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In two secent papers, [TTV, ] and [TTV,) M. Transirico, M. Troisi and A. Vitolo
s respectvly the M () spacs of More g and the BMO(R) spoces
dm:ﬁhb«-ﬂ«dmmmnmmndk in particular when
s unbounded.
" We remark that M7 (2) & a gencralization. of M?(42), which ws studied by
M. Toanscio-M. Tros in [T, ).

“When @ s & bounded open subset, M?(02) ugrees with the L**(2) space of
:cﬁ:!m (sce [Cy] sad (KJF)) and with the £44'(Q) space of Campanto (see

1.
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(**) Memotia presentans il 2 apeile 1996 da Maio. Trolsi, weo dei X1
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1\:mmwwuwﬂmmm.&wmmumﬂn
cond arder ellpeic equations with discontinuons coeficients in unboundcd open sub-
sets of R* (see e [TT,]. [TT;), [TIV,], (CLM, ), [CLM,], [CDVI).

I this paper we want to. cxamine closely some #spect of the spuces mentioned

[nSemmlwmulmme of M#*(€2), that have been introduced in
[TTV,] and desioned by M (), Mr-4(2), W"‘(E),vhu! VMP4(2) s larger
mﬁ"cmwhdmm-mm ).

charscterizations hold: ﬂ"wisdnmm_'mmm*:m
and MJ*192) s the dosure of G (2) in A (920,
lntter result nceds the continuity i Mj* (R*) of the rnlatior operator vy, Le.

m g =g in MPA(R") ar [B] =0

for oll pe ME*(R").

1n Section 2, by a counserexample (sce Example 2.1), we show that in general (1) is
-imwknglM’-‘(R").uhhhdsz"'(x'lniM'*‘(R'),lil)
holds, is smaller than M7* (R"), bigger than M{-* (R"), and can be characterized as the
closure of UC (1 L* in M (R"), where UC in the clas of uniformly continuous fun-
«tions in R*,

In Section 3 we are concerned with the BMO(S2) spaces, already considered in
[TTV;1. As there, we notice that these spaces agree with 211+ spaces of Campanato
twu:,n when 2 s 4 bounded open subset, and with the classical spaces of funetions.

‘with bounded mean oscillarion, when £ = R”. The latter spaces have been largely stu-
died by several muthors (sec e.g. [A], [BDS], [F], [FS], [Hl UNI. [Jel, [N], [R], [RR],
131, [3p, (S, [Va))

Am(m,l.-mnsdnpmmnnm-mdm“mwumm{nw
duced in [C,] for boanded open subsets

(2) @ sup

18] |
Boap <t
where the supremum is taken aver all open balls B of R” centered in £ of radius < 1,
and, if g s a ocall itegrabie foncrion and E s bounded subuet of R*, we dene by
-IEL“{sﬂ-mmuume

that BMO{RQ) is defined a5 the space of the functions g € L, (D) such

[t lg]...m-wpﬁ,-l- f le=gsnal <+,

endosed with the seminorm (3), where the supremum is taken over all open balls B of
R" centered in 2 and such tha |B] = a|BN Q).
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the supremm is taken over all cubes Q ¢ 2. These ¢xist unbounded connected
subsets @ of R, even of class C *, such that BMO(R2) § BMO (). In Example
1 we exhibit a function 3 & BMO; (QNBMO(), with @
In Séction 4 we cstablish some emhedding results, which we also use to peove that
O(@) N M""(@)c VM™ (2).
]p.'uﬂ.m!w!mn&vlh VIMO(2) space (introduced by D:Sarsson in [S)) of

.w(gtsjmmumo(mnmmﬁ"wmx Jand rug g in
O(R") a3 [b] 0.
Using the latrer result and Lemma 3.4 helow, which yields a suitable estimate for
difference between the sverages of g on close cubes of R”, we show that
MO(R™) N M"°(R") cM*1*(R*).

the a.mmawmu"m‘and.eamnun.-nuc;..
R*)NMP(RY), cquipped with the produc morm of BMOR?) X
o(R"),

1 - Prevsaosms
Let 2 be an open subset of R, 23 L :
. ForewhxeQand reR., we set

Qix, ) =Blx,INQ,  Dix)=0tx. 1),

where Bix, r) is the open ball of R” centered at ¥ of radius r.
We put B, = B(0,r) and denote by £, a Ci* (R") function such that

osg =1, L=l supplcBy.

