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1. INTRODUGTION

Since the beginning of mudear reactor physies studies, pecuisbarion theory has
played an important role. As well known, is was first propased by Wigner [1] as carly
15 1945 to study fundsmental quantites such as the reactivity worths of different
materials in the reactor core. Tt & also well known that this first formulation, today
widely used by reactor analysis, makes 4 consistent s of the adjoint flux concept.

“The advaniage of using permrbarion theory lies in the fict rhat fnstead of
wmaking  new, often lengthy direct calculation of the eigenvalue (and then of the
real flu) for every perturbed system configuration, u simple integration operation
s required in terms of unpermrbed quantities.

T is interesting thar a8 early us 1948 Soodk 12 associared to the adjoint fux
the concept of importance, vicwing it a5 proportional to the contribution of a
neutron iserted in o given paint of & critical system, to the asymplotic power:

Along with the introduction of the concept of importance and, parallel 1o it.
along with the development of calculagional methods and machines, from the early
60 a flouishing of perrurbation methods, at first in the lincar domain and then in
e nonlinear one, hive been propesed for the analysis.of reactor core, shielding,
suclide cvolution, thermohydrsulics, s well as other felds.

The pernwbation formulations proposed by various authors may be
subdivided into three main categories, according 10 the approach followed in their
desination:

The heuristic approach, moking exclusive use of imporiance consérvation
cancepts, adopied first by Usacher [3] and then exensively developed by
Gandini [47). It will be referred 1o, in the following, as heuristic genesalized
permrbation theory (HGPT) method.

“The variatioml approach adopted, in parcular. by Lewins [8], Pomsoning (9],
Stacey (101, Harris and Becker [11] and Williams [12].
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3. The di d msethod, ps d by Oblow [13] and ively developed by
Cacuci [14], based on 2 formal differemiation of the reaponse considered.

Each of the above methods has its own merir, although all of them can be
shown cquivalent to each other [15].

Basing on a long experience, it s our belicf that the HGPT approach can be
easily grasped by the reactor engineers, due to the inherent simplicity and clegance
of the heuristic derivati

s mentioned above, 3 disinctive feaure of heuristically based HGPT
methodology cansists in the systematic use of importance conservarion conceprs.
As well known, this use leads fo Fundamental reciprocity relarionships. Tnstead, the
variarional and the differenial derivations make  consistent use of the propertics
of the adioint function, The equivilence between the importance and the adjoint
functions have been demonstrated in most cases of interest. There are some
instances, however, in which the commonly known operitor reversal rules to
determine the operator governing the adjoint funetion are not adequate. In this
paper 4 generalisation of these rules, as adopted with the HGPT methodology, is
commented in relation to @ number of significant cascs.

2. T HGPT Memwoo

In the FIGPT method the importance function is uniquely defined in relation
104 given system response, for example, 4 neuttun dose, the quantity of plutonium
in the core ut end of cycle, the temperatute of the outlet coolant.

‘The HGPT method was first derrved in relation 1o the linear neutron density
field. Then it was extended to ather lincar ones, For all these fields the equation
governing the importance function was obtained ditccrly by imposing that on
aveaage the contrbtion 1o the chosen response from a particie [ neutron, or
nuclide. ar an energy carrier] introduced at 4 given time in a given phase space
point of the system i3 conserved through time ({mportance conservation principle).
Obwiously such imporsance will esult generlly dependent on the rime, position,
and, when the case, energy and direction, of the inserted particle

Consider a lineas particle field density represented by vector [ feg. the
multigroup neutron density i) and a respoiise Q of the type’

+ Expression (11 is slso representative of more general sesponses. of the 1ype
Qmeclifinx,

L bekg o given function of £ Tn fuct, if we extend £ 10 the field o
10 the form of Eq. (1) ic..

|, where y = L i), Q redices
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where &° i an assgned veeror funct bere brackets <> i integrati
over. the phase space. Weighting all the panticles insenied into the syscem, kee's
e a source s, with the corresponding importance () will cbviously give the
respouse itself, Le..

P esp= Q= ces 5>, @
which represents an important reciprocity relationship.

From the first derivations mentioned above the rules for detesmining the
wmwmm&hmﬂnwmmrwyclwmdumﬂwﬁxm‘
They imply, in relation to the equation govering I'-

change of tign of the odd derivatives,

transposing matrix clements,

reversing the order of operstors,

substiution of the source s with +”.

The first three rules will be generally called “aperator reversal” rules.

The HGPT method was then extended to any field govemed by lincar
opermors for which the rulcs for their reversal were known. In pariculas, it was
extended to the derivative felds, obtained from expanding to first order, around &
given starting solution, a number of important noalinear equations s those
governing:

— the coupled neutron/nuclide ficd, relevant to. core evolution and control
problems,
— the temperature ficld, relevant to thermobydeaulics,

2.1 Geweral Fornulatian

Consider  generic physical model defined by a number of parameters py
{j=1.2, ..., ]) and described by an N-component vector ficld f obeying equation

miflpi=0. 31
Vector Fig, 1) generally depends oa the phase space coordinates g und time t.

