcollections) If X & & collcction and Subcoll X = $€(X) cxists, then it i @ col-
lection such that
YestiX) & Quil YAYCX.

4) (Cartesian Product) If F is @ collection-valued functional correlation and Cant F =
=T1E exiss, them it it @ collection of functional comclations such that

GellF & (DowG = Dom F) A Vic & Dow G. Glx) & Fix)).

5) (Transposition) I F i a corlation elued functionsl cormelation and Tans F ='F
exists, then i 5 a fimctional corclation taking on won-cwipéy corelations a3 values, mich
thar

VxeDoms F. ¥z, Fix) 3,z o 'Fly)x,z.
Notice that the pouwer of collections can be obtained from the cariesian peoduct by
putting X” = Cart F, where £ = V% (X},
I rder o grasp the ation of he srassposion operation Trans, i is consenient 1o
ion of s-wple, which we
x,} to be the functional
correlation assigning X, 10 f, and viewing a matrix s X i 4 i s-tuple of mr-wples, then
iis ransposstion is an m-tuphe of n-tuples, corresponding exactly 10 the frampusesd matrex
Noteworthy s the transposition of ssupler of wnivalont corelations with the same do-
ncain, which gives a sort of fibred product, namely: "(fs, oo, fo 5 = Uik, oorfuk).
“The nom-empiyness clause is given in order to characterize mmguely the transposi-
tion. It is particularly uscful in view of the limitation of size principle, since it implies
that transpositions of comrelations of ssimall sizes are small. In particular the empiy cor-
relasion. has empry transpase
“The axiom 4.6 is formulated «prudentiallys. It asserts only that, if the apenstions in-
wolied are defined, then they behave necording 1o thieir intendend meaning. It is not en-
fmwdmmnnumumdzmmmm In order 1o make an cffective use of
arbittary eollections, the following sproblematics wom could be approprate:

Astoss Coll (sce [18]}: The operations Un and Int ore defoned for every collection of
coltections, Subcoll s defised for every collection, Cart is defined for every collection-valued
fumtional -correlation, and Trms &5 defiwed for every comelationvalucd functionsl

comclation,

mmmn:vmmﬂhﬂﬁrmnﬂmmuﬂkﬂmmw
Mathematics and Logic. However, its consistency relative to traditional foundational
Mummmmnﬁmmhumdmﬂmﬂm-
work, but we anly propose it as an interesting topic for further investigation. In order to
engraft the ordinary mathematical practice we choose instcad & mote traditional ap-
proach and intsoduce i section 6 the motions of e and fusction.




sons 47 Let G be ¢ comelarion. Them:
Velz e Graph(G) o= Joplz = i, )IAG 2,31,

approach, one the ordered pairs
G yhe = {fx). fx, rl} Also naural in this context
where angular comelations

K, the
n -wumumkxmmhml{wl.
0 collections C and D can be obtained by puting C XD =
mem_ gl has some i part-
. mmmm:vm"mdmmummmum,l
we prefer not to fix at this stape 4 particular Implementation of pairs. In the
B oection, # ol foon f -t will b touiced, s et 1 will be natil 0

ientify ordered pairs with 2-tapler.

3. - NATURAL NUMBERS AND FINSL SEQUENCES.

As we remarked in the Inwoduction, it would be a violation of the pan-reductionist

and
dering between natural numbers), subject 10 axioms insgired by those of Peano’s Ari-
Mw:.hhﬂ‘odlnlhmnnﬂuumhsﬂndl

Axiont 5. Qat it o qualit; Nadd, Nowult are binary operations: Rnord is a binary
relation;

1) Quort x A\ Qat y = FelQrat = A x = Nodd xy);

2) Qnat x A Qrat y = Tl Qrar z Az = Nmale sy);

3) Rnond x,3 < Jx(Nadd sz = y);

4) Quar 0 and Qar 1

We adopt the standard notation x +y = Nedd sy, sy = Neewdtxy, %Sy for
Reind x,y and x <y for Sy Ax =y
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Axioss 3.2 Let x,y, 2 be matural mansbers. Thes:
Dxty=ytxandsy=y0

2) (x+y) br=x+ (p +2) and (ke =2l
3 aly 40 =xy baz

x+0my, 0=0,xl=x;

Shxd0 =1

“The Induction Principle can be formuluted in several substantially different ways in
theorics where many different kinds of objects are present, E.g. the mere assum-
pion:

wnon-enrpey collections of matuntl mumbers buve @ least elemente
seems. rather weak. In fac it is much weaker than the traditional version:
wif & propasition-salued predicate i frae for some natural nusber,
then it is true for @ least matural mamshers.
Since in our theory there are general predicative operations of any kind, such a state-
‘ment could look somewhat aawhwards. Therefore it seems more appropriate 1o Kolate
 suitable collection Ind of einductives predicates and postulate:

Axion 3.3 bd is a logically clased collection of semiclavical predicstes
1) Compe ¢ Ind.