Let us denotc by 2() the o-algebra of Lebesgue measurable subsers of 2 and by
1B| the Lebesgue measure of E e Z(2),
Moreover we set

laly.e = Nekerars -
Asin [TTV, ), for eachp e [1, + =[, A e [0, nl and ¢ & R, we denoe by M1(9, )




g

the space of the functions ¢ e L4, (8) such that

an lehoswn= wp r Mgl ataur) <+,
o )

endowed with the norm (1.1).
It holds:

M@ MO, ifpsgand A2 <
We recall that
2eMAQ g ML) VinaR,
and there exists a constant ¢ = ¢(n) such that

2 Ilin'w.u‘W‘mn“‘fﬂm*(nﬁ.u(i) >4
hﬁnﬂllﬁﬁ-hﬂdi&:dllﬂﬁeﬁmhuﬁkdﬁdﬂlnﬁ:mm from the
following

Lessta L1 There exits @ comtant ¢ = cln) such that, for each fe L (2), we
hage:

1 a
sl Vissem [ 1 waek e

Puoor: The assemion follows at once from the proof of Lemma 3.1 in
[TTV;], -

For each function ¢ defined in G, let us denote by g the zero-cxtension of g
-

e 10,0 % Kol tcxe. 0 € 2 13,20,
5 & consequence of (L2), we have that ga M**(0,0) if and only if gye
«MPARYg),
Now we set:
ML) = MA@ 1) M = MARRTY, MR = MO0,
M) =M@, 1), M=M-2.

r\-mmmdmhelnmﬂmmn.hrrw,ummnmmmbmm
duced some subspaces defincd as
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& VM7 H9) s the subspace of M A(8) of the functions ¢ such that
e, lelborsio.n = 03
M74(Q) is the sbspace of MP4(£2) of the functions g such that

lexs 1001 = 0

M} (@) ks the subspace of M7 (22) of the functions g such thas
ge Mgy, fim (1~ & dehe o =0.

have slready gven a characterization of #7(2) and M3 (@) in the

2, Tiw M*! seaces
For each function g defined in R* and b & R* we set:
Taglx) = gl —b).
It s arivial dhat
fridhos =lehor  VgaMt.
Let us denote by M % the subspace of M7 consisting of the functions g such

Tag—sg in MPY as [6] 0.
In the following we mean by (1.  sequence of malfics in R® sad by UE the
of uniformly continuows functions in R*.
- Lesoan 2.1 For every M we buve:
Jirgel”NUC YkeN. Tivg—sgin M* a1 k.
Proor: If g& M*4, then for cach x', x" e R” and ke N
oot = ool = 10kt = 9) " =)l dy <

b )
-gUIabll:tx'"rl~m-4)?dy]'rr‘“[ I W'ﬂ-z&'—rllw)”':

3 LNl
=alvu g o
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leMhﬂhqu&:-Hm that fi+ge UC.
Moreover, for cach xeR*, we have

Uergm] ‘wa*:lllh(!)_l‘_t‘uwlhb

-dli:n}.'g-L‘nUC
On the other side (see [Z])

5[ Do -gwirdss k[ Ly [ L) -gbellrdes
sin oim s

e -l

€
H."?fl
50 the desired result is proved.
Tt is plain that
LN UCCM™ NUCCM».

Lenaan 220 M**2 ix the clasure of L™ N UC i M7

Prooe: From Lemma 2.1 it follows that L= 1 UC*™ 3 M*+%, On the other hand,
4@ L= NVUCH"", then there exit (g, )y such that £, 6 L° 0 UC snd

() g—sgin M2,
() fiesg = gl € 20 — g lhos + g —abios
whence the resuk. W
We pote that, since M is the closure of L* in M"Y, Lemma 2.2 implies:
@ MorAcRRd
Let us show by a counterexample that in (2.1) the inclusion is sirong,
Exaspix 21: Let g beloog to L * () such that

0 i kis even,

ek = Bmv - iifun e bial = 1 ks odd
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mE2and k%n- 1, we have

-]‘f- Irpe—sl =5

ERE
Ies /ot = s = %

e MRAMTRY,  m
ince ME* is the dosure of € (R”) in M*%, then Lemma 22 implics that
MptcMmt
In (22) the inclusion s strong: in fact it is known (see Remark 22 in [TTV,1)

(el i e on “,, =7 lilrowi =0,

Ole,n) = {yaR?: [y =x] <ti= 1, nl, d 50 ge M= WME for
'« L™ NUC such that inf [g| > 0. v 2