Vector p tepresents the set of independent parameters py (=1, 2,..) fully
descrlbing the system and entering into equation (1), Their value generally
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determines physical constants, initial conditions, source terms,

can be viewed us an equation comprising lineas, as well as nonlincar, operators

is assumed to be derivable with respect to parametets p; and (in the Frechet sense)

mpwmlwmuwf.,lu—l 2, ML

wdmwmowb’ﬁ 1. In the

leumlhﬂlookhrmwm the change 8Q of

the response Qi termas of permarbaticns

particular, expressions giving the sensitivity.

 will be
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The (Jacobian) aperator H is given by the expression

mw%mhmm.pmamm-

e Precher R 1160,
PN i b b e

mifsdi-mB=FldHswid i,
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™ -0,
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Fid, 1 is called the Frechet dufferential and the (linear) opersor F [ 1), f] the Frecher derivative
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Since. paramcters py, and then their changes 3p;. have been wssumad 1o be
inependeny oo ach b, e ol

Hiprmy =0, m

which represents the (inear) equation governing the derivative functions f; The
m.mmn,,unmmawmwudm.v"pwaam
for the inial and, f the ease, boundary con

Consider now functionsl
Q= << f5> [t

Introducing the importance (') assaciated with field £, if we use it as weight
of the source term my;, and integrate space- and time-wise, aceording to the source
wmummﬁq (2), the resulting quantity will be equivalent to

functional O ie.

(B s by e syl 21
For cxample:

i mif=ai e %ln&n:wﬁdhﬁlhlww

. .
if mif = hﬂ ﬂu

i mtﬂ']ﬂ(«)(ix!‘m?‘Id.u.l{i:}"l.
To note that # Frechet derivative correspoads abays 10 40 operatos.
¥ For example. coesider an equation of the type

Sem w
A el tzne condiion a 1, may e sccounsed for i we rewsks Eq. () in the form
i‘lzn.n,acx o il
0% T G, e i () b - £ and ¢4 e ¢ being an arbitraslly
snall positve st Tt immediately res

alg,0-alt,-d =g ol

(5} being & vestar with compoaenis of the ordes of &
#ources being assumed prioe o 1), if we make ¢ =+ O,

Coidering that (8,~ 1= 0 o nevsron
(1)= 3, 15 we wanted o demmonarrare
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where the importance I obeys the (index-independent) equation
HF+h =0, @)

Jlmmmwm@wmnmm.w this implies transposing
matrix elements, thnmwlollbeodddmlnmhwﬂﬁmlh:mdﬂd
eperuncs
chn:uﬂymﬂmll:mw‘liviﬁui‘{iul‘zu
cun be written
dQ " o Om
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where the first term at the righthund side represents the so called, casy 10

<)) of system parameters

The overall change 50 due to perurbations 5p, o D) of system
parameters can be written, a first order,
y = G
Q= Bpy [ec o=, F3> + <<, >3] . an
§"‘ £ »,

mem«"m W..,.lu abrained making explicit use of the derivative
functions described above

3. Nucupe/Nuomeon FieLos

Two main areas of inrerest for application of the HGPT methodology may be
mentioneel: the fuel cycle analysis during burnup, in which optimal fuel shuffling
strategics are of interest (with a time scale of the order of months, or years), and
the reactor operation, in which optisnal control strategies sre sought (in 4 time scale
of the order af hours, o days).

3.1 Fuel Cycle

An HGPT selated pecsurbation meshodology relevant to the (heavy) nuclide
density evolution hus been first. developed in. 1975 (171, Kalliehz et al. [18]
coupled it with the HGPT methodology relevant to the neutron field to account
for nonlinear cffcets inherent to burnup. problems. Other cfforts in the nonlinear
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domain have been made by Harris and Becker [11), who arrived ot a seill crude
formulation, and, sucoessively, by Williams (12} and Gandini (6, 71
Williams used variasional techniques starting from the time wise discrtized
ncutron snd nuclide density cquations, along with the quasi-static approximation.
Gandini used the heuristically based HGPT method after having formally
extended the neutron and nuclide densities to a control (intensive) variable. The
equations obtained goveming the corresponding (time-wis continuous) importance.
functioas are relevant to the physical solution. Different sehemes of iniegration can
then be defined [19).
“Typical quantities which can he analysed with this methodology are:
— the amount of a material specified in u given region at the end of the reactor
kifee cycle
— the dpa. of a specific material and at a given position:
— the residual reactivity t the end of the reactor life cycle. The analysis of this
quantity may be of particular interest in studies aiming at extending the reactor
life e
In Appendix B the derivation of the governing equations is Hlustrated,

3.2. Reactor Operatton

Tn power reactor systems (in particular, in PWRs) the following significant
responses, can be on-line monitored:
— the reactivity;

— the wxial offser;
— the assembly outler temperature;
— the local power.

Constraints over these responses enter into the safe/reliable operation of the
reactor, It appears then of great interest the possibility of an on-linc, anticipated
appraisal by the operator, sia a sensitbsity methodology. of these main physical
fesponses when the reaciar is subject to aterations relevant t0 normal esploitation,
e control rod movement, and/ar soluble boron concentration changes 1o be
introduced for power level variations induced by clectrical network demands. In
yiew of this application, an intense R & D effort is underway 10 set up a fast
respense system for opesator’s support in PWR nommal aperation [201.

