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MAURO COSTANTINI(*)

of Certain A.I@ehnu\ Groups (**)
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1.« IvTmonucneN. NoTaTIon

In this paper e are concerned with the group of latice wtomorphisrs of & si-
sl lgebeaic grop G over the algcbrac clowre of 4 finie field. Following Metel:
(5,10) and Vi 161, the i s s 10 sow et e

of G fixing every Fice of HG) fie. every parabalic subgroup of G).

Given 1 groap G, the set £1G) of all sabgroups of G partially ordered by inchusion
s well knare t0 be & complete slgebraic batice. A prgectnty of 3 group G onto 8
group G is any luttice isomorphism form 216) onto £(G), and an snigpryectivtty of G
in any projectivity of G ono iself, We shall denate by Aut £1G) the group of all suio-
projcctivitics of G. T groips G, G will be called propestare if there cxists # projective
ity of G omo G. We shall e the unaal sbuse of notation 52 G — G to dknotc & pojei-
tivity 5 of G ontn G. 5 is 1aid 10 be imdex preserving if given H £ K < G and [K: H) =

o it Aot ot & s g b, 8 B 1, P
Utakil.
1) Mermosia presesmata il 10 wprle 1992 da Giuseppe Scorsa Dragood, wno el XL
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=, we have (K7 HT) = . ﬁ:umh-u-(ua]cmlmo:lu»y/mmnf-
Index

“pesening i i caogh b rae tha H K .G, K oyl aod 1K H) = i
pics [K7: H7] = .

Let G, G be groups, and et a be an ispmorphisan of G ot G, We can define in 3
v—uﬂwlhmiyfufcmamhyx' - X fof every X 6.2
called the projectivity énduced by the isomorphism 2. If G = G, then we have u homo-
moephim - mc-.m;:mmb,.-a-sum".mc

i cases = projecthvity of G oneo & group

G is said 0 b srmply lassice desermrined If

is induced by an isomorphism. It is clesr char G

larice determined if and oaly if the fallowing two conditions arc

G projective to G implies G isomorphic 1o G,

the bomomorphism «: Aut G — Aut £1G) is surjective.

Studying the laricr problem foc 4 finite smple group G of Lie type, Valkdein
{{16]) showed that the answer is positive if the
trivial centes (and the chamcrerbstic of the base Beld is mifficicntly large). The probe
lem whther for  finie simple groap of Lie type foe which the absolute Wyl group
has. trivial cemter, the map « it srjective, seems to be much harder. For the groups
PSLytg) and PSU, (%) = is not in general surjective ([16], (7)) It is in this connec-
‘thon that we are going to study the behaviour of the map » for simple algebraic groups
over. the algebaaic closure of o finite field

For algcbeiic groups, we we the standsrd notsion (3,141, 021). For every
oot a, X, is the mof mbgroup correspondiog 10 2, andx, is & fived algebrsic Bomor-
phisen 3, (K, +) 5 X, .

Let p be any prime. We shall always denote by K the algebraic clovure of the field
&, with p clesvents. Also, for every natural v, we shall denatc by K, the
of K of order ", Hence we have K, < K., for every m in IS, and U

The main result of this papet (Theorem 4.4, Corollary 49) is that # G i & simple
elgebraic group over F, then for coery antoprojectiony 5 of G there exiss & amigue auto:
mopbisr 3 of G actiag o she building asoctated 19 G in the amie toay s g

Ackswledgroent: The tesubs of this paper are part of my PhD. thesis, which was
submined at the University of Warwick. 1 wish to thank my supervisor, Professor
R0, Caner, for the helpful conversations. [ alsa express my thanks to the Jralian
CNR for finsncial support.

2 Tom acmon on A £G) o8 HG)

O i is 100 show that if G i a simple alpebraic grovp over K, then the group
Aut £1G) acts in o matural way on the budding 3(G). We mal use of the face that every.
pwsmusm.mab prescrving, We prove the result in the more
geveral context of reductive algcbrkc groupe.
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pencrality, we may assume G de-

GlFssnl'
that L. % L, for every # in N, Ao, i x i In G, there eaists clements 8, ., 4,
&.. . by in G such thitx = Loy, by)... (6, &) 8 G s perfect. From the well known fact
Ua&l-ammﬂunw such that g, ..., &, by oy are all in
iRy’ . Bt then x iy i Gl e - 10" = L s 10 30 ULy =G
Sappose pow that G s connected semisimple. Then we are G = 1 N whore
N5 are simple lgebraic groupe with (N, N = {1} for eveiy 7,1 n {
From the previous discussion, for every we have a family (H, ). x of finite
‘perfect subgroups of N, such that H, = H,
Let us denate by H, the peoduct Hi . &,.ﬁ-uqym'dnu.ﬂu.m-em
“subgroup of G. We have H, € H, ., for every m and UH.
rketin p e

sﬂnrlﬂll!(ﬂ)f—w"ﬁ!mnmd.()n#:u&thu'lmlﬂwuu
somerphic direct product of a finite number, & sy, of copies of the multiplic-
n..mx-n;x Let a be any natural number coprime t p, and let D, be the

unique subgroup of K* of order . For every j in N, lup“r,hlhr-d—krerH,.