3. - Tum BMO(2) ano BMO, (@) seaces
T the following we assume that the open subset 2 satisfies (2).
 For cach /<10, + =] we set (s in (TTV;))
B

ey TBOG

cre 82, 1) = {Blx, rl|xe 2, S

dudyux.um,-k is an increasing function and verifies the relations

a,saVisl, aSa” V1.
We denote by BMO(R, 1), £ €10, + %, the space of functions ¢ & L (2] such

on (el = = T":_""‘m]p le=gnal <+,

endowed with the seminorm defined by (3.1).
Seting

to=suplreR. o <a),
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we observe that (see (3) of Inttoduction)
BMO(Q) = BMO(R.4,),  [elawoen = lim. [elauoran -
Moreover we pur BMO = BMO(R" ).
It is known that if £ € Q", then BMO(2',1) ¢ BMO(Q, 1), 1€]0, + %], and
lilssioi, ) = 20, Dekaiaoro oo
We also denote by BMO, (2,4, I(M4+N],It¢:pzu(ﬂnﬁmml
£9 BMOIR, 1) N M(2, 1) equipped with
Idummﬁl:lmn.n*lrlm.n
and set
BMO, (2] = BMO, (2, 1), BMO; = BMO, (R").
Let us remark that BMO, () is in general smaller than BMO(): the fanction
;w-logm is, indeed, an example of function in BMO\BMO,.
the connection with the BMOy (£2) space of P. W. Joacs (see Introduction)
we m:l that BMO(2) ¢ BMO; (2).
below, we exhibic a funcrion g, & sufficiently regular and connected
open subsct £, that belongs to mo,(n)\sua(m

Exawme 3.1: Letf: R, — R the function such that flx) = bog x if x > 1, flx) = 0
i < 1. Since £ s the zero extension outside /; = 11, + [ of a function in BMOLI, ),
which is bounded on bounded subsets of I}, then / belongs 1o BMO(R., ,fo ) foc every
1@ R, (sec Lemma 4.1 in [TTV;]).

I particular, choosing £, = 1, we have:

i
s U’I,Il'r fil<+s.

nrzse

On the other band, if IR, s an interval such that [[] /2 = ¢ 3> 1, then we have

1 dch, i wms out thar 117! [1/=/i| € Uog xlauou,:
2}if IN3l %8, puing I =le,a'+ 24, 0<a<l, bmas2 and =
5
= b~ 117" [log xd, we have
L.

1 1 1
g -l = [ 1f-al+gr [ 1/-al=
0] J ] J EBERV| [, :




e L lf )
. ’m!lh“' -1 J‘““'"l*i, (=) J""’“

-

-a
< log sluwen * =17 ljl-sm =

S log sl + % loa(1+ 20 € Degixduany 1.

 the above considerations it follows that /e BMOy(R., ).
us puz A = {tx, ) e R [x > 0,5 > 0}, C={lxy)eR x>0y =0},

s:[u.nmuqm. -Leyso).
define g: AUC R, setting

S myied,
0 (xyleC.
i = (AUCNS, we have:

g& BMO,(Q), but g ¢ BMO(R).

gesno(0, 3}, b zemmoia. 1.

1 fact, considesing a squate Q€ 2 and setting D = {(x.3) £ R [x > 1,y > O}, it
o that

PERTES

lli‘QnD-'-MIQ\"JII'mI‘W
5 i QNID = 8, then @ =Tk, — ryxe + X Iyg =7, 3+l € A and
e o e
e B o
R R
Thersfoce g & BMO (Q).
et {sas3a) = (b, 1 /), By = Bllxa, 300, 1), with k@, we gt
LI ks = i
Lo ,,,L ognal 3

Hence 2 4 BMO(R, 1) and, a forion, 4 # BMOIQ).
Finally, Jet 0<r < 1/4, (x, 5] e and B,= Blixs,yulir):
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We distinguish the following three cases:
Dif x£2, then [B,NQ|7" | |g-gmnol S2lana €2l 3
xna
i} if % > 2 and 3, £ 0, then B,cC and 50
1
ol le—smnel=0;
Bna| Jn
i) i x> 2 and 3> 0, then
=
1 1 16
Eng I‘L “'EJ,""‘“ = Doa chuao -
Therefore we conclude that ¢ s BMO(. 1/4). ™

1t is clear that, by suitsble modifying this cxample, one can take £2 1o be €.

4. - SOME EMBIDDING RESULTS.