2) If pe Ind and there s a matural mumber n such that pn i a e proposition, then the.
re s a least matural wamber m for which g is fme.

If Compr = Ind, the axiom sbove amounts essentially to sssuming that any collec-
tion 1o which some natural number belongs contains a least natural number. Since we.
introduced the quality Onat in order w qualify the wtrue natural numbers, it seems na-
sura to postulate » stronges form, obtsined by incloding more predicates in the collec:
tion [nd, s as to allow for a free use of operations, collections and coerelations in for-
ming inductive. predicates

Axont 3.4 Gopr Rops, Gopr Repb, Gopr Reoll, Gopr Reorr € Ind.

An ultimate version could be the «problematics axiom:

Amon Ind: x & Ind == Qucpred x.

Having at our disposal the narural numbers, we can desl with the notion of fistencss
in a natural way. We introduce the quality Qfeg of beiny s finde seguence, and the rela-
ted qualitcs Qeorr and Qendl of being respectively u finite comelation and u fimite collec-
tiom, We state the axiom:
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Ascions 5.5: Qe Qfeorr and Qfeoll are gualiies.
1) Qfiog s i and omly s is  fuancrional comelatin and there s 2 matunal b s

xeDami e | SxSa.
ﬂwxﬁ'dw&vmm4mms.¢um,u.
ﬁ%ﬂnidnﬁfﬁﬁmmmw”mm:unr"
I s s a finite sequence and 7 Do 5, we often write 5, instead of 5(7).
‘Many interesting operations involving finite sequences and natural numbers could
d mﬂs&m.mwewuummﬁznrmmm(h !
finite scquences) and Cane (someatenation of finte sequences):

Axiow 5.6: Lieq &5 a simple aperatian, Cone is a binary apevition.
).Fsb-ﬁ&w&nm:mﬂﬂn&mmqw&tb«xl
s and only if 1€x€n

s amd ¢ are fiite sequences, then Conc &t = 5 _ 1 pxisty and is & finite sequence sick

Loogls_ 1) = Laeg s + Lseg 1

F1E18 Laog 5

foimgy fLiegr <i% Ligs+Lugt.
muym.-..mksqw,mu.q.a,
Many e correlations and collections can be built up aby hands, We give slso o
general aprinciple of finite compechensions fot inductive prodicates:
Asiom 5.7 Let e lnd and let 1w be & natural nmvber such tho, for 1 % i % u, there 5
euactly one object x such that Quver (pikx Then there oty an wetaple 5 such_ that
| Qno (i bolds for 1 €5
Wi conclude this section by introducing an operation Por which provides the collee- |
tion of all n-tuples whose componcnis belong to » given collection.

Axsona 58! Pod i a binary operation. If Qat 1 and Qeoll €, then Pot nC = € exists
“and is a collection sch that

Wils e C o Qfiags AlLsgr=nACadsgC),

= [

b+ SIS, SYSTEMS AND FURCTIONS

In this section we deal with the important notions of set and function. In our view,
the nalve comcept of set mediates two contrasting concepts: that of aextension of an ar-




bglnpcopﬂwudlhnn(mapdnhuh- The former is eaptured in our the.

ory by the notion of collection, while the lutter has heen dealt with in the previous sec-
tion, after introducing the concept of natusal mumber, The classical Theory of Sets, s
conceived by Cantor and axiomatized by Zermelo, is an uttempt of characterizing us
s those collections which can b feely manipulated as mathematical obiects, the Lim
tation of Sie Principle being the basic eriterion of xsethood (see [2]). Here we intro-
dsce seti us wsmall, wellcontrolleds colcetivns, which can be dreely handled by sl
muthematical and logical operations. Just a5 sets are singled our from general collec.
tians, similarly we single out from general coreelations the (indexed) systom, which cor-
respond 1o egraphse which are sers, and the fimctions, which are the wnivulont

sysiems,
Sets are particular collections and constitute the collection [ur (*), whereas systems
constitute the collection §y3 and functions constituse the subcollection Fam.

Asoms 6.1: Ins, Sys and Fur are collections.

