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0.+ ImopucTion

Theoughout this paper sl topological groups are assumed to be Hausdorfi. For a
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Jogical groups. Therctore soro-dimensionality can be consilered as stronget vervion of
total disconnectedness. The sim of this paper is tw investigate the various degrees of
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The following well knowen fact is oo starting poind.

0.1, Faer. ﬂ'HlLW'l] (7.8)]): For every lncelly compact prosp G G} = qIG) =
= olG) and G/elG) is sews dimersiomel. I particlr, every beveditanily discornected
cally compect group s cerodimensional

This dhows that compuct lke properies of the goup G may play an mportant

G =R is bounded), Mmmmmhommu:mafrm.ﬁ-
nite sobcover), el (cach contiouous isomorphism G — H i open), socelly mini-
sl {esch Huusdorki guotient of G is minimal).

Comfort and van Mill (CyM, Corallary 7.7} showed that a peeudocompact
Iymwmﬁmhmﬂwmhﬁmmfvm
question regarding heseditary and total disconnecsedness in the precompact case-

0.2, Quesnion (ICVM, Remark 7,81} Is every procompact bereditaily discomnoct-
e growp. ovally discomnected?

Here we give counter-cuamples 10 this question following three different ways

The first rwo constructions, given in sect. 2, are based on the additional set-thearetic

sssumption 2 = 2°, known a5 Lusin's hypotbess. They provide groups with the ad-

ditional property of being totally minimal. The third comtruction, given n sect. 3,

mskes o recoutse o Lusin's hypothesis.

The finst constroction in sect, 2 is hased on the following.

03, Lesain 2= 2°): Ler G b o compucr Abelion group of weight an baring ma

elosed, movsion Gprubbgroags and et € be a toronfree subgronp of G with |C] < ¢. Then
prcndecorspart and ioéally minimal subgronp H snch dbet

his Jenena s essentaly containedin the proof of Lemuna 5.2 of (DS, It gio-
vides  family of 2* painvise wnedimersiona totally miimal beredi-
disconnecred paeudocompact roups which are not totally disconnected (Theo-
rem 2.1 and Remark 2.25)).
Ikmndn-\.n\mmmm 2 provides totaly minimal, herediariy discon-
ed, preadocompact groups of arbitrary dimension which are pot totally dscen-
el Tkt 231, i o o o

04 Lesaoan 12 = 2°1: Let p be & prime nwmber, Thew there exin & cyclic subgronp
Cof 22 and & deme prewdoconepoct swbyroup H of 2™ swe that H i sotally mimioesl
md HNC =0

This Jlemma can be obuined from the proof of (D82, Theorem L16] by setting
s
In both bemimias the subgroup 1 has stronger propesties than what we really need-
ed to snswer Question 0.2. I sect. 3 we relux the condition of total minimality o0
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way the assompion (27 = 771 i ot needed any more, We sress the fuct
Wmnﬂ.m

05, Quesnon: Let G be o commpact group of veight 5> %, ad € de a closed sb-
gromp of G. Undder swbich comditiams shere exists 4 demse prosdacompact wibgroup H of G
eavuidimge €, de. HNC =07

Wilcox (W, Euample 23] thowed that without some ressonable.resticion
the groups in Question 0.5 the answer is suongly negative rmzmpkwumn
Mkmammmc-ohmunwu—mhwﬂ,
‘minimal according to the total minimality criterion 1.6.

‘construction

positive solution whenewer ¢(C] % 2= < 1(G), in panticular when r(G) = |G| and
‘dmn:: In Corallary 3.4 we give the lollowing important case: riG) > 2" and
€ s mevizable. Foc cxampk, goups G with r(G) > I = = have this propeny.
pacticular, 0.5 has a postive soluion for groups G of weight w;, r(G) > 2* and €
metrizsble. It is shown in Exumple 5.8 that the condition 1(G) > = canme be omic-

{Corallsry 1.5, Theorem 1.7, Cosollary

‘The nousion follows (HRI, [E] and [DPS]. In pusicul, xaﬂma.-me
gers. @—the rationals, R—she reals, T° = (T/2)"—the n dimensional tocus,
_md’i}kﬂ(ﬂm\ﬂ‘rﬁxlxlfmm m\h-l!ljuflmx'rhqm
i frs Infinse cardinal ] the fise uncountabic cardinal e

, the
mcat koo . 1 o0 e, P s el group G we cknore by i) the
frec-rusk of G, 1 & i & subact of a wpological woup G, then (X} i the smaliest sub-
poup of G that conains ¥ and ¥ is the cosure of X
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Absonslesigemenss. 18 s a pleasure 10 thank D. B. Shakhmatov for providing the

ariginal proof of Cosollary 15 n 1990 and other helpful information from dimension
theory of topological groups.

