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A Remark on the Regularity of Minima
of Certain non Quadratic Functionals(**)

Simouamy. — We prove o giobal repulity ot foe minimizers of 8 cas of Integrl fanc-
mﬂﬁ-wﬂﬁ«.ﬂmmmmﬂ t<pel
Un'osservaxione sulla regolarita dei minimi di alcuni funzionali von quadrarici

Scarto — S prows un dssn &) ek globale per misimi i wna classe & integral
askool I e ngpands fl s, €1 bt cresca polinomie del tpo [EJ” con 1<p<Z.

Ivmonuenion

Let f be a funcrion defined on 0 X R X R* and set
w1} i, ) = | flw, Durh i,

‘where [ is « bounded open set of R " We recall thar a minimizer for (0.1 is & function
w such that
T, o) % Tl + 3, st ph,

for all ps CJR"):
I this paper we shall prove global eegularity for misimizers of functionals of the
lep 1

trpe (0.1) when the imicgrand /155, ) grows polimomially Hke <p<l
M-v wmm&-nﬂkﬁaﬂﬁglmm UxRXR"=+R,
mﬂah&luﬁn‘
)l + 1670w, € o’ + 2P
() e 0] S el + I3 2
(%) Indirzsa dell'utore: Dipartimento & Matematics ed Applicazioni <R, Caccioppolis,
Momte §. A.v'b E&HTW&-;HIMNIM.
(**) Memaork preseniata [l 25 gugno 1992 ds Mario Tromt, socio dell Accedemin.
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H aleow, ) = (07 4 (g3 -38;
G falr, w81 = fulem, 7] €

e L R R e B
for 1 <p €2 26 (0,2 p) wid ey, 2 independent of (s, uh
H) [ o 8V =l v, 8] % 4 8PPl [a], Jx =31+ =2 ]):
where als, /)= kis)min {¢7, L} for some L >0 snd e (0, 1), wnd & s increas-
g

Then we have:

Tonsonas 1 muw»mm.mm‘(mumrm () ()
Then Du s locally 3Holder comtimus o come 3.
Mosoves, §f = 15} sonigie omly (H,)... (H,) Tewiig

Infs] M. Giaquinta snd . Modica peoved u resul of partil regularity for vec-
tor velued minima of the funcsional (0.1) in the case p 2 2. In the same paper they s
showed that it s possble 10 deduce from this geocral result, gobal rogulurity in the.
scalr caie

On the other hand in @ paper by E. Acerbi and N Fusco [1], parial regularity is
proved for vector walucd minimizers of 0.1) i the cuse 1 <p < 2.

In this papes we show that, us M. Giaquinta and G. Modica ol inl4] when
P22 it is atll possble 10 deduce from the result of E. Acerbi and N. Fusco[1]
st ity in the s o whe 1 <p <2

1 is straightforward from the result of E. Acerbd and N.
mehmjt:.. } satisfies (H, ) ... (Hy ) with, s = 0. Actally the case o = 0 is the
i) s o P s a0

e e o e gk o £\ gty s e e el et
(14) and (1.5} for miniesizers of fonctionals pot depending on (x 1), proved in[1].
Darvving (1.3) is the only part of the proof in which we use ssumption ().

By different and mose involved methods, which can only work in the scalar case,
1. Manfredi in 181 proved o sinsllar result when p > 1. However we rematk that hete
we gt o wn exsenco result for second deriaths, remlt not contained
inf6].

1 - Pusmmony suseurs
Inlkﬁulwﬂ.\kk‘uc:wldﬂmuyooﬂummdl.hﬂl&:hﬂmwdﬂ

xye K" of mdius
W e L), & any Byle) €O, we set

P M:B. hlnum- f el

B




— 187 —

¥ o confusion s possible we omit the indicution of the cenme of the ball,
By =Byl

Lessta 112 For every v (= 1/2,00 dnd 22 0 we bave:

=+ Il
uy+1n=—zls"": e nlhl‘zd:l

GA 1+ oY

al.
Jfor every £ RY
Proce: seel1].

Let we Wit be a minimizer of (0.1), with g 20, 1<p<2
We set

HiT = (0 + [1]PF,
ViE) =t 4 |, |

o, R

i |ViDa) = (ViDu,, 5|
L

Let us recall some resuis proved In[1], thas we'll wse in the followiog
Proposmon I-l .lffm(ﬂ.l.iatmmmt>nudqsl.hﬂ

mdependent of .
L
u rmma] = ?( (D) e,

Jor every Bpecll

From now let > 0, and f: 0 — R independent of ().

Proeosmass 13 (Seell)) Let be o funcrion of clacs C* sarfying (Hy).
e ae WEP, Vi) & Wi Moreover

w | ot < £ [ o,
L "

w2 I:,.u Duli? =4 Dl € Iu\m«.
A L




ey I Dapdes
A

Jor a mitsble ¢ independent of .
Lusoes 14 (Secl]) Ler f be a fincrion of class €3 satihing (H,) ... (H)
Then
D) e WY, where = —2_ 5,
2-p
Lo (Du) & WP, DU, (D)) =i, (D) DNy
From now on, (Hy) .. (FL) are abways sssumed for /= flc).