A fundamental role is played here by the so called “control vasishle option™
(21], which consists in the fact that the importasce functions caloulated at
anpermrhed conditions, scared in arder 1o be used for systen analysis along with the
HGPT methodology, need not reflect an *a priori” control strategy to be adopted
4t given time by the rescror operator, but may be “a posterior’” transformed by 3
simple.iltering operation, consistently with the particular control strategy being
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APPENDIX A.  The insportance function i the newtron density freld
Tt us consider in the time interval {t,, 1) the newtron density field n {r, E. 2.1},

function of pasition (¢), encrgy (E), angle () and time (. rdevant 10 @
fission, or extermal-source driven system. Having assumed this system isolated, we

these parameters will include also init
‘As well known, the density fiekd (n) is governed by the Baltzmann operatos By
given by the general expression

By= (-0 grad w () - E (Ed v

.Iar-:'j.ln'z.u-: CE 0 Q1 () ()
LA 1

{E} ¢ 3 . . o
—&‘T!dslj'mumzmeml. wn
whete () it 4 pond o, v the ncuizon vek o encrgy F, 1 (E)

the fission neutron spectruum, I, (E) the toral macroscopic cross-section, I, (E'-+ E;
2+ £2) the maccoscopic (clastic and inelasiic) scattering cross-section kemel and
VE; the macroscopic fission cooss-scction multiplied by the numbxr of secondarics
per fission. The neutron density field, having assumed for the prescat that ull
evirons are born prompr, obeys then, in general, the differcniial equation

g=s,m, [T 1]

where s i 19 I term. Since op conrains ic cross-
sections) quaniitis, it is cearly dependent on the matedial densitis ¢, [m =
M {number of materials)] which, through irradiation and transmutations processes.
change with time. In other words, the real problem s evidently a nonlinear one.
Here we shall neglect the cvolution process, so that operator By will result linear.
It i also well known that the extemal boundary conditions relevant 10 the
dersity (e, E.€2,1) it {assuminy that the system considered comprehends also its
inhomogencaus soutces and, for simplicity, that it is limised by a convex surface)

niREQ0=0 (for rbelonging 1o outer boundary
and inward 02 directions). [F%1)
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Let us consider now a response liner with the neutron density, i, of the
generie form
Lo
Q=Id=jmjﬁ£ldﬂs’[r.l’..l.'.l.:)n(ml’_ﬂ,rl
G o b
L
.J'q‘n')d:. A
i
where +* i an assigned function and where brackess < > indicue integiation over
space, angle and energy.
According 1o the respons¢ under consideration * may assuine o variety of
expressions. I, for cxample, Q represents the amount of activated niclei of  groen
sample 1t t, then (sssuming constant saimple material densic

=g e VB EE A.5)

m:,whmm:mmmuhmmﬂmdh

e, anl % () a fuencr ity within the sample, und zero outside.

Anather response of interest is the reaction rate of a given marerial ar some
time 1, and specified point r,, In this case

=L B vIE Slr-r) blt-1,) (A.8)

X, being the porsicular reaction cross-scction considered.

e shall now introduce the “physical” concept of impostance. A few imporuant

relevant to it will then be derived.

“The neutron processes will be intended here ws averae oncs, random events
noa being the object of the present study.

Let us assume thar we are interested in the analysis of @ respanse ), as
expressed by Eq, (A, 4). Let us then suppose we infroduce one neutron at time t in
position r, direction £, und energy E. From this neutron an (sverage) increase An
of the neutron densicy will subsequently result and, correspondingly, a changs AQ
of the response () under consideration. This increase may be produced cither
dircetly by this same ncotron o, in presence of a muliplying system, through ies
proweny, Such increase AQ wll correspond to the importnce af such neutron,
along with irs definition i Section 2. We shall denote it by n” (r. E £2.1), ic.. 452
Hfunction dependent an fime, spuce, angle, and encrgy coordinates, corresponding
0 those of the netron to which it is associated*

* As it is defined, and rocalling that systems considernd here s linear, the importance of 2
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Adter a time At a faction (1~ It of this nentron seaches a posicion £ + VAL
Of the remaining fruction, a fraction L/T, undergoes (clastic and inelstic)
seattcring and a fraction 7%, is subject to fission, OFf the fraction i
scamering, a fraction

LIE-~E Q-0 4un
s scartered from energy E into energy interval dE’ and from direction £2 into solid
angle d€2' sround 0. Taking the product of these fractions, we obisin the fraction
VI, (E -+ B 0 -+ ) dE" ' &t

undergoing (eastic and inelastie) scattering from E into B and from df2 into d*
Quite analogously, in relation to the fision process, we cbtain the fraction

v%‘i‘ VI (E) E' der s

of fission neutrons bom into dE” and d67.
A fraction of the original neutron has also contributed during the interval At
1o the response Q by the (average) amount
8 (B0 T) Ar,

1 being a time between tand 14 AL
Reclling that mnimwmmdfllﬂxnmmh-hbem:ned.mun

o (n B 1) = 0’ fr 4 vEA0 E, 0, 1 800 (1 - vEAD

+m.1&£-jm'z.ua—|a‘;n o) i EL QT
..

e aded s o given time wih given phase space coondinaes (wbich mighs be deingsbed
Ay 157 A :

a8 margural i peutrons
The syacin st the same time and with same coordinates (which might be disinguihed m mesn
importance). Oleiously these o Emporiances dh nae cincide in ooliaear systers, Since in the
HCET mabiodology problers relevan to nawlineat syseans are trasformed o kncat oes, we:
need noe distmguish beweed thes wo importances. The simple term simpartance s wil oaly be
‘maintained in the text.
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Subracting from both sides the term o (5, E, €t + A1), dividing by At and making
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1f we define the operator
Bi=v@ gradvil-vy

w!'ds‘j'm‘z.ce«z‘;n«m(-)

“

VEE ] o
rvT!£‘1W1EI(). (A9

Eqg. (A, 8) may be writen
B it (A 101
&

Comparing Eq, (A. 10) with Eq. (A, 2), we observe that the former one could
have been obrained from that relevant to the neutron density by changing the sign
urhm.dumﬁu,nmmm:mmms-mvumcw
in operator By which we shall identify as “reversal® aperations. These
ommmphcmmmdﬂwwdmwfnulhmdou

respect to timel, f energy and
angle transfer i the scattering ke, cc.
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Consider, for instance, the scattering operator. This can be mterpreted as the
product of two operations, ic..