L - Tom QuaseoomronEsT

Wlhmwmﬂdﬂm’;|k:mm(&chw
dim. For pscadocompact groups the coincidence of all three dimensions was proved
by Thatenko [T): dimG = indG = Ind G for w:hlympﬂ Shakhmator [S11

L need

L1 Fact ((CK, Theorem 1.2, Theotem 4.1); Every picidosompast groug:
¢ Let G be o precompact group. Then the folleacing are equicalent nc.s,ma,

wmpact; 2) G it Gpdense v G 3} G = 3G

12, Bacr: Lot G be a presdicampoct groip. Then:

a) dim G = dimG .

b) G s commected if G s connested,

Let G be » opological group, clearly o(G) is a dosed pormal subgroup of G and
AGIColG).

13, Lensas: Let G be a iopologicel grop and H be 4 dewse subgroup of G, Thew
olH) = 8iG) N H.

Proos: cnmlyu.ln;ncumu Let © be an open subgroup of H, then its do-
in G is open and ONH=0 since O & ubo dosed & H. Hence
anl;\n{GmH "QED

14, Lissans Let G be @ pardocompact gronp. Then gIG) = iG) = G NcG . in
ponicndar (G s  closesd mormal subgroup of G.

Proow: Let O be » dopen subset of G and 1€ 0. By fact 1.1 G is compact and

G = 5. w0 the closure of O in G is clopen. On the other hand, for every clopen subset
\‘Pn[ﬁmu\:m\n\wncun:wuwwdr This shows that g(G ] =
=qu)ﬂG.qutGJ‘o<GIByrmﬂ| WVIQ(G:'G[GWHGYMGIM’IM-

a 13

Preudocampactness s esseatial in the above lemms, in fact for the subgroup G =
=0/z of T ¢iG) =0, whike (G} =G.




. coarser
mbvmulﬁﬁ:mnhudnwlm
. Clearly, 4. is Hausdorff iff a(G) = 1. H.mupmpandmn-mrllmn
topology HE = 1. Every linar group topology is

subgroup s closed. 10 & simple spplicatio ndl.nmllAd«iﬁ‘

15, Comouaws (53]} Let G be o puondocnmpact waslly dionnestcd govp.
Tl G i # cosrier e dimevional grup ol I partials, & miniml P
daxtompact Abelizn gronp G s rotally discomeceed i dim G = 0.

e Gl crvcsion il oten b used i the seqd (< [DP, Theowets 331
s o DPS, Theoren 4331, We rmied hat » s, H of o topsiogis
| poup G is sty doie if N'= NTVH for cvery clod pormal sbgioup 1 of G

16, Tors. sawatrrs curmmmoos: A prcompuct group G it osaly mimmal of G
i otally dewse in G.

17 Tmu-nl Lt G b & totaily mimineel Abelian gros such ihat cvery clased mor-
- mal uibgronp of upm.duw-u Then glG) = HG) = o(G). In particular, tbe fol-
lotwing, comditions. for G

) d4G)=0;
B qlG) =0,
o 0lG) =0
) G b e ropologs.

Proce: Since the group G lisell s preudocompast, the completion G s compact.
[AC-dG}MGﬂCh-&MMHCHMWHM
15, On the other hane, G 1V C i pacudocompact 85 & closed normaal subgroup of G.
This € s the CechiStone compactifcation of € 116 by Fact 1.1. Accosding to Fact
12 h), the connectodocss o € mplic thiz G NG s comnetted. This proves that G 1)
A CEeG), On the other hand, € =o(G ), thas olG) ¢C NG CAG). The rest &
obviows.  QED.

Norw we tuin 10 the countably compect case.

1.8, Conottanr: Let G be o connably compact group tabich i either ioaully mint.
swed or sinioval g Abelian. Thew 4(G) = K1 = o{C, in pariculr, f G It heediar:
Iy disconected, then G ix

Pricow: Apply the above theorem in the case G is toually minimal. Now assume
that G s ninimal and Abclisn. Then € containg ¢(G) according. to. [D21. Thus
4lG) = = HG) =0{G) by Lewma 14, QED,
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Tt will be shwn in the next section under Lusin's bypathesis that wcountably com-
pacts cannot be substituted by apsendocompacts in the above coroliary even in the
case of Abelisn growps (compare wich Corollry 1.5).

