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peoblcana tipo Schrodinger per i p-laplaciano subellio ¢ con una misura di Kato: come

1. - Iemmonvenon
LaX,= ﬁa,,o.,. ety 4 €€ ™ (R), be vestor fickds on R satisfying
the Hoemaoder condien the vector fckd X, and ther commaraors up o the -

der k span al the difactions in RY). wgmnmx_-——}:o. In the following
X denotes the vector (X, ..., Xuu).
A distance relative o the vector felds X, can be defined as

k] dix,y) = sup {@(x) - @iy} @ € €7 (RY), |Xg] = 1ae. )
see [3], [4), [10], [13], (14), [16]), (18).
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(**) Memaria presentata il 4 dicembre 1997 da Marco Biroli, saclo dell'Accadernia.
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We recall that, for x, v in a compact set K and dix, y) £ 1, there exists a constant
€21 (that may depend on K) such that

L e—al sde, gy s el -y ar

50 the wpology defined by d on R™ is locally cquivalent to the cuclidean onc ([10],
[13), (141, (16, [18)).

following we denote by Bix, r) (8,, B) the ball of center x and radius r rela-
tive 10 the distance ¢ wisd we recall that giveis-a corapact set K thete cxists consiants ¢,
Ry >0 (that may depend on K) such that if xe K, r<R< Ry

w2 wlBx, r:;ar.,( ) miBle, R));

where m denotes (b in the following) the Leb & the exponent
1 {possibly different from ) depends on & and we say that a s the rrinsic dimension
relaive 1o our problem (101, [131,14], (161, 118))

We denote by Otx, #) thy T e Bk b
defined in [14]. Wrrenll that given a compact set K there exists a constant ¢, 2 1, that
may depend on K, such that Blx, r /¢, ) ¢ Qx, l!:ﬂfx,c,r! moreover from The-
orem 3.1 in [14] we may assume, without loss of generality, m{3Q(x,r)) =0 for
rER,.

We aow define the Sobolew spaces relative w0 the vector fiekds X,. Let © be a
butnded connected open set in &Y ; the space W7 (2, X1, p & (1, + =), is defined as
the completion of the space € (E2) for the norm

Ball 0= (lircon # Dol o177 -

We d:mw that the functions » & W#(2, X} are in L(2) and Xue (L7 Q).
Wi! (42, X) we denote the space of the functions in W {4, X} for every open
m.l.ml.u.m Q.
’Bup-«\!’"la X),pell, +m),is defined as the closure of the space €5 (£1)
in W (R, X
We recall, [11], [13], [14], that, given a compact sci X, the following Poincaré in-
caqualiy in a ball B, with center  in 2 compact set K and radius 7 % Ky holds

3 [ ]u—u,r.fxn,fj |l dx,
L3 (9

fora fanction u & W7 (By,, X), where the constant ¢; may depend oa K {in the follow-
ing we assume Ro = R), [13], (14].

As comsequence of (1.3), the Sobolev inequaliies relative to B, and to the intrinsic
dimension # and 10 every exponent s 2 also hold (see (5], [11]). Moreoser if u &
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Wi?(B,,X) the following modification of (1.3) also holds
J descir [ (Xl ey
i,

Tl .5, = PXedarconr

{8 an equivalens norm on W3 (2, X) {the proof is well known and founded on a con-
wadiction

" The ootion of peapaciy of & st EGE Gl defined by the reluion

<oy (E.2) =

=inl[J |Xar|? ;e @ W (2, X} with a2 1 ‘z.mmeiuhrhmdnll-:]‘

‘We can prove that for  set E ¢ E ¢ 2 we have cap, (E, @) = 0if cap, (E, ") = 0 for
every bouned open set 2 such that E ¢ E ¢ 2 (the proof is the same as for the usval
Newtonian capacity). We say that 4 peopenty is verificd pjuart everyuwbere (p-gic.) in
0, if the set where the property fails has zeco capucity in Q.