!dE'I AT, E Y v B ()
=

s
-l_l‘dB'j-dﬂz.lf:—F.-n“m:-)lle‘ W

T vl wil il e ot e e of e aperions s when e
case, each single operator. Doing s0, we obtuin

er;IaE'jduz.m—s‘=n-n'mt-) (a.12)
¥

consistently with the scatcecing rerm in Fq, (A. 8).
Quite analogously, the reversal of the fission operator

Hjuz-jammz-)v:m I8 o)
An s
leads 10
v'i‘!![".;’!de]'m‘xm': . (A 14
A ¥

We observe that these “reversal” operations coincide with those sdopted to
transform an operator into ts adjoint.

"o abtain the boundary conditions for n’, consider that, on (sssumed) convex
surfaces delimiting the whole system finclusive also of the negions in which the
saurce s* is defincd). the contribution to response Q by s neutron going out of the
system will be zero, so that we can write:

0" (e, F, 2,0 =0 ifor ¢ belonging to outer boundary
and outward 1 directions). [rt

The Adpint Fluox

s parsicular case, consides now u (supposed linar) muliiplying system at
criical conditions during the time interval (¢, tp) and a response

Q=<s;nig)>, (A, 16)




with 57, given. Setting

P IRE D0 =5 E Q15 @1
we can wite
5
Q:I(s'n)d[. (A 18)
to

T is ensy to verify thar the impartance function n”, corresponding 10 this response,
obeys equation

g (A 19)

with “final* condition 1" (41 = 55, If 1, assumes asymprotcally large values, the
imporance funcrion n’ at finite fimes tends 1o be time independent. In fact,
recalling its physical meaning, the conribution to & response Q, defined ac an
ssymptotically large time t,, from  neutron insened ut a finite rime ¢ inte u
(eritical) system will be only theough the change of the fwe level, ic.,

8Q=t<shn> (A,20)

& being & quantity depending on the pesition, energy, and direction of the initial
meuton. This value will tend to be not diffcrent if the neutron, rather than at 1, is
inserved at t + 8t with the same position, enengy, and direetion coordinates. So, the
time derivative vanishing, Eq. (A, lsl..-hm-nlnwnpcwuw coincide with the
equation relevant to the 5o called adjoine flux, 8, ic.,

By =0 (a.2n
Vice versa, the conventional adjoint flux ¢ is proved to be proportional 1o the

importance function relevant to a response (the reactor power, or any other)
defined at an asymprotic time, us anticipated by Soodak [2].




APPENDIX B, Cycle amalysis

To the neutron and fuel nuelide densities, represented by vectors n (v, t) and
efte, ), rspectively, defined in the reactor cycle interval (ta 1), 3 specified
intensive control variable, p (1), is associsted so that the assigned, overall power
history W (¢} is maintained. Vectos n represenrs the space- and time-dependent
neutson density in a multigroup energy form, whercas vecior ¢ the space- and
time.dependent density of the vurious fuel nudlide specics. The imensive, time-
dependent, control variable p (t) may represens, for instance, the overall coatrol
rod bank penetration into the core (not their relative movement, which is generally
described by parameters p), or the average beutron poison matcrial density, The

nonlineat governing equatians can then be written formally as

Ty (.50 1) == 2% B ny =0 B0
..‘,.m,ap)-_%:. Eegs B.2)
gy (el p) = < e Sn>-W=0, (B.3)

where B is the neutron diffusion, or transport, matsix operator (depending on ¢
and p), £ the nuclide evolution miatrix (depending on ), s, and s, e given source
e while

+ 0 is gemeraly sssmmed suro during barmap, excepe @ dela ke source a 1, 0 reptesent
Wﬂm(—-&_ﬂh&nm&;mh“h:wo(immhrnmd&h
MMManﬂ-ﬂmh‘wmwaMMmWfﬂ
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mnbulniom Eq.l}) and the HGPT methodology described above applicd.

fle = ®,5 A

i
Q.I<|.;.;;;| q{r.l) Sdt. B.&

Q may represent, fot instance, the arsount of o given nuclide built up st time 1, [in
this cose 310,55 = O and  includes a dela uncon 8 ¢ - 1 o the fuence at o
specific point F [in this case s¢ =0, 5= 0 and s} includes a delma funcuion & (¢ - 71].
The imperisace function

'l
sinn
(U]
can then be defined, and results govemed by Eq. (9), with H* and h*given by
expression;

fino= B.7)

(%, n') 04 Sy
H'= o, (§ + E") Sn (B. §)
<n {%E)' (2ES 0 (4
£
b= -;l ®.9)
®

"“*B':mdq,;- 00} specivey
Tt e oo kot oAl e 5
andnic,
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In case 5, =0, Eq. (B. 10} corresponds 1o an orthogonality relationship.

