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Some Convergence Properties of the Ogawa Integral
Relative to a Martingale (**)

Suspanry. — We consider the Ogawa sequence. Lﬁ.-dnmtninwm‘-kllu-i:m

#mﬂmdl'([mi]llnL'(P.C"]npnmwhu_n“rxN[ 1
-s.u-d-\-um mmuelkfmolmmmo(dlm\h
Ststoooich Evegeal of H.

Aleune proprietd di convergenza dellintegrale di Ogawa

‘per una martingala |
Stnvt — $i considera la i Ogaun (5, relata Heudwmsi
di L7([0, 1)). Neghi spazi L7(P; C**) s ottienc una per e

stema orwonormale
porme {5, .y — 5.0l ¢ nel mﬂmumm.xml'm&mmdl }
{5, veso Finaegrale di Steatonovich di H.

0. - Ivmronucion

At the beginning of the cightics Ogawa. resumed Tio-Nisio resulis on the uniform
comvergence of & particular random walk 1 the Wiener process W. By an analogous
procedure, be defined a stochastic integral for a class of real processes, not necessarily
adapied 1o the ususl wenlargements of the filtrution sssociated to W,

‘preciscly, given a complete orthonarmal system (e, ) in L*([0, 11), be intro-
ducest in [6] a notion of integrability for a generic process H, defined on a suitable
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prcbabilty space, for which e resuls that s process H s ntegrable, with sespect 0 6. ),
if the sequence of partial sums (5, ), given by

s=3 qu(,mw,o] Hye, (s} dr

teim (e, J), but they require some regularity
H. Nevertheless, |EHu|mm=\pi=uIdxﬁmK +1W, these regularity condi-
mnmmncbedmc-unmmdwuepm
Funermore they studied in [4] the relations between Stratonovich and Ogaes
i
s paper we consider the random variables (5, valued in the Banach space
C'“‘EW 11), with @ element of [0, 1/2, associated with the partial sums 5, relative to
& contifous. mantingle.
ﬁ:mof:hﬁwesmmm:mmmuw:ufdummw }.m
the random wariable 5. associated with the Stratanovich integral of the
ququm- Mm;mmmmwmmmuo«w&rporm
random variables (5, ), uniformnly with respect 1o the given pracest K iand the par-
smeter M, which charscterizes the summabiliy condition (2.1).
Finall, in the case of the complete trigonometric system, we estimate the rate of

comvergence of (5,1, 10 5.

1. -~ PRELDMINARY RESULTS

Hete below we suppose given a probubility spacc (2, d, le.mmm(-ﬂ
verlfying the usual hyposheses, and  real Brownian motion W sdapted 10 (%

Let » be a real Borel function on [0,11%(0, 1] Bnr-i--d-dv.-mm
i ¢ defined on [0, 1] by

i, " bl

)
at) = o, et =
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are finite and integrable with respect to the Borel-Lebesgue messure 3 on
To, |]

every real sumber p 2 1 and i = 1, 2 , [lg7 |, denotes the seminorm of 47 in
U{llﬂmhxhumﬁwmndhnlbcmm
ous, square integrable martingales such that, for every £ of [0, 1], the random variables
¥,,Z, wre nespectively versions of

f'ﬂl’.&[‘l\l’.--lr.z‘l- 'J'MJld%K.-m.:'l.

e ¥i= wp [T,
=

q-kz[[[aix,.,,_“) _':]u:‘

Then it is possible to obtain an estimate of the absolute moments of order p of
Y528 llmdslpmdlcb

0. 17,] and, for amy el vamber > 1, I,

Prososimon (1.1): For every real mumber p 2> 1, there exists & comtant C,, depend-
g anly on p, ruch that

u2 kw2 G T, il

Proor: We sote thit Burkholder and Schwara-Hokder inequalitics ([9]) im-
sl i
EUY? P €08 [M'(jm..u,x-))} <
CAml

s.,s[( o Mwﬂl})a]

where ¢, is a proper constant, depending only on p.
Since, for every 4, , with 1 >0,