‘A function  is pguasicontinarsc in 2 f for every & 2 0 there exists a dosed sct E,
i capy (E, ) % ¢ such that i & concinuous in £2 ~ E,. Letw be in W (2, X), there
exists a locally p-guasi continuous fin 2) function o (the p-quasicontinuous represents-
tive ol u) such thatu = r p-q.e. fin 2), see [12). In the following we identily u with its
prduasi consinuons

We denote by W~ "tDJ{],l_u‘p+l,fq-I the dual space of Wi-* (2, X) con-
sidered us a subspace of the distributions on 2 and by -1, o m.k-mm
‘measure {on Q) in W~ *-'(n X rhmpaoummno(mpm
over if u e W3 (2, X), then

Jran= e,
where (...} denotes the dulity bevwesn W(2, X) and Wi (0, X) and we
identify o with its p-quasi continuons representative (the proof easily follows from the
mnrq,'mmw."w X))
Devmrnions 1.1: A Radon measiare 1 on 12 i in the Kato space K'() if

. p & -t dp
-""'-;'.’5”"'"'"’”“”] R I T

where 1/p+1/g=1.
Radon measire y i in Key () 4 it s in KO for every open ser AGATR.
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As proved in section 2 every measure in K*(@) is in W' ‘-'(.n.xJ.
We are now ready 1o give the resulis that are the object of the pay
l‘lpecK‘(Ql 1/p+1/g=1,1<p <m a function v & Wi (2, 0 e ocal
solution {subsolution, supersalution) in 12 of the problem
(14} ‘21 XUl 2 Xo) + gl ~2a =0
if

‘i, [ 1Rl Ko + [ a2 awd = (2, 200
i i

for every v WP (@, X) (positive) with compact support in 2.

Timonss 1.1: Let w be a local positive solution in € of (1.4). There exists & comiant K
such that for every bail Blx, ) ¢ Blx, Br) ¢ 2 with r € K we have
sup 4 C
=)

wbere € & & comtant depending only on p, <o, &1, €5

Trgonsm 1.2: Let w be o local solution in 2 of (1L4). Ther u & C(R2).
Moreover if wiBix, r)) % clx)r" =2, where clx) is « continons fumction defined on
Qand reR, J&-uubuﬂ;%m

We recall that the definition and the properties of a Kato measure relative to 2
Dirichlet form have been given in (6] and in [19] the corresponding Schrodinger prob-
lem is studicd,

In section 2 we give some preliminary results, that are intcresting in irscl, We ob-
serve that the proof of Leninia 2.2 folkows by & rehnement of the method used in [1]
and [20] o prove analogous restils in the framework of euclidean spaces or of polyno-
mial Lie groups. In section 3 we peove Theorems L1 and 1.2,

We finally remark that the resulis in Theorems 1.1, 12 have been announced at
WONA 96, Athens, July 1996,

Renane 1.1: We observe that the results in Theorems 1.1 and 1.2 have 2 gencral-
ization 10 the casc of operators

.i; X7 Ayx, e, Xa)
where
1Aitx,5,00] S K+ Kool
A leont) = Ale =) 2K =o' |
and K, Ky, K, ase positive constants.
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We wil elso remark that the result in Lemma 2.9 generalizes previous results (1],
‘where the nonlinear clliptic npmmwmmdmdnnd.h-mmmms(r e
eilx)r ' r S K, is taken into accounr.

2. - PrELumAmES

We abserve that the results in Theorems 1.1 and 1.2 are of local type; then we may
M‘mhﬁm.dﬂl-wﬂ'vﬂmhmwou i given
such that, if we denote by K, (¢, ) the comesponding radius (consiant) in (1.2), the sup-
poreof u s contained n the ball (1 /100) 5 where B s o ball with radius kss dhan 400

(D d

dl;
et sl r ey
where gldtx,3) & & funcrion sch thar peC, gl1) = p(~0), i) =1 for
0<z< 100D, @le)=0 for £ > 200D and ' () 200/D.
We observe that Julx) = 0 if x & B* (E° denotes the complement of the set E),

and  Jutx) = [t )iy,

Liana 2.1 Let i be a poritive Radow micamors such that the preceding assumptions
Bold; then

21 [ iy de< 4o
amplies jue WLIRY, X, g > fn = 1.