To sole.the cqunions selevns 10 0 and < different rsoluton recurrant
schetucs may b considerd, st from the fnal et e procesding backard.
along with the same sme adopned in the f

i an b ahown 171 dhar, t uae tatic condlirions, the eotions o be solved
reduce 1o the types:

B’ +hy=0 ®.11)

7ﬂ =ETef+hi (B 12)

where 1 and bY correspond 10 known source terms desesmined during the
reourrent calculational protedure. Therefore, existing, well estblished codes can
be uscd for their soluton.

The sensiivity cocfficient :Qmmm.mpmm“mmu
cltained from Bq. (10), with vector m made of components m(z, mie and gy
defned in Egs. (B. 11, (B. 2 and (B, 3), respectivey.

' general problem we ase fuced with s the following: how doss the control
mllu.lnylwﬂipl sirategy alfect the scnsitivity amalysis resuks? To answer this

let s consier Eay (B. 1) goveming n'. We noce tha, given a paricular
solufion g the pencral one may be written a3

Bt # (B.13)

where @ is an arbitrary coeflicient and 4 th
e homogencots cquition
B¢ =0,
Once @ salution 1, has been obtained, the solution
derived by propes fltering from the fusdamental modk, Le., it will be given by Eq. (B
0,

13, mm:emmmmm 10). Assuming 3,
we shall
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The depéndence of the importance fanction " on the control mode adopted
is evident.

When calculating the sensitivity cocfficient of a response  with respect 10
given parameter p (ot i change 3Q with respect to parameter alterations 3y, the
filtering of the impostance function ax shown in Eq. (B. 151 corresponds to
implicitly account for the p-mede contral reset of the crisieality (in the following we
shall refer ta it simply us p-mode reset) (7).

The abave result may have important implications, in the sense that in mmy
circumstances, prios 1o @ sensitivity study, it may be necessary to consider the
proper reactivity control mode o be adopied. On the other hcnd within many
existing codes used with the HGPT methodology, the fictitious “A-mode” reset
cantrol is implicitly assumed, Le., related to the coefficicnt lmmvnlml % multi-
plying the fission source wm (7o) in the Boltzmann (or diffusion) equation. Tn
(B. 15} for the i " will result,

mllnxuzw-!-'
an

R~ L 1B.16)
<¢".Fn>

Using, this A-mode filiering, rather than the correet p-mode one, may lead to
crroncous resulis.

Consider, for instance, the case of a sensitivity analysis with respect to cote
breeding, or conversion o, a quantity clarly depeadent on the peutron energy
spectrum. Assuming that the reactivity compensation, corresponding to & system
sttt ity Sin b
very well be the case for u thermal reactor, by an alieration of the average (boron)
poison concentaion in the coolant, the correct choice of the control mods resct
Y00 iy v e s of Erdbie ok SMe, st 18
boron is subtracted) the neutron spectrum. Instead, if a A-mode reset would have
been mplicitly udopted (a3 s often done with existing codes), no significunt
newtron encrgy shift would have been taken into account, and, consequently, an
erroneous sensitivity eoefficient would result.

It is also true that in principle one could calculate separately the amount of
control poison (referring to the above example) to reset the critcality and consider
she overll parameter phus control change along with the Amodc methodology. But
this would imply a reactivity reser calculation to be performed for cach parameter
considered. On the ather hand, the correct fundamental p-mode tering may be 1
quite suraightforwand procedure. In fact, i can be effected “a posterion” adopting
expression (B. 13) in which u,,.,, would correspond to a preliminary A-mode
calculation with an cxisting cods.
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APPENDIX C. Reactor operation comtrol

The gencral equations goveming the ncurron densiy  and the poison (vector)
concenteation density €, may be written (assuming all nevtrons are boen prompt,
wehich is an scceptable assumption in quasi-static problems)

my (.0l p %muo .y
qﬂ(mrplpj-—;’tﬁpthnb 2

(1 p) = <e Sn>-W=0, €3

where the term P accounts for the poison production due to fission, whereas
¢, accouns for the poison remioval by ncutran absorption, ot decay. Operator B
{='A+ F, F beiog the fision matsix and A that selevant 1o absorption, scanering
and leakage)

mmmmmammmmdmmm\ Evolution
matrix E depends on the neutron density n. Eq. (C. 3) corresponds 1o a constraint
awer the power history W, while § is given by Eq. (B. 4).

In quasi-static problems, udmofmwlheu,lhedmmvea“
negligible.

Any physical Mﬂ!.mm,dmm[ﬁrup-mmmm
‘e represented by a funcrional expression (for simplicity, assumed linear)

oarm.;.nnch;.n,n & ica
L

{8, 1) being an assigned time interval.

The importance functions ', ¢, and p relevant w this response are defined,
aloag with a procedure similar to that followed in Appendix B, by @ sysiem of
Uinear) oquations:

= %’:a’n'ﬂa;d‘n;ufqun; .5

%

_KIE'ﬁ;oﬂ;u'ﬁsw"k; IC. 6)




<n’' Bns-0, ©n
S

0} and 0} bm\;cﬂlpluqmnmndﬂy:d‘mhfq .8

Having assumed b =0 for <<y, Eq. (C. 7) implies an onbogonalicy
condition on n". The solation of Eqs. (C. 3 and (C, s)udulirdapmdﬁumlh
specific defnition of the p-control mode.

The sensitivity coefficient relevant to the Jth pummeter can then be written a5
- (E__ , oP
nseed (% oL P
a, %

N
5 % = olo[«-,apl o
+p‘% (e Sn>— W)l di . €8

“Fo notice bow function p’ corresponds 1o the importance associared 10 the system

poes.