Lesmn 4.1: There exices ¢ = cln) much thar
@1 eouonn o € Glasormn + 55 Tunns

Weto. 0 € R, with 1% and Vg & BMO(D, 1) N M2, 1)
Proor; From the proof af Lemma 3.1 in [TTV; ], we can deduce that there cxists a
constant ¢ = c() @ R, such thar
(ehauna. % Bhuona i+ - laban -
‘Then we obisin (4.1) as a consequence of Lemma 1.1. L]
Let ¢ €l0, + ®] such thit sup @, < += and fix #, @ R.. From (4.1) we
o [

42) BMO, (@, 1) c BMOIS, £} Wrel,1*);
in particular
43 BMO, (2 ¢ BMOLR2).
Rasian 4.2 We point out that in general (4.2) s not true with BMO{(S, 1, ) insiead

of BMO(R.1,): for cample, i g is the funcion of Example 3.1, then
£& BMO(RQ, 1/4), whils g2 BMO(R, 1).
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4.3: For every 2 & [0, ul, there exits a comtant ¢ = cin, A) such that for each
and ge BMO(R, 1) we bave:

0 m.(r-':..u...a,..+ L |Mf";|) Ve, Veal,o);

PR

Vreo, et/ 2],

 From Lemma 3.3 in [TIV;], there exists a constant ¢, =, () such

an M‘r.n,r*‘({;+lm%)lﬂwom.n+%IM‘J",II] vealo,ol.
the peevious incquality, we have the desired result observing that the

. fvelo )=t Hog b
= increasiog in 10,2717 ~4] and that
Sajogd m mEE
o v ey = Ty
| Of course (44) implics
46) I:Lu.u‘ea.[r-"m.m..n;’;lhw.q]
VreR,, Vg BMO,(2,4)
Treosen 44 We have:
BMOL(@) CBMOLD) N M4(8) Wi (0,4,

(glawcncn + Delarion € cleboio, i Yo € BMO,(2),
e ¢ = o, 2, ).

Proow: Tt is an casy consequence of (43) and (4.6}




—
Trom 4.5; For every i [0, ul se dave:
@n BMO, 12y c VM A (),
Mareaver, for a fied w€ R, , there exists o constart ¢ oK, n, 1) mch shat
48 Iﬁ»-.p,nsa"‘l-a(ﬂhl..mm Wrelo, w14 Ve e BMO, ().
Prcos: (4.7) is an obwious consequence of (43) while we obtain (4.8) right ap-
plying (43), (41) and (12 W
3, - T VMOLG) axi VMO, (22} sinces

As D. Sarason [S], RM&WUIWM&!O‘M‘D!DJMO{
the functions g such

lim, [glasora, = 0-

Exuerue 3.0: Let us consider the function
5.1 g:xe =10, [—log|logx] <R, .
Tien ¢ & VMOI@).
In fact g is non-negative, mmmw
Soﬁa:mr()ﬂ:"liu
calte =l jrgwqbnndux.
s decreasing 100 and
(52) ]‘um g|.+rluu J[;lx) 8v)| dr=olz),

where
Jim afr) =

On the other side

i ] |;w-i 'J;\;ldylda‘% T e —eta + 0.




=7 =
(511 and (5.2, it follows
Jlim [, € 2 fim ?xd(r}-ﬂ.
VMO, (2) = VMOLR) N M)
ce of (4.6), we have that g € VMO, (82} if and only if ¢ & BMO, (2)
lim, Neloyia.0 = 0

1—s*

remark that in general vuo.{mgmm.
fuct the function

gxe@=ll +x[lgreR,
to VMO(2) but is not in M(2Q).
o put

VMO = VMO(R®), VMO, = VMO, (R*].

5.2: We hove
UC(Q) N M{Q) ¢ VMO, (@),

Proor: I g € UCID) NM(Q) then for every ee R, thete exiss &8 R, such

o s W.f (.m k(x)—mm)ace w-]n. %[

o

Let deR, such that [glx') = gl")| $ 1 for cach x', ¥"w @, |x" =x"| < 8.
“Then, for every Be 8(2, r), we have

o 'I%f,I |'ATIA!T.['|“ ii2rss,
0 T;T'[u-msﬁ_jm,,—fﬁrum 2=,

ce the result. -

The function ¢ of (5.1) belongs to VMO, (@), bt s ot uaiformly conti
mious.




T
Traeomen 5.3: We bave
VMO, cM* .

The peoof of this theorem is based on two kmmas, which we state in advance.
The first one is a generslization of Lemma 2.1 of P. W. Joacs (see Jol.