Proor: We recall that a positive Radon measure 4 with compact support can b ap-
m—:dby.aq\mofmhdmmmu:x”;mmpmh-
aeighbourhoad of supp (). Then it is enough 10 prove that
@2) Mt = [ tatei e,
where 4 (with compact support K) has a densiy in L?(RY, X) and € is an increasing
ﬁnﬂinn ufK ie. C(K.lGCYK,J if K, and K; are compact sets with K, gK;
s g =y g p0)-

1 Let Gix, y) be the fundamental sohution in a bounded apen set A of the operutor
’2 XPX, (57, shen if 28 g A and (%, y) @ B % B, if the radius of B s less than 500,

|XG(:, 3} € Cltx, y).




Let u be the weak solution of

il)c‘){,ra=,u. nA, weWSAX).

|Xutx)| € Clatx)
for x & B (where € is the constant corresponding w B), so
el € Wi < € [ Gt . w

Luminia 2.2: Let the g o
T & T4
"
wiBix. ) <4
I(.J (Ir\um.n:) ~:It::-.an] - ) i< +s

implier e WIRY XD, g>uf(n=1), and

s
w_,,ccj( f (Iu\tm,‘anﬁ '%)dlynx)
¥

M(?tm«.é«dm&mmwwhimnﬂfmwdww
Lp+1/g=1.

Proor: It is enough to prove our resule in the case 1 positive.
Let us denote
¥
i sl

At first we prove thar the result follows from the estimate
@23) [ utay e = [ Gty de =€, [ Muteyt ds.
i s

Define

anp

| alBivo) Yodg |
f"“""[oj(ntw.mﬂ) u} '




Let s be in B; then we bave

by 114
o) Vap|" 2 wibie o)
wﬂ'[ﬂj (uuux,en °}' e ] T e Ll

for every 0.8 <400 D, Then
24 ot} = CMatx),
29 'jcmmrm ‘[ () de.

We estimate now the term in the right hand side of (2.5).
Let xa B for every ¢ < 400 D we have

alBlx, @) #{Blx, g)F !
'J(M(B’br.o))) e I( = I' “""’)""
#iBx, @)y wBlx, @)p "
(L, o[, o

<CI( LT e ﬁ)imlsr_‘j L2 duty)

“mBG. el B0, 200P 7

where € denotes (here and in the following) possibly different constants depending
on ¢y, and u.
Then

dnpice

iy
,I”'”’“'J'* ; (m(x.en o %}_ L

miBix, )

S
wlBlx, o)} - JII!EX, 2¢)) ¥ 3
| U(-{nu.onf*]’ “""CI [I B, 20 ‘“"’]" s

<cfamn [ 202t o) 4.

~From (2.4), (2.5) and (2.6) the result of Lemma 2.2,
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Tnmilhpm:‘uzhn!mpmnll}i A Birit we prove thar (2.3) i
consequence of the following prope:
ﬂ-]ld:ﬂ(uiul>1-udbnnh(ﬁnhrmwyl)ﬂlh&lﬂ(#ﬂ-lWE

m{fute) > a2}) & bt Yl falx) > A)) + el {x € B; Mutx) > 2) .
We multiply (H) by 41 and we integrate on (0, R)

&
]ni(ﬂx!x})ai})d"'dﬂ.s
J

x .
e/ [ml{la) > D)3+ [t B M) > b} 207
¢ i
By & change of varisbles we abuin

2
o7 [ ml{lutx) > ad)) 0o di s
‘

x
bt [ ml{ Tt} > AP 25 -un-vjnuus Matx) > A} A1 da.
We choose cmmw"- V£ (1/2)87 30 we have
at _[ mi{ulx) > ad}) ¢ 'dhw 20 j il B; Mutx) > A} AV
i @