For xenon poisoning problems, implying significant offser effects on the wxial
power distribution, first order HGPT methodology may not be adequate. Second
order rerms might be requircd in the perturharion expansion, this. implying the usc
of derivative functions n,i:-%; and p,,r-%) [7]. The second order pertur-
batve expressics will then read, assuming arly aperstor B is perturbed,

8- Z%f<n.—n>d+£5wﬂpl_rltl (7*+p,,aﬂln,|>

¢L<a,¥n>+p,,<n.~ﬁvn>]dl 9

opidpy pydp

Criticality ean be theoretically restored in three different woys: by changing
the fuel enrichment (at all impractical in real cases), by varying the soluble boron
concentration in the primasy system, by moving control devices.

The first control simiegy may be simplified by considering variations of &
coefficient (k) muliiplying the fission matrix F. In this case coefficient % will play
the role of the control variable.

In the casc the second control strategy is adopied we may correspondingly
write the portion of operator B dependent on the soluble boron density s pl, . p
lmngllnmlml vasiable. Distegarding effects of the boron concentration

different from absarpiion, we can write (recalling that the boran s dissolved only
within the coolant)




— -

By =~ ding! T 2 BEG IV ©

where &, s a coefficient equal to unity within the boron soluinn and zero outside,
G is the nmber of energy groups and V s the diaganal newtron velocity matrix. In
this case, the impact on responses of interest consequient to different control rod
(clusters) movements. (defined parametrically) can be A paramter
N e ek Tt et i by o i o
of the faxial) penetration of the control rod (suming it inscrtion from
above), We shall then write the portion of B dependent on parameter z, as

mhir-z) Bl ©an
where hlz-%) is the Howiside function [equal w0 unity by poims long
comepanding te the rod insertion, and cqual 10 mml_mﬁmmqu
to unity in points in the plane (x. y) within the r'th rod and zero orherwase, while
wmmu.mdnumwu;ummmndamm
disregarding effects other than absorpiion, i can be given by the diagonal marrix
Bl = - diag | 551, 220 . TR 1V, © 1

Recalling that the derivative of an Heaviside function is a Diruc function, matrix

8B o nesting in the source tem of the equations govering the derivative Funetions
oy and then in the perrurbative cxpression, £q. (€. 9, will assume the form

% -% [ b (22 B,

=8 la-z) m, ding 1, 2R3, Tho ! V. .13

T the third ease the eriticality reset is made by adjusting the depth of o
control rod (¢luster), assuming this depth as given by (2 + pH) [k being the index
o the k'th rod within the control cluste, with reference posifions corrssponding 1o
p= 0, with similar notation as used above, we may indicate that portion of B
dependent on variobke p as

e fx -z, - pH) By s (€. 14)
where H represents  scalc parameser, for instance, the cose .
Matrix: g"g {appearing in the constraint, Eq. (73] will then be (assuming p= 0 at
unperturbed conditions)




A%
a8, 8 i
b wi_:]ln.h(z - il Bl

K
-;Hau-a‘ma.,mg_.,xf_,w. H$elV
=1

Also in this case it s easy 10 verify thar the general solution of Eq (C. 3) i
=0y + @, M being a particular solution, ¢ the standard adjoint Dux and a
e et impasing th relation, Eq. (C. 7).

I result, for this case,

i
ot i (h3b . 3bol V.ot
L I L L

io““a..:%hzi,...q HelV. ok

where nk, n¥ and ¢F are values averaged in the planc (x. y) within x.
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APPENDIX D). Source driven systems

‘The methodologics described above in Appendices B and € for long term
nuclide/neutron core eycle evolution and short o control analysis may be very
well applied to source driven, suberitical systeny

Dt v s Bl o b W S G
systemms is assuciated 1o the fact thar the power level may be basically controlled by
the source strength fvin the regulation of the accelerator current), So, no control, or
regulating clements would be necessary,if a sufficient breeding is availsble (and/or
m-wmpm:mbmubkpomd.m’wmnupmdcdmtbcbmnuof
eycle) in the core for compensaring the reactivity loss during bumup. To represent
this, we shall rewrite Egs. (B. 1), (B. 2) and (B. 3) in the form

i (0, €5 p | ) = g!’—'ww,-,.-o .1
g (o, eyl p) = - g‘rsqu‘ 0 .2)
g, (0.1 p) = < Sn>-W =0, 0.3

uhmﬁmﬂﬁhﬂdmhﬂmqlﬂnwdy
Since we generally consider systems at quasi stati stationary conditions,
the rime derrvative at the secand member of g, (D. 1) may be neglected in the
course af the integration process.
Any response, functional of variables n, ¢ wnd p, could be considered for
analysis. We think instructive o limit consideration tar the response defined by the
expression.

Q:pu,;-rau--.)pum:. D.4)
)

which ds 10 the relari h the power
level imposed. We may assume that, nunpmurbedcﬂhﬂuwu.p(ll—lm the
inneval it,.1,). If somme systein parumeter (for instance, the inital cnrichment, o
same oher material density) is alered as in an opiimization search analysis, it may
be g chings o o o ol a5k b s
sure tha given upper limit specifications of the sousc strength are non cxcecded.