2. - CounTemexamrns usner Lusi's wvromsess
In this section we woek under Lusin's hypothesis 2% = 2.

21, Tiasouns: Asime Lusin's bypocbess. Thee it o prendocompact and otally
minimal berediandy disnected Abelisn grop G smch that dim G = 1.

Procr: To constmuct G fix an infinke cyclc subgronp Z of the torus T and &
prime pumber p. The compact abelian group G = T x Z has o closed, tonsion G
, since the subgroup N = {0} % Z* is onicn-free and G, Hence we cn
appdy Lemma 0.3 10 cbain o dense, paendocompact and toeally minimal subgroup H
of the compact group G with
t HN{Zx{o}) =0.

1t follorws from Lemrma 1.4 that 4{#) = Hn:n(u)r,mn:o;ad‘m‘
component of G, Hence the connected component c{H) of H is contained in H 1
11T % {0}, According 0 (1) g1H) € (T2 % [0} U {0, nJ| and the luner sub
space of G i zero-dimensional (hence torally discoanecied), since 2 s detse in T.
Than clfcgalh) =0, Thrsors he rowp H s Rty fomd Now
= dim G = 1 by Fact 12 a). Finully, to sec that H is not toully disconnected it

m.uw,-nmu.yu (for un slternative argument concerning the twul dis-
connectedness see Remark 224)).  QED.

22 Rssowsc 4) By the ol minimaliy Criterion 16 the group H, comtains the
wision part /2 % {0} of ks completion G (scealso [DP] or [DPS, Corollary
4341}, o 0/2 x {0} ¢glH), hence H s not torally

41 Note that the group H obisined in the sbose proaf depends strongly on the
choice of the subgroup Z. In foc, f we denote by Hz the group H obtained by means
o Z then for Z 7 2* the groups Hy and Hy- are oot topologicaly isomorphic. In fact,
even glHz) snd glffy ) are not somarphis, since. every_topelogical i
# 4llly) — {Hy ) extends 10 8 topologcal stcmorphism 7 of the common comple:
tion 7% {0} (by a)), thus £ = = klp . o This implies 2 = Z'—s
wrm;s«m»rm of disine infinite cyclic subgroupe, this means

t there is a famiby of cardinalty 2* of pairwise nondsomorphic one-dimensions]
m_uummmmmmmwwcur
weight w, whih are not totaly disconneeted. Note that there ase at most 27 painwise

o~ isomorphic compact sbelian groups of weight e, Hence, in view of the blanket
sssamption 27 = 2, the fumly we get has the mavimal possble cardinaliy.

We can obcsin totally disconnected pseudocompact groups of higher dimensions
i we lean on enother idea.
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23, Tieponnoe: Amene Lasi's bypotbess For evey n e N thee et & puside.
conpics, otaly el bercdiarly disinicted b mot ey dicomnecied Alelis
oup H, such ifat dim H, =n.

Prot To construct H, fi & prime number p and apply Lemma 04 o cbisin =
w=m&anEMmuﬂmx-z;-mduwnymFm
_mmﬂdxa&u-mm.&;mc.mmmh
Comfort Ross: dheorem {CRs) pacudocomnpactness is preserved by pooduces, thas
H™ is pecodocompact. Hence by Fact L1 H* is Grdense in K™
Note tht r(C) = [T* | = 7 Let F be 8 free subgraup of C* of rnk 2° and lx
jve homomorphism. divaibliny of T* we extend § ©
" 4G —>T*, Since T s divisble and H"NC*
e 't homomeephisn o K *—» T och that ¢UH ") w0, Set M = K= X T2 and
consider the subgroup G = {{x, fix)) e Mix e K] of the compact group M. This i
the graph of ¢, w0 that the equality

@ GnifopxTe=0,

i cazy to check.

Lt s chock that G s Gy-dense in M. Let @ # # be & Gy set in M. We can sssume:
wiog it O = U % V, where B U K= and § # Ve T are G s, Take weyy € Vo
Sinee 4 b wfoctve there exins & K~ such that y = ). Now by the Gdensiy of
H* in K the exist f & H™ 01 (U ~x), Then the definiion of § yiekds ¢#) = 0, %0
that ¢lx + ) = y. Hence (c+ byl e GNUX V).