We go 1o the linit a5 r— + % and we obtain

a7 [ Ut de 2070 [ (Muta)y

We end the proof by proving that (H) helds.
We denote

) = [ 1t )duty)
where I' (x,y} = ¢ldix, l)—
C,:d-dn’ L m{Qbx, dix, 1))
Gl vix) € Ivix) < 61" vix)

i then there exists constants C; and
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m-mhmmmmuﬂmdrb:mmucfmdc,dm
ok depend on Nu; then it s enough to prove () replacing J by 1"

The set {I'0 > 1}, 4> 0, b open (due 1 lower semicontimity of I' (1) and with
closure contained in (1/2)B; then there cxists a Whitncy covering of the sct by balls
‘_Ju,,,,)aslmmmmmumumdb,nmgmmm
that for every B, there exists & point x with dix, B,) € 8, and [ plx) € 4.

Consider a ball B’ & [B,} with radius r and the set {x & B’ I'u>a'2), a" > 1;
supposc that its intersection with. the set {Mu % £d} is not empry.

Denote P= 248" and by 4 the restriction of it to P and by u; the measure
= F
From Theorem 2.1 pg, 71 [9] using the sime methods as in Theorem 111 and
Propositions 3.1.2, 3.14 in [1] we get

oia= 1)
[+

u{{xqa';!'p.> }]Gq([ﬂmﬂ' .>—])u(

 Let.xg be a polncin B such that Ml ) e and denote by Bix, ) the ball with centes
) and radius 30, We have P CBlxg )i then

a'i

i€ [ s [ dia < CoMptzg) iz}~ 1 % Cocim(Bla )= V1%
FR
Hence
(g [am) " e &) " mmon <o &) i,
Then there exists b such that
mfxeB il > 5-—‘-]‘5'(""‘"’5!(3').
T r <D and x, is such that dix,, B') % &r; there exists a constant [ such that
{1/ 10)d(x, y) < dix, y) € Wdix, y) € 20D foc every ya P and xa B'. IF in addi-
tiom, we have ' ulx,) 4 then
Vi) £ g fasle) S il ) % Gl i) 563

Choose 2’ > 2C;; then ' pry{x) € a’d f2. Uriﬂwoh!heﬂiylhnl',ﬂg!ﬂi
= Mulx,) then for a suitsble constant C; the preceding estimate hold again.

I " plx) > ' A we obtain '3 (x) > a4 [2; then cither
B lceB' Ma> ik}




(xeB':lu>u a}c{xua iy LA " :
In the second case wo obtain
mifs e B I > e 1Y) €6 e i)
Summing up over B« [B,) we obrain
{1 ) > 4" 33 % b e M {1 k) > 2)) + (M) > e3)
and the rescht follows for 2= a'C /Cs, b =6’ m
From Lemma 2:2 by a covering asgument we obtain:

Lessan 2.2 Let Lot ju be o Radow weassre on 53 and D = diam (@); then

(”Mw" il dﬂ b

implies pre WUORY XD, g >n f(n = 1), and

-ty

[p,]n'scf[j B, 1) 0 a”} 4 )Jw-)

where € is & constant, that depends incressingly on D and 1[p +1/g=1.
Fom Lemma 2.2 we have:

Comoriary 23: Let i be a Radow weasire on 2 and ssuume e K¥QY, then
He WL (2, X) and

hw‘.oic\nltﬂl(‘j(lﬂ(ﬂu ammm) )-Mx)

isbore € does. mot depend. o' @, but depends on D
Consider now & function » such that
a4 i‘JMxi"’X-uX.-A'-ﬂ

where w € WA (2, X) » & W2 (2, X) with supple) ¢ 2. We recall that the cut-off
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function p between balls B(x,#) and Blx,s), r<¢ <Ry [2, in @ satisfying the
estimate

|x¢|s,_r ae. in Bix, 1)
has been constructed in [3], [41. Morcover Sobolev and Jobn-N
(relative to the dimension #) have been proved respectively in [5], [E],lllllndn['l!.
50 using the same methods as in [21) we can prove the following Harmack

inequality:
Lesnen 2.4: There exists a eonstant R such that {f w is a poitive function satifying
(2:4); then for every ball Bix,r) ¢ Bix, 201 &, 2r <R, we bave
oo n % C ol -

el

See also (8] for the paof.
From the Lemma 2.4 we obtain, by standard methods:

Lanasan 2.5 Thene exists o constunt K sich that if u is a function satixfying (2.4) amd
wix, ] be the oxcillation of u in Blx,r); then, for Bix, g} gBix, 20) ¢ Bix, RIg
CBlx, A1 g 2, 4R <K, we bave

mEx,o)iC{%)‘ wix, R
where @ is & suiceble coustont in (0, 1.