1) dns € Call;

2) Se Sy e S Com A Do 5 & bus A Cod @ sy

31 Fun = Corfer 11 Sys.

Although the notion of finitencss has not been completely develaped in the previous
secion, mevertheless we take as guidelnes to the asiomatizarion of s, s und fur-

ctiony the muin intwitive propertics of fintc fises

A first axiom expressing the manipulblity of sets and systems is obtained by posts-
tating that the fundamental ‘relations Reofl thd Reor, when restricted to scis' and
systems respectively, give ise 1o comprehendble predicates:

Ao 6.2: The follmoing predicates belang 10 Compr:
Gopr Reoll A Gopr I and Gapr Reorr A\ Gopr Sys.

Axiom 6.2 yields the existence of collections giving the wnion and the iniersection of
every gollection of sers, and of the colleetion of all subsetr of uny collection. More gene-
rally we obuain a suitable restriction w scts and functions of the. problematic axiom
Coll:

Thcmens 3: The opentions Us and lnt are defined for every collction of sts. Subeol!
s defined for every set, Cart s defined for every set-vatucd functional comelation, and Trans
is defined for cocry functional comlation taking on sistevs as value

We state 23 an axiom the «duals restriction to sets of the axiom Coll:
(#} The word I has been chosen in aecordance with the Latin imad (me

anig b
ausly) which s the root of the word for et in some Neo-Latin langusges, .. insime (lslan), en-
seube (Frenchl.
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Ao 6.3: The operations Un wed Int aré defined for every set of collections, Cart &
d for every collection-valued function, and Trans is defined for every comelation-
Jfunction, Morcover the cartesian product of u setvalucd fmction s @ 521,

«Limitation of Size Principler is embodied in the Axions of Replacerpent, which
relasively o a collection Rapl of sreplaceable predicatess, which is much

wmammw and allows for a free use of aperstions, in ad-

and comelations.

~ Auom 64: (Replacement-union):
 Repl & a logieally closed collection of semiclanical predicates

: Mﬂr.ﬂxexﬁmblwwhlmnﬂuamhﬁnn&d
g..manxma:my) s

" Axiom 6.4 subsumes the radition axioms of urion and replacement. Namely, if E is
of sets, then U E can be obrained by taking X = E and p = Gopr Reofl. The usual
 formulation of the Replacement Axiom in Zermelo-Fraenkel set theory corresponds 1o |
E when all sets {y|Qreer iy | are singletons. Similarly one obtains the axiom of
. in particular that any subeollection of & set is 4 set. Finally, from axiom 6.3
1ogether with 64, one obtains also the usual Powerset Aions,
1 the axiom Cl is assumed, then a «cautiouss postulate cauld be that all the repls-
ceable predicates are clussical. A more saudaciouss attitude leads to grant & manipula-
uu,armmmmam;dmb,mmsh-.lmmmu
tes are

Ao Repk Repl = Ind.

We hase ot yet postulsted the existence of any set. An obvious interpretation of
the Limitation of Sise Principle suggests that finite collections and corelmions arc
- small. Hence we postulate:

© Aow 65 If Qfiollx then x @ I If Qe then 1 S

Which collctcns acesets s il undetermined. We bve sssuned the ssethoods of
all collections, from Theorem 2 that there are col-
Jections which arc not sets, Varions aliernative choices can be made as 1o what we want
1o bea set (see e.g, [15], [18]). In view of the Limitation of Size Principle, the most <fi-
~ beralw anitude s cxpressed by Von Neumann's axiom:
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Axion VN [Von Neumann): dm'kmarxismllmq’mdnd,‘ilﬁar
ir a functional-correlation F such that F(X) =

siom VN allows to derive also the cxistence of s one-to-one correspondence bet-
ween Ond, the collection of all Vo Neumans's ondinals, and the universe V (sce [24]). It
i iscrcin 10 compare th e natira! b, (e, the sbiects enjoing the qulity
Qnat) with their usual set-th rarmely the clements of Vor Neu-
faan's least limie ardinal o0, We could sssume the follswing eadiom of sandar-
dpess:

Axsom St: There exists @ collection N such that x & N if and owly of Qat x.
e axiom St, there is 4 onc-to-onc functional correlation from w oato N,

but it is sell possible that N s ot u set, In order 1o preserve the modem approach 1o
classical analysis, the following «axiom of Cantorian Analysiss should he appropria-
o

Ao CA: The colloction N i a set

A proper sliernative could be an Asiom of Finitism:

Aaos Fin: x & las o Qfeoll x.