Along with the HGPT methodology, the equatioas for the corresponding
importance functions result

7%lﬂ.n'+.ﬂ:q'v5=w. .5




(AR o
T’:E G+ 050" 4+ Sap .6

<’ grebli-g)=0 o7

with 2] and €1 again being the coupling operators defined with Eq. (B, 8).
Eq. (D, 7) correponds to an orthanormal candision fo .

In arder to determine the final’ v-lm:u,!reqmudfmmm;nl-m
gration of Eq (D. 5), in consideration of the nuture of the above govering
equations, we shall first write n” and p” in the form®
Bl =l 6 -5+ @ (g0 0.8
Pl = sl £ 0 D9
with 8(r. 1) and a‘ {x) being finite funciions, vanishing o
to Eg. (D, Sj.mmn;h;hginmvdll, & 4+ 8), and then
maklng ¢ -0, wdunnd(qmm
Bay+sTer)pi=0 (2. 10)

Tet us now define 8 as obeying equation

B+ 8Tei) =0, o 1)

Wit toke thes ] cocscipondi 1 e fonal < cfr), Su (1),
(e L b VL From the source seciprocity relationship (Section 2).
we may write

<eily), Sn () > = < g = W, D.12)

¢ The di ' ) at , muay b -messing
of mportance Gn s case, the contribution to cutren with the same
nn!ﬁuws]

..émwmwh..p@ 5. the consral assumed
A fact

anl&irmhmkdm;dpmumnﬂmmhp_ulﬂdm the
such peiron vl ldl-!hnm::wnamqu:h-uzbd-m.a

o
meaning eorespom 1o the cotration o s rpome {3 (o) ko sy
‘energy inserton a ¢, or, which is the same, o an cverall power puie 8 (¢ 1,




From consteaint, Eg. (D. 7), we casily obtsin

D. 14)

From this ‘final’ value, a recurrent: caleularional scheme may be defined starting
from 1 and prociing b
The sensitivi mﬁmﬂlldmumlln{lhpmﬂ:rﬁmﬂmbrﬁmdu

=prlein-d Bnea>s L (<o Sn>-W),

@

dp ()
dp;

L&, (ﬁn+ secd B ot DS
j ol api"’ By

D.15)

mwwwmm 13). The firs term a right sice accounts for effects o8 p it,)
to pasmeter changes at ty, in particular, if pya W, it gives the frivia) result
ﬂ ik

o = The sceond imcarl term aecounis fo analegons effcs on )

produced by parmeter changes at times 1 <1,
than on the source tem, 3 control on the neutron absorption in the
onultiplying region could be of interest. In this case, the lintensive) control variable
» would represent the average penetration of the control elements, or the average
&ﬂwo‘d-esduh‘:l:munmd‘emnhm and then would enter into. the
(eranspors, or diffusion) operator B. The orthenormal conditian for the neutron
impartance n” would now b, rather than Eq. (D. 7),

cn'.—gga>4-ﬂ!l-l,lzd. . 16)

L this case, the sensitvity coeffcient with respect t0 4 given paramecer py would
slways be given by Eq. (D. 15), with i, obeying Eq. (D. 11, but with

.17
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I gencral, a conteol strategs, by which an auwtomaric reserring of the imposed
overall powes is acruated, might imply 4 control intervention on both the neutron
source strength and the absorbing clements within the multiplying region. In this
case, p {which remains # unigue, intensive control varisble) would affect both
operator B and the newtron source [in this latter case, via w: appropriate p- and
parumeter  dependent - coefficient @ (p | p), wssomed unity 4t unperturbed
conditions). The distribution between these two control mechanisms could be
described by appropriate parameters (subject . perturbation analysis). The
sensitivity coefficient, in this case, with respect to a given parameter @ would
shways be givn by g (D. 15), wih iy cbestng B, (D. 11, bt with

e D.18)
<iiy, 1%-*%»»

Stationary Case

o study a given subcriical ystem o the beginning of s cycle lfe, e may
consider the corresponding stationary case, ic., that same system in which the
neutron source and the nuclide density are assumed time-independent during an
arbitrary time interval (.. We assume that o 1 the neutron density (nJ. a5 well
s the conteul (p,) have already reached statinary conditions. So, also these two
quantitics in th interval. Their

can then be writien, in case the power level is controlled by the source strength,

Bog + pyte = 0 D.19)
<ty 1,2 W, =0 0. 20)

Also here we shall assume that at unperturbed conditions p,=1.

The same equations derived presiously arc applicable to this case, with the
advertence of replacing t, with with tg and setting the coupling operatars 12, snd
£2;, appearing in Esgs. (D. 5) and (D). 6) equal to zero, The sensitiity coefficient of
the respanse plig) [=p (i} = p,. ic..constant in the whole interval ::,.-‘n
relesant 10 the b parsmeter p can then be obtsined. Since in this cuse €', 2 wel
as " and ", vanish. recalling Eq. (D). 15), we obrain

%Ihp;lqj,a_‘;. m\,n,,,b'% (<S> W,)] .21

p“,=,# (D.22)




and n, obeys cquation
B+ e, =0, .23
1, ruther than via the source strength, the power level reser control s assumed

1o be regulated via neusron sbsorprion, so that the control p, would enter into
operator B, the sensitivity coefficicnt would be given always by Eq. (D 21), bur with

L .24

< 2w

Wcmﬂulmﬂmﬂﬁrl[lﬁhﬂ)mnﬂdmmhw
sousce, rather than the neutron absorption, it., we might choose & control &
nﬁdmlmﬂﬁphhlthgﬂ.dmmmlﬂmmatﬁvk.muinghmrhﬂ
Boltzmunn, or difusion, operator B (= A + pF). The sensitivicy coefficient would
b:ﬁwnlyinbyEq.lD.ﬂ).buluiﬁh