See also [8] for the proof.

Using a Caccioppoli type estimate and the Poincaré inequaliry we obtain the follos-
ing cnergy stimate:

2.6 There exists a constamt T such that f w i a fomction sutisfying (2.4); then,
Jor Bix, ) ¢ Blx, 2r) ¢ Bix, RV B, AR) € @, 4R < F, we huare

J pap arsc(£) %NL Kl .

Letgee K*(2),1/p+ 1 /g = 1; the fonction u & Wii? (2, X) is u solution (subso-
Jution) in £ of the problem.

25 E et =p




EJ |Xu|"'X.AX,vdx=($llJ odu

breveq-usW“lD X (positive) supp(v) ¢ 2.
the same techniques as ia [15] we can prove:

Lensus 27: There it constant R such shat i & a positie sibwoluion of (2.3); then

i
=, |
ﬂ%"‘c[(mmfs. i it d
b
gE Al h
¢ ~'de
g do
*,;‘.".’_.J [w(l(y.pl} bl "“’”]’ G
where Bix, P} Blx, 21 R, 2r < R
An inmediste consequence of Lemma 27 i the following resul
Lewan 28 There exiity o constant R such that if w 15 a solution of (2.3; them

1 ip
o s C n{ﬁh.h:lhl’ W) -+

""’"”-mu o Iui(su.en]' '%]

where Blx, /) g Blx, 2115 2, 2 <R

We apply the Lemma 2.8 1o (s 3, ), where iy is the average of w on Blx, 27), and
by the Poincar inequality we obusin:

Leswa 2.9; There exists & comtant R wech that f 1 & a solution of (2.5) then

» i
@7 okl Bl € MML Pl &+

5
i ~'de
','-T,.J [um T m"’”]’ ?]

where Bix,r} (B, 27 c @, 2r< .
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We have powr 1o estimate the first term in the dght hand side of (2.7):
Lisawa 2.10: There cxists 2 comstant R such that i u iz a sobation of (23); then

i | o o (4 iy | s

wr
*[..:’.:.I [Tw{ﬁ \gm:y.g:r-’#‘l—,'l]n

where Bix, R) ¢ Blv, SR 2, 8R < E.
Proor; Let tw & W (Blx, 4R}, X) be the solusion of the problem

"-2-3[ [Xaole =2 Ko =0

where ¢ € Wi " (Bix, 4R), X) and - u & W+ (Blx, 4R}, X).
From Lemma 2.6 we have

~p miBlx, R
@) [ pepeedf) mEeR) [t
Rk T i

 Letg=mw—u; we have

[ [ ‘&l’*]"'mn-l'.'--‘u.u..ms
bk

we g
< Contdl SRV | s j [mnumn]' 2

where we have used the Lemma 2.2,
0

(4RY 1 Ry Yt
@) [—mu' <9 waaJ <tk A )

wa
e agfss: i de
‘c‘..i?«.J (g Moo+ ) <
iy

Lo 0 e
< il J (atan o007 )
From (2.8), (29) we obtain easily the result.  m
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From Lemma 2.9 and 2.10 we obtain:
Lissia 2.11: There exiety @ comstant R such that f 4 &5 @ solutios of (2.5); them

£y (RP
oxzlny B0, r)) ‘C[( & M(IEx.Rl)."L bl

wE \*
+ L ife=tdg
(J-’:?uu J [m:ﬂb.w) Infiore) 2 ) ]

wwhere Bix, R) ¢ Blx, 16K) ¢ 2, 16R <R,
An easy consequence of the Lemma 2.1 is the following result:

Comotvamy 2.12: Let w be o rolwion of (2.5% thew ueClQ). Moreover if

#lBlx, ) € Cr* P £ > 0,200 < B, Blx, ) ¢ Blx, 2:) € Q, and 20r < K themu s
Holder contimuons in Q.