Some of the axioms above can be combined with the following saxiom of Skalems
{see [15]), which introduces an emumeration of the universe Rem:

Axiom Sk: Ren is @ binary relation.
D) Vae V. 3n. Onat n A Rew . x;

2) Vo (Quarn ARemm,x \Renn,y =5 =y).
7. - FURTHER ENGRAFTINGS
L this section we outline an axiomatization of some basic notions from two impor-
tant fields of Mathemarics, namely Stsndsrd and Nonstandind Analysia and Cotegory
Theory.
7.1, Standard and woustendand analysis.

We can engraft the firs notions of sndard and nombandard amalysis in the
following way, which is reminiscent of [8], and follows closely the pattern of
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prliminary draft of De Giorgi's on the subject, dated July 1996 and

rediscovered (*).

" We introduce:
hwmw«dwdm.w(nﬂdmﬂm{mﬁvuﬂnmﬁ
(namtandand) real
hhmmmmwumm"mam
mmmmw(ummdmmm
the quality Qprat of being & goweralized (nomdandard) motural mumber.
propos here s very weak asiomarization, which should be compatble with any

saie Bt a porely descriptive oo
T11: Qreal and Qpeal are guatities: Gradd and Grovdlt are Binry cperstions;
relation.

l]Q'ﬂrnWr
2} Gradd xy =z = Qpeal x A\ Qureal'y A\ Oyl 33
3) Gemalt xy =2 = Qppeal x A Ggrevl 3 A Qgreal 3
4) Qrealx A Qreaty == T Oreal s A Qrel Pz = Graddy Mo = Groralt sy,
5) Qrar x A Qnat y = Gradd xp = Nadd sy I Gt 3y = Nowsl x5
We adopt the sandard noation x + y = Grudd x, xy = Grnlt xy, x €3 for
Bgrond xy und x <y for s €3 Ax =y
We state next an wxiom which deseribes the algebraic structure of the generslized
reals:

Asiost 7020 Let x,3,2 be general real mambers. Then:
Dxty=seyta=zady=ze pm=x
2) if x4y and y + 2 oxit, then hoth x + (y +2) and (x + y) + 2 exist and they are

"3 F ay and vz s, thew botb ) and Uyl it and they are equal;

() E. Dis Gaosmaa, L ianelise matemmatica standand ¢ womstandard rivisia
¢ ewtrurale, Lecee, 7.6.96 (manuseript). The ndmnp-d&mA!mhM-
ding copy of the manuscript.
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4wy, oz and y 1 oed then botb xly + ) and xy +3 exit and they ame

Sx+0=x D=0 xl=x

6) of Qgreal x and x = 0 then there 5 y such that xy = 1;

T of Qareal x and x # 0, then Frlx=27) w0 ~Tulx +uw’ =0);

8 xsy s hix+a'=yh

9 ¥y Tl +37 =27

s pointed oun abeove, we commit the development of mathemstical analyss to the
siudy of several different suniversess. We cannot take into account here the most ge-
neral notion of meoded of the awalysis, We restrict instesd our attention to erealistic mo-
dels, which are conssituted by sollections, correlations and general real numbers and
are subject to natural axioms(*). Hence we introduce the quality Qrealorod of being a
realistc nrodel and we pastulate;

Aaiow 713: Qrealmod s i qualiy

U Qrealnred 7, then 5 i @ pair (C™ R™) such that:
1) C® & o collection of collections, and R™ is u collection of gemeral real

mbers.
2) C®el™ R* & C® and there evimm U™ e C™ (e universe of ) mch that

Vaixe U == ?mc"usy)},

3) R & closed ander sum, product, oppusite amd

4) There eciuts a set N*aC™ Uh!mmwlmwbmaf'ﬂ\mh{hﬂ
41) N¥gR™;
42} 0 N™ ond Ve NT(x + 1e N}
43) If Xe €™ sumfies 4.1-2, then N¥gX.

3) There exits & collection 1 & C™ e sete of the miodel IR} such that:

IECC=Nins, RE N™el™ ami [T 0 1™,
6) There exits & collection F® & C™ (the functions of the wodel ) such that'
feF® < feFun \ Graph fel™.

In order to make an effecth realistic models, ane shoukd more com
prehension wnd stabiliy peopertics for the collections €, J’mdF" We leme the
search for such conditions to the intercated readers. Tt is interesting to notice that ooe
could characterize the stondend malicic models by the following property of «fullncsss:

Yxel™and ygx, thon y e I™.