N-nan-cv(in)xwzrlmbﬂ,iammu.nwrmu
H, i preudocompacs. By (2) and the modular low for subgroupt
1 HoO({o) 27t = [0} x (@fZ)-
NwL:u\mId-ilB)ykﬁq!ﬂ.}-(ﬂxtg,’tl’.&'nhlﬂwwwiu‘y
disconnected atto-dimensional), it followrs that e(H, ) S qlg(H.)) = 0. Thus the
woup H, is hereditarily
shomw ext that the group H, s totally minimal. By the obwvious inchision H™
% {0}£ G and by the defiaton of H, it folows that H, contsins the subgroup B =
= H® X @/ of M. Saby mi srerion 16, it hat B35
Lonally minimal. This follows from the total minimality of 1= and the perfect tocal

ally
minimaliry of (Q/Z)" (see (D1, ar [DPS, Corullary 6.1.180).
On the other hand dim T* = u, 30 that Fact 1.24) gives dim H, = ». To finish the

ol we o that by (3) H, i not toully disconnccted {ahis follows also from Corol-
lary 1.5 snd dim H,> 0. QED.

In both consiructions we ot a presdocompact group H such that D =4 g(H)) =
# g(H). This he o fo
sial subgroup.
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5.+ Diissl PSEUDGCONPALT SUBGROLPS AVOIBING SOM COMPART SUBGROUF:
COUNTEREXANPLES N 7]

The following general lemma covers all cases we e inerested in

3L Labotn: Ler € e & mosncer sbgra of am abelien growp G and bt {L, ), < be
& callection of sbgroups of G uch that
“ ril) > a = #(C),

ol for each v < . Then for esch collecion {x, }. <. of elewcnts of G there e &
n&,_pqucmmunr-umunu,u..;xnw;e-m r<a

Puoor: We will construct by sransfnite secursion an increasing chain {H,: 7 <
<3} of subgroups of G such that for all y < a the Following conditions will be
satifid:

1 r(H, ) < max fon, v},
@) H NG+ L) =0,
() H,NC = {0).

Then the wibgroup. H-’|:|.H.w:ﬂ clearly have the desired propertics.

To start the recursion sct i, = {0 for convenience. Then suppese that 1< =
and that H, sotisfying (i, )G ) have already been defined for 4 < y. Let us define
H,.

Set Hyt = U (4% b Iy in w conlimat casclinal, then simply H.? = H, .
"o check that H,# stisfics (,} i the case of iy coaskleran indeperade ubit §
of H ' We have tw show that |5 | € max {w, v}. For cach 2 <  the shset 5 (1 H, of
H, is independeat, vo that () yiekis |5 11 A, | € max o} € max fo, 7). This en-
sures (i1 for H since §'= U (SVH, ). Clearly .7 satisies also (8. ), 50 we can sex
H, :ll‘lftir)hnldsn-!. Orherwise, s the remaining part of the proof shows,
e can enlarpe dightly the subgroun H! 10 get abo (i) by keeping (i) and (i)

For cach ¥ L, conslet the subgronp K. = H 4 04) of G/ If
6. Enceo,
then there cxists £, € Z, ¢ & C and b & H,* such that by (x +.3,) +6 = ¢ # 0. ks b +
+x,) =0, then b = & H, 1 C = 0—a contrudiction. Thus by & +.x, ) = 0. Henee for
each x6 L. such hat (3, holds there exists a non-zero integer &, such that £x e § =
= {5, H7 +C). Since

(81 S rC) 4 o tH ) 41 S 0(C) + max fos, ¥) €2 < 7L,

ccording 0. (4), we get ril, ) > 7(5). Hence there cxists x a L, such that (5, ) fls,
ia

() KNC=0,
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32, Troness For every compace Abelian gronp G with r(G) > (G)" dnd com-
-&gpranwﬂnﬁdw(GrHrlC]Mm  deme puesdocompact b
deG»d-MCnH

Prooe: Set 2 = w(GI Let (l-,lu.hrlhmﬂe«»no{dmd normal Gpsub-
groups of G each one raken 2 times (sce the proof of Theotem 4.2 [CYM] for the
pidﬁrdndmzmmnmll’urmdd., <, the quotient GL is metriz-
] HGIL ) S |G/L | 2.