We. prove now  Fundamental embedding result.

Lesowia 2.13: Let i K (), T, 9001 ¢ © and ¢ > 0, here cxiss R puch shat for
ey e >0 and 0<1< 1SR

j o dlu] < J (Xl d 4 j' Jale de
s %4 PP

where 0 <5<t SR, we W (0, X) and C, s a consianr depeding only on .

Proor: We use the same methods as in [2].

We can assume, without Joss of generality ju = 0, e L* ().
Let 1 be the weak solution of the problem

PRI ST
w=0 on 3B(x, 400)

and ¢ be the cut-off function berween the balls B(t, x) and Bis, x); we have

<,

s
IXel < ey ¢ B
{sce [2] for the cxistence of cut-off functions berween balls and for the estimate on

X1}




We have
@ [ wrae [ wpeda=E [ e e
Lo Lo )

S [ e e 3 | @ort e g s
B

i

£ Ihl'wm%[ [ wioras [ wepurse
s ol h

G
‘i I Xl o7 du+ 22 Bl _[ utdet I @ | XuofF de.
B i e

- We now estimac the tem
[ wrorimer s,
i

Wt
bt m B ] el Kt i+
e lain

w05 [ et KT KX e
s

=

< [wwdpd [ et el XKk

B

=5 [ et Rt XX e €
"'n-.»

<qin) [ werdu+ 0 j W P | X}l de +
nin e

+% WXl 7 + | Xt Ve
shere (0= sup w. T!muuh:gim;mumxh-_!uhl‘mzu Corollary
212w choose R woch tha for ¢ & Fove haveite) € (142, (62 [BG, G010 fwe




a0
assume Cy,Cy = 1, £ < 1), we obeain
]' g Xl i

L]

"
el i+ L .
S I"““'«:, [ ‘x""’”c’u-.r I gtk
i W P

using in (2.10) the sbove estimate we obtain the result. @

- Proas or Tasokss L1 axp 12
We are now ready for the proof of Theorem 1.1:

Procr or Troni L1: The first stepin the proof uses the Moser ireration method
o prove tht for a positive subsolution of the problem (1.4) the following extimate
holds

e
v ) [ L J .
i i T
ot

where ¢ > 0, Bix, 21 ¢ 2, r = K (R suitable) and €, depends on p.
Cansides now the function logur; by the same methods in (2] we prove thar for
every positive lacal solution of (1.4) the followiag estimate hold
-(B(x 2]
[£%3) I xunguuxqc,(luunlx ) _m:x ’"J
where Blx, 20 @ and C; depends ualy on p.
-
W observe tha the term (8, 20)) —rzfs

tion w & K#'{£2)); then, using the Poincaré. inequality we have

is bounded (we usc the assump-

3.3) Jloga — (loga), |" & = C, .

SR
|
%A
A5 in [2) using (3:3) we peove that there exiits ¥ > 0 uch that
A P | j— -2
L (..(su.m [ ){M’(B(n 5 [ )=e
A Wi

where Blx, 2 ¢ @2, r <K, and C; depends only on C..




=y

Let now o = + &, £ > 0, where u is a poshive local sohution of (1.4); then also v is
@ positive local solution of (1.4) and v 2 ¢.
We observe thar 1 fo is & positive subsolution of (1.4); then by (3.1), (3.4)

i B s 1
nf 020, v Cag | oiracmpe
B (-r(ﬂ(x, 2r) »_{’ ] “_.L Ract)

where €, depends on C; and C; but does not depend oa .
Taking £—0 we obtain our reslt. W

Prooe o Tamones 1.2: Let s be s local solution of (3.4). From (3.1} applied o *
und 4~ we obtain that

1 e
bt ‘c‘( e g "')

50 u is locally bounded in £2. Then u is a messure in K2 (), 50 from Corollary 212
we obmin the resulr.
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