(%) The suribuic arealisticn wis mﬁg«mmsﬁ,;mﬁwmmmmu-
twde of the paper (8], which & in some sense mistored
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e conlode i miucton b deling wid she sl propany of e o
ramely orer

any bounded. nonenspty collection of real sumbers bas a least upper bound
s s wek, More n i with e framework s the insroduction of a calletion
ble predicates, wh those predicates wh

h.un..:h...i. Henee we postulate:

4 ,,,Amu Compl: Canpl s a logically closed collection of semiclassical predicates

1) Campr ¢ Conpl,
' 2) Lot pre Campl be a predicute such that, for all . it prositson. If theve are el
%x,y-nb&nmrm.mﬂeu#ﬁixlwuﬂmi-—bvzrphhaﬁ-
least real mumber w ssach that p i faise for all reai nambers 2 > w0
 The strength of the axiom depends, s usual, on the predicates which are put into
A comparison with other basic collections of predicates, such as [nd and Repd, is
the interested reader,

Categeries.

T this sub we suggest the ing of ial notion, We consider
‘only the first fundamental objects, and e siate oaly the descriptive axioms which ace

~ the quaternary relations Rkom and Reanp.
The intended meaning of Rbom C., /.4, b and Reomp C. £, g, b is that, in the catego-
1y C. fis a (homammorphisne from the object  w the object b and, respectively, the mor-
Pt b s the compaition of the morpbims [ 5.
" Hence we aate the axiom
Axiom 7.2.1: Qeat is & quality, Rioen and Reawp are guaternary relations
13 If Rbom x.3.2, w or Renmp x, 7, %, w then Qeat x.
| Let C be s categy, Then:
za\m.'.& .(m-c,r. bA Rbaw G fa' bt = a=a’ A=)
3) Wi ( b A Reomp C.f g, " = h=h')
4}!,5.5-:%-(:,!.5 e ARbaws €, ga, b =
= 3biReamp C. /2, A Rbowe €, b, 4, ¢)}




5) Wigh. (Reomp C. £, g.b =
== RalciRhom C.f. b, e A Rbaws €, g, b A Rbomn C. b,
6) Vab.(Rbown C, = 3/ YgelRhom C,g.a,¢ = Reamp C.g.7,2))
) Vabf. (Rbomr C.f.a,5 = 3 WgelRbom C,g.c.b = Reomp €./, 2))
B) Vight!. (Raomp C,f.g.! A Reomp Co. bk =
= SerlReomp C.4 by A Beomp C.f k. mr))

his axiom, ane can e usual notations and definitions of Cate-
mmo’.mhﬂmmhﬁwmm,ﬁwdmmﬂmmmﬂm.wbﬂ
ete. We omit them for sake of brevity.

“In order to develop caegory theory many more notions have to be imtroduced. We
consider ficre only the notion of functor, which we axiomatize as marpbiem of the caie-
Sory Cat of all ategories, We introduce also the quality Qe of being a functor toge-
sher with the temary relation Rfien which describes the action of s functor on obiects
and morphisms of the appropriate categorics.

Jocioss 7.2.2: Qfenc i guality, Rfionc s @ termary relation and Cat i @ eotegory

1) 1 Rbom Cat, %, , = then Qnc 5 and Qcar y, Qeat x

2) If fnc x chen there exist C, D such that Rbom Cat, x, €. D.
30 If Rfuone x, 9,2 then Qe x.

4) If Rfunc x. 3,2 and Rfure x,.3, 0 thow 2 =10,

Assrse Rbom Cat, F, C, D. Then:

5) If Rmnc F,x, y then x, y are either objeces or murpbives of C, D repectively
61 Vfsb. (Rbom €. f,a, b =

'/ (RfuncF.a,a" \RfurcF, b, b" ARfunc F.f. £/ \Rbowo D. "' 8")).

7) Vb (Reomp €, [ b ARecnap D, 1 &' 0" \Rfwrec F. [, I ARfinc Fog.5°
= Rfunc F,b,b").

v similar way one should also introduce the fotion of natarl monsfomsation toge-
tice with the cawegary Func of all functors snd several othet basic catcgorial notions.
Mazeovez, in onder to make an effective, use of Category Theary, sveral fundamental
categorics are needed, in addition to Cat and P, For instance one could introduce
the following categories:

_ Call, whose objects see ull collections and whose morphisms are all the pairs
1, € where £ s & fuctional comelation and C includes the codomain of /

Z o, whose objects are ll collectimer and whose morphisms are all the wiples
(C, 3, D} where g is a comelation included in € X Dy

' Set, the fill subeaegory of Coll whase objects are all s
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8. = Toin CONSISTENGY PROBLEM

We conchude this paper by bricfly discussing the consistency swength of the axio-

theory introduced here. To this aim we have to choose a first arder axiomatiza-
of the theory. We fix a first order linguage £ (with equabity) corresponding to the
motions of section 1. More preciscly we put in £

qmmwdmmbdkhdmh‘dmhuhmdmwmh

unary predicate symbol Ry corrcaponding to quaternary relations,
ey procste syibol Ry, descibng the behavkour of sty e

%nbvulmhwmmmh“mud.d.mmwmﬁmm
which we denote autamymously, Then cach mxiom of the semiformal theory has a formal
counterpart in £ E.g. Aviom 1.1 becomes

QQqral) A QUQres) A QQrelt) A QU Qrely).