By bypothesis r(G) > w(G)" = 2, thus 7(G) > 2°, Hence (7} yiekls

FAG) = max [r{G/Ly ), L) = rily ) = #(G) > 22 £(C).
':lm(q)m By (7) anc cam enumente by l,x,H :,(.nmlcﬂ-,l,-.
an appeopriate MNow Lemmi 3.1 provides
group H of G 1s Gy-dense, since <ach Gy-sibset of G conusining 0 conting a G sub-
poendocompact by

group of G sccording 10 (CK, Lemma 1.6 (5}l Then H &
Pnﬂ,L QED.

)J.Rmml: Ewenhh.:‘mﬂnlﬁemﬂﬁnanl)wiG?’m
M--em nccessary. This condition is fulflled
.mpc-mumnlcuhmu- rarsion-free) and

MG]-w(G)‘,lnoc |s|-r“ (see [C] fot this relation).

4. Conctiasy: Ler G be an sfinite compact. Abelion group, and C be 4 metrs
Jﬁn'anidmy'(-‘ u.d..-n.-mmmcwﬂsummamm
docompict gy H of G wsvoddings C. ie HNC = 0.

Pror: Sice +(C) € 2 (G Y Theorem 3.2 can be appbed.  QED.
The condiion +(G) > wiGI" imples that the group G e ot mestizable.

3.5 Conouiasr: Ler 0 < v and € be & compict commecied Abeli groap of &-
ension . Then for every subgrosp L of € tben ects  prondocumpact group 11 such that
dinH =w ond gUH) 2 L
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Prooe. We folliw the proof of (CoM, Theorem 7,61, in particular, set § = €]
a0 G = € x b, where M s a torson-fes seo-dinensional o metrzable compact
abelian group (for example 2, for some peime 2), Then # = 8= 2 and £(G) =
nr[M‘J-?’,nmd:ppr-nllunbamp[.‘)ﬂ(P]lh-bmz:mﬂupunh
applied 10 produce = dense presdocompuct subgroup H of G with

(8 Anicx o=

Set H = 1+ (L % {0}). Then H in pmeudocompact by Fact 1.1. By Fact 122)
dm H = dim G, s we get dim H = n. On the other hand, (8) and the modular low
for subgroaps viekd that (C x {0}) (H = L x {0}. Now i suffices to note that C X
% (0} =clG) and apply Lomma 14 w0 get gt} =(Cx (0NH=Lx
*{o}. QED.

3. Comoun: Lot L be a precompact (connected) Abelian growp. Then there.
s & puendocimpect grop H such shat g(H) L (resp ctH) = L)

Proor: Consider fin the cuse whe L is a pescompact Abslisn group. Thea by
Peter Weyls theoren there

1F) oL This proves the fl past of the conollary. T recasis o observe thet i L s
alsa connected, then obviously ¢(H) = g(H) since g(H) is connected.  QED.

The case when L is connected and L is torsion-free coincides with Theotem 7.6 in

€M), Note that the second condstion is rather strong, since L. may have torsion el-
ement even if H s wrsion-free.

The ne corollary gives a negative answer 1 Question 0.2, It should be stressed
thar this. example makes no. recoanse o Lusin's hypotbesi.

7. Conoian: For eoery 0 < n 5w sheve cxits @ berediiardly diommecied and
mewmim

Paoor; Take 1. 10 be a non-acro herediurly disccanected subgioup. of € in
Corollary 3.5, for example € = 7% and L = (Q/2F QED.

The following example shorws that i i rox possible t0 ormit the condision 7(G) >
> w(GF in Theotem 3.2

38 Exss: Let K be a compact metizable connected non-trivil grocp, sey
K=T. Let p be a prime number and G = 2(p)" K, where Z(p) = Z/pZ. Then
i e w1 ko il e e O (0] K o
asume HNC=0, thea H algebraically isomorphic to of
I m 2151 b i = 0 and crviquents G = 0 by doe e of H s G T
contradicts the choice of K. Note, that #(G) = w(G)” = r(C) = 2*. It can be shown
that every dense pseudocompact subgroup of G cantains the subgroup C.
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The foliowing shows that for u trsion group G there is o hope

1o resobe 0.5 even for very small subgroups C

39, Exavrus ([W, Example 251 Lex G = 2(2 x ZW4), mlhunm

every demae prendocompect subggroup of G containe the oo rival sobgroup € =

3 -Mxxlz]da Ik is casy to see that puendocompscimess is not necewary
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