LIS Sl SR .25
<ng Fog>
Reacnivity of Suberitical Systems
Yor rescating the pawer level, we have considered above different conteol
mechanisms to which the following types of equations governing the newtren
density may be associared:

B (p) g + Pyt (p) =0 (source control) (D.26)

Bip, | phng + 5506} =0 {ncutron absorption, (D 271
or fission control}

By 1) 1y # @ [y | ) 3 (p) =0 (mised control)” . 28)
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where the contrel and parameter dependence is indicated. Coefficient a is given
and reflects the mixed strategy chosen. Eqs. (D. 26), (D. 27) and (D. 28) may be
generally represented by equation

iy o (05 5 1p 1 =0 (D. 29)

“The sensitivity expression (I3, 21 may then be gencralised so that

Bmig, g

<oy, Minob s, 4 8 1< gy, Sy >~ W)
%-,H—.—. D.30)
. gy
x o,

with n), obeying Eq. (I3, 23),
A corresponding perturbation expression may now be obtained. Assuming that
the power W, appearing in Eg, (1. 30) is not subject 1o perturbation, we may write:

B gy >+ < 1, B (5ei) >

D31

Mﬂdpmhsly.ﬁpnmnupmdsm:hcmnoltﬁwmqu
recstablic the power level existing before the pernirbation Ging, o, We may as
well say that the perurbation Smy, . [and & (§7c,,)] would prodace a power level
change equivalent to that produced by a control change 8Ky, given by the equation

a&_¢%aq_w;-<n,8(5'w> (
. S

D, 32)

In the case of the (fctitious) control an the neutron fission, scating 2 in place
of p 1o distingush this peculiar case, we may explicitly write

m_q;sa.,; S B> | <, 5 (S Tepe) >
M im g e cm s

The firs recen at the right side closely resembles the reactivity expression for

D.33)
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critical systems.® So, we shall call & quantity 8K, as given expression (D, 33) a
“generalized reactivity'. To account for a generic p-mode control mechanism, we
shall extend this definition to 5K, similarily defined by Eq. (D. 32), Le.,

<, dfin,> < fig, By > e.q,sd'q,):
o s 2
Mg, o M.m, « Pm e
T . " LS
and call it generalized p-mode reactivity” We may as well MM s (generalized)
reactivity coefficient, usneﬂl:ﬂh:upm

<

<y, B .,,,, “,_ %EE;_::&, ‘
-’n LTV l'm,_. o,
<, Stnts ‘n,,'h><q,.¢=>

* Eq.D. npuhgdrm_a
the (reference) system considernl ges. mc.-mmnmaumbe.m-dmdimm
mummmmuh

ai.ou’i.xu i A't;-kf
Cleaty. functions huserogenevas exuaiions (D, mmh source temm
u.dwl&p-».»namz;xmmhhmm S0 topeon lmiing
values, i,

b, o om, A

1y dbvetges. Cx the third rern a1 the
nmmko(mln »:mimm E, (). 33 then, approachcsthe srsnpotic expression,

of pamicalar intere: sy
m&’duﬁmmaﬂ;ﬁwk)-vebmm[ ar consicked.
e i ollig i by s ve sll ol sy sy
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Expressions (D. 34) and (D, 331 can be wseful in the analysis and exploiation of
measuremenss on suberitical experimental facilitis, as well as for analytical studics of
porwer source driven reactors (fo example, for opimal configurition searchis)
In relation 1o the application of above formulations 1o experimental
analysis, a (measursble) change of the flux level produced by a perurbation of 4
parameter {such us-a matcrial density, the neutron source intensity tc.) would be
associared fo the correspanding ‘reactivity’ 5K, where apex ‘ex” indicates that it
correspond to 4 measured quantity, The determination of 5K could be
effected either dircetly, by rescrting the initial flus level conditions vin the specific
pomode control choscn (for instance, as is the case for an experimental faciling,
through a regulatory rod movement), or indirectly, through its previous calibration
vs. neutron flux level,
Calculating vahue 85 of the same ‘reacisity’ from Eq. (D. 34), would ensble
n berween and calculational results, in view, for instance,
id-uld]wmmu excrcises via statistical fitting methods [27]. The data to be
adusted could be differential quantities (eg., cross-sections), as well as peuteon
source puranictess (e.g., related o the energy distribution and insensity) 1o which ‘a
priori’ uncertaintics have been associated.

A messurement of the pawer level change consequent to a permurbation of
system purameters could be also used directly in an ‘unconstrained” system, i e, in
 system in which 5o reset mechanism is considered (which may be the case for un
experimental suberitical facilty). In this case, the neutron density n, st unper-
wrbed conditions would obey equation

B+ 5,,=0. (D. 36)
Considering the importance ng poverned by Eq. (D. 23), relevant to the systems

porwer W, = <o, Sm, long with he HGPT methodology (7] we would abtain
the pression (indlusive also of the 5o calied direct effect’ term)

B = < g 8B, >+ < 1), By >+ €0y 8 (o) > D.37)

“This expression could slsa be used for experimental dara analysis.

In certain eircumstances, Eq. (D. 37) could as well be adopted for system
snalyss and optimization scarches, even though in this case no divect appreciation
would be on the “reactivity’ 5K, wssociated with the contral mode
selected,
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