8 byl = 20 4177,




then we obtain

.[‘ﬁs[(‘faw, . .)n y

T !
:zz,c1+:,>a;f(-’|;‘:,+r'_[&t .z.'u"k,-'i) ]
:

By potting €, = (26, (1 + 6 )1/¥ inequality (1.2) yickds,

Ef(Ys ?] = 2 inf|

Provosrion (1.4) For every reel mumber p 3 2, there exies 3 comstant ., depend:
ing only on p, sach mhat

13) izt hevn = G iy Bat B

Puoor: From Burkholder incquality we deduce

mz.-msc,e[(v;'&(.fmn.m.,um.

nnpplyignn&muhm(riw, K.-v(!.l'))}.lhcﬁdnmminlh:mimnli-

1 is bounded above by the expression

cpE[ [",lldu‘x‘lp: :;.;'H;J'd, l’m’, K.—v(n:':f‘-‘\lr'.l’.vll.r)]’],
LI L )

Apant from the multipli 2% ", the previ sion is less or equal
to the sum of the following terms:

6 E[(fdsjh‘&’h"(x,s'l)’l»
EU@[I"'I"W"K"““'"‘n"w'x"“" rJ”.
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More precisely (1.6} s kess or cqual to

E[leé'&’-j&a'u.:'lﬂ=EN.]J&'K.‘-y;&‘))‘]s

< s[( far uum-")'7tf¢'wzu';r]mz,|¢5|;.

Besides, thanks to Fubini's theorem for stochastic integrals, (see [9), Th. 45), by setting
the term (1.7) equals to V, it results ’!

v-s[(&j'm.‘fﬂ,‘m.:')j&&w.n]’] %
s ws[( J;:’Kﬁ[j‘ﬁ-!s.:'lj:ﬂﬁ&“h'J)’I’i]“

[fn{farcf]

From Schwarz-Holder inequality and (1.31, apart from ¢, ., it follows.

e B[U A ")u— m(f‘“'(f .-fl’,l_j‘dmm.mlz,n)')ml <

=ank

‘ . sz[[j-‘:'\K.-i"‘"’"’rI] nﬁj wﬂj“m[‘“’""'""""]‘}

for cvery sricly positive seal nuber 1.




Finally we obtain

. - \
ve2inf|ig, ffyf"lﬂl'f[l]"L’t]tﬁuh‘rlw,x‘\)z]’l <
3 i /
' 3
<2t 440 inf u;:,n*i’ya ij&'ﬁu-)q;mT <

| . -
sm+‘,‘u,r[n::,w'[&-w;a;-rre[t[mx,wﬂv")' jm;cr)r]]‘
‘ ¢ ‘

<4+ IR el
So the proof has been completed.

Resuasc (18): Acually, through more shrewd argument s in the proof of (L4},
we can Jarlsy* with lgill"" i the inequaley (1.2)

2. . NoTATIons AND MESULTS On TiE OGAWA INTEGRAL

mmmw-mphma&mmlqmu,)hwlo,)l.n. For every
ingeger n, E, denotes the integral function, defined on [.nlb;e.:n:ja's.u'n
nd . denote the Borel fusctions on (0, 11% [0, 1] gven by 9

g, 1) = B li)e, (57, wina') ()E,(s").