Laner $.4: Sugpese ther g & BMO end Qp, Q, are tow cabes in R". Then
dist{Qy,
i mli(9+in bg‘:‘(g: u.h.(l-v—ﬁ%))mm,
where NQ) i the longht of the sides of the cube Q.
Proor: Let us firse distinguish the following two cases:
0 Qe
Q) = Q) =1,

Cae i), Let us divide the interval [1, + = in subintervals of type [37°*, 3°[,
me N,

Then there exists m e N such that 37 ' < |0, | /]Qu] < 3%
Proceeding as Jones, for m = | we have

lag 20, | =3l

For any p, repeating m times the same argument by means of  chain of m = 1in-
mbe,-mmmzhx

leg, = 20,1 = lglauo-
So in general if Q€ Q). we have

(5.4) leg, = Q|&3[|+al.gﬁg])u]m

Gt ). T Q s a cube such that Q. @ € Q: and Qs = dist(Qs, @) + 21, upplying
(5.4) rwice, we get

69 lag-sal % e~ sa +leo — o) = 6{1 v 1og "2 il =

-e(u.h‘ 34 M)]Ulm

Finally, we consider the general case.
Let us suppose HQy) = 1(Q;) and ke a cube Q such that Qo Qs and




1(6Q,). Observing that
It~ #.| < liay g2 + leoy ~ 20|
(54) and (3.5), we succeed in Our purpose.

i particular, if g & BMO, then for every cube (3 of R* and each b & R* it vums out
uw-nlt(we-h.[n% )ul....,
h inequality (3.6) can be improved as 18] @) —o.
33 Letg e BMO, Q0 cube of R”wnd b & R* swch that max |5 | < 1(Q),

Tiae

b 5
lea s —2a| € 15077 ,'(Q') 1 ”"":lrzl))[“""‘

_wufﬁu-md-d
j :—J:- [ e[
I
h pnﬂd:wpeddvnﬁmc!’ 1,
sbw.,llsl then a bas the binary representation
a=a2 4 a2

may assume the values 0 or L
Tt Gollows that R can be aubvided in parlcepipedes R, of volume 2°41+4*",

N, wb:ni,<t...mdr.:{:lN|n,-l}
wrc»ed 10 subsets of 2era measure) as disjoint urion of

8 1 JM‘"J"l‘z-"'(9+""""‘]"""

T virtue of the decomposition of R, given by the procedure mentioned sbove, and




from (5.8) we get:
X = S.
o |hjh. Je] < 5 o s e <

< ,:_ﬁ;,., 2063w (9 4 6l S u»:-[";', .,.2*‘],,,1.._, -

Settig iy = min {i'« N: 4= 1), we have
1 B yatat e
Tl
..-u+z||.g |
which, insertcd in (5.9), by (5.8), gives

| x—j:lsu»f’"(nzlh%' ].m.m.
4

G

since b= e,

Of course, we obtain similar cstimates when b= +ae,, f=1, ..., n.
m[,, g A-'_i;bm. Scrting Qy=Q and Q= Qies +hier, i =1, vom, we
| eflegl et

Hence, wsing the sbome-cstimates, we' get
i lesormoosat
LA

which yields the desired reqult. @

Proor o TEORRM 3.3: Let B an open ball of R of radius 1 and Q a cube of side 2




| [lne=si € [l mp= o al o |=j<r.rn|-=

E2Ureg —glao * lgg s —gol).
£ VMO, applying (5.7) and (5.10), we deduce that 1,2 ~geM' and
Jim frag - gho = 0. -

56 [f g'e VMO, them:
DitgeLTNUC VkaN,  Jisg—gin BMO, ar k- .

1F 3 & VMO, , then, from Lemmia 2.1 nd Theorem 5.2, wé abiain that
TNUC and Jysg—g in Mas k— + 0.
the othet hand, since ge VMO, then Jirg—g in BMO a5 k-»
. -

e 5.7: VMO, b ibe clowre of L™ NUC i BMO, .

Pusor: That VMO, ¢ L7 TV DC™ i & consequence of Lemma 5.3, To prove the
, we observe that if g £ L~ 1 UC™®, then there exists g; € L™ N UC, ke N
thit g—g a8 k= +. From (53) it follows thar g,e VMO for every
b, o s oy
. Ielsorsen € (8 — e lneosee,n + Lo Tmaoine,
we deduce that g & VMO, and this compleres the proof. W
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