:pr:-lmrbemzm.-w T isomworphic 1o the subgroop
Q oK xx*umnru.mmdﬂm,nm
G= thﬂnhz-llgm;

Prarosmons 2.1: Let G be 4 connected reductive non-commatative algebeate group
_nudlgic,g,,..kmm.(chwm Then we bave
G %Gy for ooy i N and uc,.

Proor: It is dear that G, € G, for cvery s in N, To show thas L G =G, we
anly need 1o thow that Uq:fr-.mmm:mmpnm:kd.
densiy. Hence we only need 1o show thatfor every natural enber 7 coprine 7,
mmﬂ,nnmm-nmFwnnnprlq.-dnlmmmmu
ondes ¢ of T then, by T, Now s G con-

demensi ‘m.\'uld S + of order r. Bust then,
d\uttdmth-xJ-MrlhlﬂM.erilH\ o we roquired. W

Prowosimon 2.2 Let j be any matwral soamber, and let 3 be any projectmity of the

gronp G defined above. Then 5 &

Pocr: Supposc, for 8 consradiction, that  is ot index n
ﬂllﬁﬁvvmdwvvknfqn-dnmndmﬂemNufﬂnG,.-iﬂal
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m-hzlhms]momumm.hm* G N
umm and soN ¥ G Henee N 2 H, and sor | |H)| ﬁmwmnlmﬂ“?l.
mdﬁaammhummmdnnnﬂmnm‘wmﬁ;
by construction, Therefore 7 s inderpreserving. W

We can now prove the following

Thesoness 23: Lot G be o conmecied reductioe algebraic goop over K. Thow avery
Wm;iGﬂnlmﬂjwaMfGﬂmll%

Paw h:vbelpmnfﬁ & group . Suppose G pon-communative.
vwv-uhwlnﬁw-lm \(u)'I-J(-)I for every § in G
ﬂLSlGlnﬂnmi\Thmwmmbf 22 Suppuse wow that G s sbelian,
Hrl'ﬂfmmrlplh:g-cmmﬁ ol Gis

il primes g rom p). Hence: &(T) ®
s l(ll’]'ﬂtmmeqr!],dthldC, -] denotes the canesian produc
the lattices £C, - |. For every ¢, €,~ has only the trivial sutoprojeciivity. Therefore,
;wmymummumef-lmm«m&umwm.m
toprogectivity g, of DriC-) fpeoduct over all primes g differcnt from p) such that
G = e, the e ol he sumprojoctitien of De . (s A D1, )
=Syl In nentrivial " DrC,e i nocinde o
wnd 50 the same holds for G, ®

%mﬂslmnf{-‘umlbe&m:‘owpmk then an element & of G I meipotent
{resp. senmiczmmple) if and only if x has order 4 power of p (resp. x has order coprime 10
#). We have the following,

Prwosmion 24 Lt G be a conmected iuciine algebmte gronp oter K, and It
bt ax astoprofectviy of G Lt g4 e o o G kot = G Tt 4
imipotent (resp. seosisieple) i and onfy if %, s waipotent (resp. semisimple),

Puoos: 1f G is abelian, then the resuls is obvious. 1 G s non-commurative, then it
follows from 23,

To proe that the kmags of
umnﬂad-bympn{ﬁ‘wﬁfumrdxhhwufmmw
sroups and of masimal tor of G. 5 denotes ahvays an muoprviectvity of G, The fl.
lowing resul is immedise.

Puowenenon 2.5: ;ru“mn-bw#ﬂ.-bmu-nwmuﬂ
mamel waiposens o and owy if U it mncsiml wipotent.
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mz&\ma&mﬁumdawnudw:(Aﬁ
and shch thit A bar mo proper sbgrowp of fimise index. Then the. clusure
AAY) of AY in G it a torus of G.