We setu, = ihu,.v.‘ ,; 4. Note that the functions £, 2 coineide on the diago-
s 2,

nal of [0, 1]:% [0, 11.
hiﬂhﬁ.mn;wnw,ﬁxdﬁompkuwﬂmﬂmdmk,).ﬂucf-
rence of u constant M” that

.
@n sup [dood .9 <407
LR
In parc (7). detsrmningd by the functions

cos2znl-), sin2zn(*), verifies the peoperty (2.1) for any M? greater or equal 10 1/2.
mmgﬁ:hﬂ:mmm«fhﬁmm‘mmwknihmmhn

e
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‘Besides, fur every pair of real aumbers fy, £y, with 05 £, % £, % 1, and for everyp = 1,
Bessel incqualisy implies

,

@2 S -Bers[den-s,
0

@ Lok, = {Jla(,?_f;'m)”)m o

For the rigosometic system (), we also have

d ham
Iu.,. WPl 0+ [E; ()P =
@

sl

Yim

im )
'y U«,’u.:m*— ua,w.n‘]e ;i
i P

because, in this case, E7(s) and 47 (s) are less than 1/4;%
Here (Wie,)) is a given sequence of independent and identically distributed ran-
variables with Wie, J{P) = N(0, 1) such that, for cvery integer 7, the randem vari-

i:l:wie,)unumonofjr,

Let K be o predictable bounded process and consider a continuous maningale H,
weesion of the o imegral | K 1. By Burkholder incquality und Kolmogoros lemma e
i not restrictive to suppose all trajectories of the process H are elements of C (R ),
for every =@ [0, 1/2[

Then, fixed = in 10,1/2 , lat H, denote the random varisble vahoed in
C**([0, 11), such that Hio) i the trajectory H(w, -] restricted to [0, 1]. It is useful to
recall that, for every / in C**([0, 1), which vanishes in 0, it is verified

(23 W.sb,mraﬁwu’-}—ﬂnl
where D, is the sct of the dyadic numbers £2 %, with £ = 0, ..., 2" = 1, [[ffa- is the
usual Holder norm of f and b, s a proper positive constant, depending only on &

Inequality (2.3) is essentially due 10 Zygmund. lSe:tl!I
Naw we can give o notion of Ogrwu integrabiliy of the martingale H.

_ bl ol el
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Dermarons (265 The seqoence (5,) defined oo [0, 110 by
@ Suh= iowl-.n[u,.,um.
g L)

s called the Ogonw seguence relative to the martingsle H and the orthonormal system
{e, ). Morcover, if there exists a continuous process § an [0, 1] 0 such that, for any #
of 10, 1], independently of the orthonormal basis (e, ) verifying (2.1, the sequence
ﬁEL).me‘irﬁninpmhﬂ!dhymi,lhzﬂwurdﬂﬁemﬂimﬂk”ﬂﬂywhﬂ-
rable and a version of this imegral is given by the process 5.

hdﬁm&uhknﬂm(slthummﬂiﬂpuwdh
integral coincides with te Stratonovich integral H-W + (1/2)(H, W]. Moreover the
sequence (5, ), comverges uniformly in peobsbility with respect 1o 7, that is the random.
varisbles (5, )., ssociated with the processes S, and valued in the Banach space
€([0, 11), converge in probabiliy (7).

mﬂhmmnﬂuwmmedﬁrﬁmmﬂn[&l.w‘ﬁhm
also valued in C#*1[0, 1), with 2 € [0, 1/2[, and, in the case of the trigonometric
system, 1o give an estimate which includes the properties of the Ognwa integral relative
1o the mustingale H.

We recall an immediate spplication of inequality (2.5).

Prososmman (28): Let ¥ be  random veriable valued in C**(10, 11, with 2 >0,
and Y(0) = 0. For every real mamsber p 3 1, it results

(251 Ellvie-1 <5 i.ﬁ' 3 HIYu+ 2 - Yok
e D, i the set of ll dyadic muombers K2 in (0,11
Prooe: It suffices to observe that
[¥Bees i 2 27 5 Ve +27) - YOI
it
As 3 comequence of the abore proposition, we obtain:

Paovosmions (2.10): Let & be an element of 10, 1 f2L. For every p > 2 /(1 = 2a),
there exists & positive consant <., depending only an %, p, such that

@21 M0 dens By € 6 (E[ f 1K mD' Y




=
~ Paoor: From Proposition (2.8) and Burkholder inequality, we deduce
L SEEDE 5 Bl xBTS

= e 5 ,
i’—f"‘ff"'.?,”,ﬁ'z[ ‘J K a]’ <Hg; T 2" vm'"z[.j mM]-

By sening c,., = b, {7} (1 = 27977 W), dhe incquality (2.11) is verified.