1) ~3(Ryy Dol x) A Ry (Grelds, <)V (R (Ggual, x) ARy Qrefe, x)) W
V(Rq (Qgual, ) A\ Ry (Qrelg, x1) V' (Ro (Qretb, %) A Ry (Qrett, 1)
W (Rg (Qreth, ) A Ro (Qrelg, £1) V (Rg (Qredt,x) A Ry (Qrely, x1));
2) Qx) =+ Ry Qg x);
3) Rbix) o= Ry (Qrelb, x);
1) Refx)om Ry (Qhelt, )
3) Ralx) s+ R (Qrely, ).
~ ‘We denote by AF the formal theary whose axioms are the formal counterparts of

wdoms 1.1-1.5, 2.1-210, 3.1-3.9, 4147, 3.1.5.8, 6.1.65.

Due to the presence of many nonwellfounded collections as well as of objects which
are not collections, & natural tranitive odel cannot be builk up within ZFC. Therefore
We prefer to use 8 metatheory that allows for wrelomonss and incorporates a suitable
Free Canstruction Principles (antifoundation axiom, see [13]). Hence we work within
the theory ZF, CU + X (U) + wk is an inaccessible cardinals, as done in (18], The the-
qﬂ,cﬂummmthdu:&myhmmkm
s 1o allow for a set U of urelements.
%, (U} Is the antifound: lled injective free ction principle with re-
spect 10 a set 7 of atomss in [18], namely:
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Acont X, (U): Let i A= A} U U b snjective, Thew shere exist a transitive set T
and a biective function g1 A~ T such that:

if fix) e U;

) - )
B =00 |yefin))  otherwise,

In order not t b forced o repear the whole construction of [18], we use a5 a staz-
ting point the tet-theoretic part of 4 model 7K of the theory GOCH as defined the-
e

= @, (M) g M, ie. all subscts of M of cardinal iexs than x belong to M;
— M1 #M) is dosed under all Gdel operaticns and also under wmions, imersec:
ticms, products and transposttions of length lesy thaw K.
Therefore M 1 (M) and , (M) are suitable for interpreting Coif and s, respect-
ively.
| We have to enrich 5% by adding the interpretations of all kinds of objects which are
| ot collections, mamely: comelations, natural numbers and firite sequences, openations \in-
1 chuding proponitions nd predicater), quafitics and relatiaes, Tn order 10 accommodate all
these kinds of objects, we fix seven pairwise disjoint collecdons of urelements, each of
size ke
= U, whose elements are interpreted as qualities;
~ Ups, whose clements are interpeeted as binary relusions;
= Usy, whose lements are Interpreted as ternasy relations;
= Uy, whose elemens ate interpresed as quaternary relations;
| - U, whose clements are interpreted as simple operations;
‘ = Uy, whose clements are interpreted as binary opesations;
f = Uy, whose elemenis are interpresed as correlations.
" W o assame tha there are let & undualified urlement, 0 88 1 feave place o

! - The universe M of W is a framsitive set of size & containing & urelements;
1

b

el

further engraftings. ¥
| In cormespondence of cach distinguished object of the theory which is not a collee- :
tion, we fix an urelement belonging o the sppropriste set, which we denote by  with
the name of the abiect as a subscript, When no wmbiguity can arise, we shall use simply |
| the same nume of the object. E. g the inerpretation of the quality Qgasf is un urele- ;
| ment tiggs & U, possibly denoted again by Qgnal.
We have o assign the action of correlasions, operations, relations and qualities ac-
conding to the axioms of AF. As done in (18], we follow a procedure which reflecrs the F
astraifiedss hierarchy of the diffecent kinds of objects. Sets, systems and natural nur-
bers lie at the bottom level. Collections and correlations constitute the next level up.
Un-hdmhelmp{nd-mmm-hdmnmgwnpmdmﬂﬂmwmm
Firally, ar the top level, we b ich involve all kinds of objec-
ts incliding relations and qualies u.mc)m
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v We divide the definition of the model in five steps.