Proor: Let C be the closure of A” in G. We show that C is connected. As the con-
nected compoaent € of C has finite index in C, it follres that A" A C* has finite -
“Then there exists a maximal subgroup M, of A*

subgtoup of A. But A s belin,

image of a sohuble
of a sohuble subgroup is soluble ([1] Cor. 2 on page 110}, Hence we get € = 6, 3T,
shete C, s the sct of a unipotent clements of C, wnd T s a masimal toeus of €. We.
have A? £ C, = (1], s A" comsists only of semsimple clements by 2.4, Heace we get
.q--mc.fc.:n:,/t._-r.mmma'nm(umuhp

the ssructure of hocally finite modular groaps), Therefore C is sell
dnuu(mmmSo.lwd«mbrc-hemd-nnhmvkrlm—-mff
we et € = 0, % €, where , i a torus: As the clements of A” are semisimple, we have
AYEC, and 50 CEC. Hence C=C, and C 8 2 torus. @

Pucsmon 27: If T it a mssiwal toms of G, shen T* ts & maxrmal does: of G.

Paoor: T is # divhible group, henoe T has na propes subggoup of finite index.
Bt 26 the closure T, of 770 G is o torus of G Mnbyls.dﬂ" i 8 torws of G,
and it contains . But T s a muainal orus of G, this we hase cl(T7 ') = T. Also T =
wd(T{ ) 2T > TgvesT] = T, sothat Ty = 7. Hence T ischosed in G, and It
is 4 torus. Now suppose  is 8 maximal torus of G consaining T, Then 57 ' s & tons
of G conmaining T, and s we must have §* ' = T, as T is maximal. Hence we gt § =
=77 and T & a muzioal tons of G, @

We finally consider the behaviour of Borel subgroups. tder autoprojectivides.

Thuwomne 28 Let 8 be a Borel subgronp of G. Then B is & Bonel ubgroup of G.

Proor: We have 8= UT, where U i the uniporent radical of B, and T is any
‘mccimal tons of B, Then U s maximal uniporera

torus of G. By 2.5 U* is a maximal unipoteat
radical of u certain Bocel subgroup of G (8] Theorem 30.4(8)). T particular U® is 2
and connected
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We are now in the positon ta prove

Comowary 29 Lt G be o conmected mdnetive algebusic wmaxm*
group Aut £1G) of all awoprojectivities of G ucts i @ matural way g the building 3G)

&Maﬁ-*wmmmpdchnn
tomacphim of 3

Proow: mmmm&udum&w[mrmnmmm
Wc‘ﬂ-\dlﬁﬂkpﬂﬂmﬂﬂslhﬂ:muafﬂkmmhl
now ¢ be an autoprojectivity of G. From 2.8, t s clesr thit 5 indoces # permatstion
mﬂneuu(lllﬁadwﬂf h;nh.a-;m.jaur.,u,ram
and that it induces an antomorphism of

At this stage we could follow rwo different procedures. Oe is to make use of
deep result by Tits ([15] Theorem 5.8) sbout isoencrphisms berween buildings of ad-
Mmﬂnﬂkllﬂl . The idea would be as follows: given the simple group G-

 we ge1 an e = of (G) and
Mvdlﬁdltmhklﬁn-\!mwmc hence HG) and MG} are
isomorphic. " theorem there exists an automorphism & of G,y inducing o on
1G¢)1\=ﬂmlmpu:ﬂhml4&nmmllmm'|i\un G inducing * on J(G).

"The only difficulty arises with the case when G Is of type D), { even, G nelther simply.
connected ror adjoint.

We shall follow « morc clemcritary appeoach, first because the structure of £(G) fs
obviously richer than that of J(G), and also because even to deal only with the case [y,

above mentioned (and with the case A, of course), we need 1o ko how ¢ acts on.
the oot subgroups of G it i then possible 1o wse this informtion o reduce the prob-
lem to study of HG). We.
shall then use & procedure enterely smilar to u procedure :mlbym([llll
hmﬁpﬁmuu{l&whﬂ%ih&lmm

mmmmmmmdu

Comaviary 2.40: For every Horel subgronp B of G we have B, (BY = R,(B"), We
alo bave 2G)F = 2(G).

Proor: The firse part is dear. TupMMZ(G]'-ZIGD.“MMd-A
ZIG) I the intervection of all Borel subgrovps of
3. - Rebucrion 1 Ty rmiserime Arouormsys or 4G)
We cansider & reductive alacbraic group G over K. and we study hove certain auta-
prajectivities of G oct on the Weyl group and on the Dynkin disgeam of G. We start
with the following

Pusrosenow 3.1 Let T be awy masimal doris of G amd et 5 be am asdoprafectivity
of G Thew we have NTI = NT?),




Thas we have
] TS AT,

Las= T'll-t-ﬂiyl-!w!!rwﬁf'i.-rn A5 € 157 ) Henee
NP = AT 'm

Pucor: ASMTT s eserited by favolisioas, i follows thet T# < TP
\

Rentanse From the previous propositin, given any masiml terus T of 6 and

moproicctivity 7 of G, we can deflne u projectivity 3 MYTHT —+ MT?)T?, by

Vufrv’-u,rr» o every subgroup L such that T % L % AT, Tt s clear thut Tis
index.pecserving.