Prorosmon (2.12): Let 3 be an element of 10, 1} 2L wnd (W, ) she sequence of proc-
defined by

K. .= £ W),

&MM(WJ Maﬁmmchuo I]Lmd—
variable the Brownian motion W.

most. A
= Morcover, for amy p 2 1, the sequence (J(W, = wuk:mnuwwu

~ Paoos: For lto-Nisio theorem on random walks, valoed in s Banach space, it suf.
fices to prove the comvergence of (W, — Wjces) to 0in L7 (P), Because, for all 2 of

(0,11, ('ge; E,:c)] converges in L2 (1) to Ly, it is enough to show that, for cvery
P, it resulis

- e sup ELWL e 1S ey

" where <, s & proper constans, depending only on 3,.

:' Since (W, ), — (W, ), is a gaussian random variable, there exisix a positive constant

. depending only on p, sach thar, for every integer 1 and cvery pair of real sumbers
|t with 054,54, % 1, the relasion

E[I(W.),,‘(W.l,,l"l-u,('g.‘(ﬁ‘(l\)—E.llv)?‘rinr,lr, —
is verified for all p 2 1. Then, by spplying incquality (29), & resubis
2a4) B ) < b, 3 790,

From (2.14) the proof casily follows.
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3, - CosvirRceNcE RESULTS FoR TiiE OGAwA INTRGIAL

Now e can prove the two principal results on the Ogawa integral relative to the
martingale H. More precisely:
Tuwones (3.1): Lot 2 be an dement of 101/20. Fir every real number

5> 51201 = 2a)), there exins o potive: comsant C.,, depending only on 2.P,
such thet the Ogaais saquence. verfies the inequality

. 1o
wp 5. cx v % s 1 *M”i"’(ﬂ[’] 1% \*w]]

where M s a constant which satifes (2.1).
Proor: Using the same nosations as the previous scction and applying twice the in-

regration by parts formula, (see ulso (7], proof of Th. 1), we abiain that, for every inte-
et n snd foe all £ of 10, 11, the random vaciable (HW.), = (S.), i a version of

. : i 1A
[eat s +me,Jm.v.u.r'>+ [aw, | awKeni 55°)
d ot

Lkt £y, #; be u pair of real numbers, with 0% £, ¢, % 1, and p @ real number

greatec than 2. Thanks to Propositions (1.1),(1.4), there exist two positve constants
G G such that

52l E[L[M:q['m.u.u,;‘)l“'l‘(c,ln_m,,,ﬁ-h e
e )
63 EU ftv a0 1 e VR 7 ') |"]f o S
Pha

" -2t
wikre T, .y denotes E (]|x.|°fv4'&) ;
O

Morcover from Schears Holder inecquliy e follows:

0.4 E[L:m.u.nx,a.|"]au-.—..,r"Lf-.‘(..udr}ﬁ{j'l&\"ﬁ}
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| Because g7 = 4%, from (22) and (24), we gt

) 2
(8, = HW.3, ~ (5, — HW, ), %1 dy (14 M¥ )ty = ',v"f*z[jmi%]
J

ahmd, isa proper constaut, depending anly on
- Let & be an clement of 10, 1 /21, -.-ip.rumms,h:au—z.n For incquaity
(29), it resuls

' 2
atlu.—w.:.lua-mﬂu+mm[[mml BT 1
Finully, for Proposition (2.10) and inequality (2.13), there exists a positive conseant

L sueh hat
ﬁkuw.as@.-lsﬂumm.lcw.lauls

s e
sﬂlwm.l'f'ﬂlmilh-l"’<c;.,£[ \K,l"dr]