~ Syer 10 As stated at the beginning, s are those subsets of M which have cardinal
Mxmddbmmdlwbo«nl”bdmﬂlnu Correlations are the ele-

St 2: Natural sumbers are dealt with by taking a set of afreshs urclemenis Uny i
ane-to-onc comrespondence with the elements of the Von Neumiann ordinal w. The col-

ion I of all inductive predicates will be chosen in Step 3. This choice will be done
50 9510 satify the srong axiom Ind together with Axiom 3.7 Fite seences and fte
are defined in the obvious way, 50 a5 o satisfy the Axiom 5.5.

Sy 3: Prdicstes and propositions are smple operstions i the theory AF, hence
hmm-ehsrmlcmi:&mﬁ wmwmmmm.m:
rra T

,ia-ez' ‘The nonlogical symbels of £ are fwo quaternary predicate symbols R, K
imtended to represent the predicares Gopr Rrelt and Gopr Ropb), and a constant syrm-
£ for cvery me M. We fix an coumenation X, % of the varishles

hmwmhnhmhummmmn.nmtmmdg-
-mwﬁmmmwmme‘mn
= Hnim o) 204
GyM-derMimmdr
i and g, 0,1 806 intended o interpeet the propositions
do and <Ropb 2, b ¢, dw respectively.
M“mﬁwhhuﬂmmﬂmmummuﬂwﬂ'
~ g = ny, where y s obusined by substituting, in , the constant ¢ to every free
occurrence of x5 and the vasiable x, to every free occurrence of x,. 1.
We define the action of the connectives in the nawral way, namely:
— Main iy = =gy Bt gy = g .y 30 Vel gty = tigy
“he acion of quaneifees s given 1 follows. Let b  formula whos free varibles
are cxactly x, %, , -...x, with strctly increasing b&amkhm&mmu
d::ufmnhbnppemmwmdlnv g0 X - 1 eeer X )y whiere fo = &,
iy = 0, and 7y = iy — 1 otherwise, Then
~ Evit uy = wagy and Univ g = sy




—202—

Tn order to deal with the action of generalized permusators, we stipulatc that they
comstitute the least sct of operations inchuding K and T which is clased under
Cur Comp. Hence the action of all gencralized pesmutators is uniquely defined by
putting:

= Tuy = by, where y is obtained from ¢ by exchanging any free eccurrence of the
vaiables xg and .

- Kty = iy, whese @ is obtained by increasing by 1 all the indices of free varisbles
occurring in @.

We stipulate that all predicates are semiclassical and that u, is classical if and only if
the atomic subformulae of ¢ have one of the following forms:

- Rylif, k. D:

= Rylong it bud) R (e 5o 1Y

= Rylenes Ont by 5 Ry (s it 2 11, Ry (e g, 1),

Rilcss, Chumts i

where 1,7, k, { sre arbitrary varisbles or constants.

We also stipulate that sl pn&ulsbdmgmhmh collections fd and Repl, which
are therefore equal. Tn onder to inerpee the collection Conpr, we take the least logi
cally closed collection of predicates containing all predicates , shere g is any of the
following formlae:

= Ryl o Dy Ry (e €2 ), Ry (s e €.

= Ry (Cpts Crt, by 1A R (e, ity G k)

= Ry (e /o b 8) AR s it £, 1K
where ¢ is an arbitrary constant and 7, &, [ are urbitracy vadables or constants.

Sran 4: Tn defining the action of all operstions, we follow an inductive procedure si-
milac to that of [18]. Besides the distinguished operations and the predicates, we have
0 single out alko:

- 40 element s, @ Uy for each g e U

— an clement € U, for each g o U, and cach ¥ & M;

~ an clement iy, & Uy for each x € M\Upma.

The intended meaning of e, & the interpretation of Car applicd to g, that of a, ,
is the interpectation of Car g agplied to.x, and that of ug., is K applied to.x (the action of
K 0 Uy has been defined in Step 3). In oeder to avoid undesired clsshings, we stipu-
late that these clements arc all different from cach other and from all previoudly fned
operations.

We pick three (cxteral) injective MIPRINgS @ comy, @5, P UZ, = Uy and an
TtV MADPINg Fj - Uy — U, taking care that their ranges are pairese disjoint
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d disioins from the previoasly considered opértions. The intended meaning of
(fl)hﬂunlll:nf(nnpm,fmdg,mddﬂnhﬂyhrw, s P
operations dlear from their natu-’

opetations which are not of the kind Gem (/i) 93lfieh
;)lu&wh(ﬂhwlmwmnmdingmlkﬁmﬂanMWn
¢ the actions of these operations by an inductive procedure. At level 0 we decide
the operations abave are all empty and we put

Fom AU | fe U=y atieel 0.