Puorosmon 15 Let e W' () be & minimizer of (0.1). Then the fumction
HDu) & cally bounded in 11, Mareoser dhere are fwes constants ¢ and 2> 1 hoth inde-
pondens of > 0, 52

@ 'l mu«ms:tﬂ! HiD &,

wn m.;xsr(-“?)'u.m.

for every By ool and £ < R.
Proor: The paoof follows the same lines of the peoof of Propasiion 2,11 of [1).
For completeness we skeich i
From Proposition 1.2 4nd Lemma 1.3 we get
ViDu), H ' (D) e WED),
LD e Wi and  DUL D)) = £, (D) DDy}
We now set
Ageh = (& |Du]*) 1, (D).
We remark that if (H,).. (I(,]Hd then A is w uniformly eliptc matrix
‘bounded cocfficients, and the ratio of mxmhek-mm-.w
independent of . Then by the same anguments used n[1] (Proposition 2.6), we
et

[ 4Dy DN Dy s~ [ 1DVIDUI| 5
for ol psc,‘(uJ with £ 0.

the proof continues exactly as in (1] (l&wp’m 27.28).
The el (L) o, s Proposiion 1.2.
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To extend this result o the case s = 0 wé will approximate the function £, We re-
mrack. that the apprasnation used in the case p 2 2 doesa't work in this cuse. |
Let N be a positive integer and 70t} a function such that i
© osrsl.
"‘”'{l t2N,
0% sl xieC R,

¥l <efv =1y, || Se/N=1P, || =efiN =100

Lo L& U f sanigh (Hy) o (L) with o 0, we sex for ea (0,1)

])uq’ P,

,’isu(l-
P Then for a sustable N, the fuscrion £ (£) veriies (H, ) ... (L) it s = ¢ and the coa-
st ¢, 6y, dndepondons of ¢ and N,

 Pacors The propeny (M) of f is imedianly verificd. The. properties
() (L) require many, bon casy caledations.

The e of Proposition 1.5 bolds alyo in the v =10,
Proor: For every e (0, 1), let &, be the (only) minimum poins of
J’.'.a»m,

Prorostmion .

in the space u + W (B), Becl.

By (H;) and the relasions (L1}, (1.3) it's ensy to verify dhar, t leass for 2

e weakly in WE2(B) and weskly in s + W32 (B),
(4 [Du, [0 24D, > [Dule "D weakly in Wi B).
Then the resalt follows by lewing ¢ —+0 in Propecition 15.

2. Proor or Tiwonsu 3
The following theorem i proved in[3):
Tmowen 201 Let we WHIQ) be o minimize of the fusciional 0.1} with:

= fim, 0, §) venfying (H,).
Then u s lcally wath some expment > 0. Moreoer for amy




e D o R < dist (g, 30) e bave:

Ju + 1Dt € R,
4

Throughout this section we shall asume that the funciion /= fix, u, £ satisfies
Hu) o OH).
In order to prove the Theorem 1 we compare o minimizer u of 0.1) with the sol-
wsion of a problem independeat of (x.u

Prorosmon: 2.2 Let uw W (0] be o mimmiser of (0.0). Thew's & C* (21 for
any 0 <3< L Moreower for amy 0< < 1 there are constmty Ry, ¢ mch that for sy
e fd and R0 < <R < iRy, dist(xy, 80)) we bave

2y )
@n jﬂ{hlﬁﬁc[d jmm«

Proos: e, R < dist (i, 30), wy = umunlp'm flg b, BN
Let v & W By (xg) be the minimum poin
If“mw-ﬂn
o
in the space & + W2 (B
From (1.4) we get
¥ [romace £ [ FDmiacve [ b -wiiras
- L S
On the other hand by Lemma 1.2 and Holder incquality
23 [IDE=ririrse jlmm—vmmu 1Du? + | Do] e Popd &
s i
:r( I iwmfvmm'r‘( Jo mu+ \mwh)""“"‘
e e

e Jurown - proena [ [ i+ ouf? ¢ pooii| "
o e

where the last inequality is obtained by (H,). Now we obacrve that (see(1], Lem-




ma 33) |

{.U'M)—Pwu&n«hn }um.ur[g-{u + }a-m.ﬁ)
B - &

where ¢ is the exponent in Proposition 1.2,
So by (22), (23), (2:4) we gen:

Jmma ‘r[(%]. kg R7 + l:{- mmdx)m]Jmm.

where = {g = 1)fg.

The result folows from Theorems 2.1 a8 a3,
W are now ready to prove the Theorem 1

Paoor on Tiomst 1 Letw be the functin defined in Propesiion 2.1, Then by,
relation (1.3) we get:
) mem—v:m_,,v.an{f-

..»-

Iiwm VDol ol
+.I Vi) = ViDe)| k.
i

By ()
[ 1viDw) = vion e [ 1440w - 4w
Bea s

Then we got result a8 in Theorem 6.4 of 4],
To prove ue W () it is enough o remark that (1.2} still holds if 4 = 0 and
moreoves Da is locally bounded,
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