From the two pecvious inequalities we deduce the proot
| Timomss 630 Lt a be an clowont of 10, 1.'11-..4(‘.)&-:-&@,@

migowomsetric. systems, Then there exists & constant C.., uch that, for cvery puir of integers
_Amawo»mn:m,u,'uu—z,uﬁ.j,mmmsm-
Jied

6.6) 16515 = 5a = (HWo oy = HW Mo ew €2

' e
mum{s[]mul]  Moreover, the randam verisbles (5, ). converse
i
in cvery L#(P; C%* ) and if (my)s dis . incroasing sequence of egers, with
g...--u:lmqm
g‘( Hye ity L

the random pariables (S, ). converge almost surely foo,

Puoor: The proof auss in the same way of Theorem (3,1). Lec &, m, be two posii-
ve imtegers. If we replace the function #, with the fanction #, , , — v in inequalitics
(3:2), (3.3), (34) and we upply (24), then, for every p 2 and cvery pair fo, £, with

d;‘
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01 €4 <1, we obtain

EC|(Sha— HWya ),

PN RN EH i S (T
;

whese ¢, i & proper constant, depending; only o, 4nd 5, W), denore respectively
Sioa=Sei Wism = Wa.
Tcquaity (16) follows from  equality (29, beosuse, for every

Bl vy o
21 =22
EUlS, - — HW M 587

Kl 3 23,

'Inmimkr.th:nn&-nvﬂbhij.—ﬂ%!-wmyli’;c“'!.fmmrr
p = 1. Moreover we have
it =
Js <
and then, for (3.6, the random variables (5., — HW,). comverge aimost surely.
Thanks to Propotition (212 the theorem is proved.

Rosaarc (3.7) We did not use any fesult from Oiwa theory or Malliavin caleutus
1o obisin these estimates. Only in the following theorem, we use  result conceming
integrabiliy relutive 1o a continuous martingale H ([7], Th.1).

Mkuﬁc«mkmmmwmﬁi'homnwbkndh
intcgeal is equal to (1/2) W, proposition easy to prove. (see [10).

Tumowss (38): Let § denote a version of the Stratonorich integral Ho W and a.an
clements of 10,1 /2L Then H is Oparoe integroble and, for every p= 1, it renlts
39 lim E[HS, - 5)fge-1=0.

In partculer, i () i the complete trigonometric st and p > 5 [ (211 - 2x)), there
ma”wmﬂt,,.d@a&uml,u-.p.mm.hmwka:k
Sollowsing. inequaliy 15 veriied

Lya| Jrse
B Bl 5. - - B J<en ()| [ 1K1
:

Proor: Thanks to Theorens (3.1} and (3.5}, it is enough to prove that the random
sasiables. (5, — 5). converpe in probability . the random variable which vanishes
cverywhere

But, for cvery £ [0, 11, (5,), converge in probabilisy 105, (sce [6]). Besides
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(524 = S 1P):m, b e N} is & relsively compact set i the raro topology be-
cause, for every 3 <a’ < 1/2,

mp (TS, o4 = Sl 117 % 2 sup, (ELS o 1 <

snd bounded sets in C** are relatively compact sets in €%

These two facts imply the double sequence (1S, 4 ~ S ).}y s converges in distribu-
tion 1@ the random varishle which vanishes cverywhere, ar, equivalently, (5, con-
verges in probability 10 5..

Hesanac (3.11): In the case of the tripopometric system, we a0 obesin an snalog-
ous extimate as (3.10) with respect o (5~ 5,,)., provided tht the dependence on #
gets worse. More precisely it is possible to give & proper cxtimate of the sbsolute mo-
‘ments of ooder p of the random variable [ W — W, Micvs, such that, by the same tech-
dqmuaim[JJI.&rmryﬂem-m]ﬂ.lflLdae=MInmbhmm
655, depending enly on a,p, for which it results

IS = S, 0] se.i,(,_i)f"E[flx.l*'-&]m

where p > 5 /(1= 2al.
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