I arder to deal with the stic op T and Bun, we fix a wellord
of M. Then at level & + 1 we put

Feuy=FU
Uf(gamlfahxs) | Zxahifny)eF U
Ulealf, 20 30| Bae. O, x. 0, (g2, 2l (e s y) eFL b U
Uf(a (. 59) | Yell@na (.21 @ Eo) Ay = min fao] (f, o, x) e Fu}} U
(), 6.0 | Vo mes o) 5 DV Eu Ay =i ] o ) €Fg Vgl Eo} )
At limit 2 we put
i

Finally for all fe U, we put:

— fe= i and only if (/,%,9) € F,, where v is the least ordinal such that F, =

=Fppte

Wemb&mumﬂmwm Aﬂqn-ﬁ&hm

Homever, once the exensian E = {:su|w~}d&qudw9w.r¢.a.
there is opc end oaly one way to define the sexternal graphse of the relarions
Reelt, Rrelh, Rl 50 15 to satisfy the Axioms 1.2, 1.3, 1.4. Let us call 5K(E) the struc-
ture 50 obtained. We have 1o determinc E 50 a5 t0 obsin  model of AF. In particular,
the crucial Axioms 33, 3.6 and 1.8 have to be satisied.
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To this im we stare as in [23] by lening Qer to be empty, and we define inductive.
Iynu&. F, of propositions which are strue, and respectively fabse, a1 level an.

Rt Rl
-Ey=8;
~ Eyor= {uy | VEELCEAF,NE =4 v M(E) = al}
{where (E) is intended as a structure for the language £ in the obvious way);
-a-UF
The sets E, , F, are disjoint and closed under logieal equivalence. The scquence E, is
incrcasing. hence thee i a east ordinal - such i Ey = Ey
Pur E = E,. Then:
i peE = ~pak
i) peE o Qnerpra B
i) pAgeE = pgek;
WpeE = pVeek;
v ek = ek
vi) ¥p e E = por e E for all mre M.
The sbave propertes are crucial for our purposes, hence we ghe the following

[P — mmofpmpomuz“m.m,«un inchudes E, , is closed
inder logical equvalesce and satitbies properties {14i).

Mareover, E s complete if the converse implication of i) also holds, Le. p e E +»
=peE

Any good ruth sei provides a model of a very strong theory, namely:

Tuzonss 4: Let E be o good truth set. Then
R(E) = AF + {CI, Ind, Repl, VN, St, CA}
Mareoser (E) = Sel f and only if E i complete.

Pucor: the principle of non contradiction holds by condition i1, Moteaver, one can
prove: that all classical propositions are classically decided already in J(E, ), Hence
Avionts 3.3 and 3.8 held in 31 E). On the oher hand, Axiom 3.6 holds by condition il
The remaining axioms of AF hold by defiaition, as well as the Axioms C1, Ind, Repl,
VN, §t, and CA.

The completeness condition an E carresponds exactly to clause 1) of axiom Scl.
The clauses 2), 4) and 5} of Asiom Sel hold in 7 (E) by conditions i), v) and vi) re-
spectively. Finally clause 3) follows from the fact that E i closcd under logical equiva:
lence, provided clause 1) Is vesified.  QED.




=

of propositions E, ane can assume E
s !wmdmhmpkuuwm.mmi
of th formulae of 2 and

hbmly—eull-lZmnAhhmlApﬂnsugoodmuhms. Hence, in looking for
maxineal.

E .u__,uhmmk.mn«w-dw R (et st e r,) Ckulynd:hu-m

—a can be in E beeause of conditions i) and ), since k=
We conjecture, however, that one can find ok i Gt o
functions on formulae, such that the srank of a formula @ is larger than that of any
formuls which appears as an index of & constant appearing in . This could allow for
in correspondence 10 any noncomplete pouel truth s E, some exisential pro-

Thmowia 5

Con(ZF) = Con(AF + (€, Ind, Repl, VN, §t, Sk}
and.

Con (ZFC + sthere exists an inaccessible cardinals) =

Con(AF + {Cl, VN, §t, CA} + any nwo among Repl, Ind, Ski.

The use of an inaccessible cardinal in the construction of the model W is only
mstrumental, so as ot to e forced 1o usc proper classes within inductive definitions.
I s, we conjcture that one can perform allthe reguired inducions working vith
proper classes in 4 metatheory as strang ns KelleyMorse class theory. One could thus
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obtain & class model which allows for substituting KM insicad of ZFC + stbere exits
an indceessible cardinals in the second iem of Theorem 5.
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