Luvacn 3.2 Lot B be o Borel mibgroup of G and T b mscivsel s of B. Thew
there s an slemen g i G such thar B = B awnd T =T,

Paoor: From 2.8, B* is a Borel subgroup of G, Heace there exists x i G such that
B vorus of G contained in (B*F "= B. Sa there exists
T*. If we put g = bx, then we have B = B and 7% = Thas

For any puin (8, T), where B s a Borel subgroup of G and T a masimal torus of
B, we define I 1 to be the group of all sutopeojectiviies of G fixing A and T, By 1.2,
her:u;drl.l.ﬂlnd‘urmqwmpm{mﬂhpufc there exiss g1in G such that

1 fies
w’mm.wumw.m.m..o.i.}..m.ima.mnrmn:
chosce of B desermines the set # of posiive rocis ane the set Jf = {x,, ..., 4} of sim-
ple roots. The Weyl group W= ATT)/T has the presencation

W= (v lal = LW, 57 = 1 for £ 2)
18 Concter groop (1415 19). 1 ¢ ks iy, from 3.1 and she following remak,
for every i 1,....I, there cxiss # unique involation 5 In W such that (1=
=i
Pucwcsrmon 33 Let 1, be i {1 o). Thew 571 = Jag] (= mehe
Proor: We abeady bive the rel for =/, So assume § =4, We have
2l = W)l = o1 = 1G5 =263l
and we are dove. B
We consider the minimal parsbolic sbgroups of G containing B, For cvery 1 =
=1, .. {let s fix o represcntative  in ATT) of 5, Then the rairmal parabolic sub-
o0 oG coninog D s £y, ., i Wb T, = (B oy = .. - Al

for cvery ._rm.bm*mmﬁﬂmm(,.r () sothm P =
-(E.".)ﬁ-w'ﬂ- g
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Prorosmon 34 For every g in T, p there exttr @ permstation < of the iet
by o0} stach thir Jor every i =1, rwbmp‘-r wnd 5= .

Prooe: Let i be an clement {1, ..., £}, Let us denote by &, the clemem T3, of W,
- kklﬂdlﬂ!wﬂrﬂﬂ Tbulﬂwiﬂmhr[dl:md
TN wrm(u; ” Bﬂ\(’mm}snmﬂdpml-
containing B, duunf.muy‘Hm
¢ =(B,A)=P, Ao, the B-a,
'.-w,-'l'i -d-(~)l-( }-lnl-vhd(l.)" - (i), which
us with =1, 3 & clearly

By the previous resuls we can prove that every 5 i6 Iy énduces a symmetry of the
Dyukin diggram of G if arvows are davegarded. In In et the nodes mspmdfthe
roots 3, = with £ # f are joined by oy bonds, where n, b
y.r,lrslnsml.nmrmummnm.ﬁ(l nwam-
(P = (1 for cvrp £ 1, ... We devoie by 3 the biection of the set of nodes of
D,ml: defined by

in disgram Hx) =2, for every = 1, ...,L. Also, from 33, we et
=l | = Im.l-h,:,\ = sty I particular we have n, , = wy,0d 50 Zis 4 ym-
of the Dymkin disgram of G if arrows are distegarded.

Resaxic I instead of considering an auropeojectivity of a given connccted reduc-
ive aljebraic group € over K, we consider a profectivity 32 G —» Gy, where G, G, are
connecied roductive aljebraic grovs over K, then with 8 similr argument it s possl-
ke to show that if U, T, 5 are resp. & masimal unipotent subgroup, a maximal torss
a0 » Borel subgroup of G, then U, T7 anel B” are resp. & mavimal sub
group, 4 mazimal torus and « Borel subgroup of G;. Also we sl have A7) =
= VT for every maocional o T of G.

‘Now let i be s Borel subgroup of G, and T be a maximal worus of &, We denote by
B, the Barel subgroup B7 of G, and by T, the maximal wrus T of B We can then de-
fine & projectivity 5= W— W, where W = ATT)/T i the Wyl grovp of G and
Wy = NT)/T, s the Weyl growp of G, Let

W (5o m = 1V g = Lo Fmg)

b the prosentation of W as 3 Coneter group relaive 10 the chaice of B, and
W= o lF =1 W, (b= 1 for i)

e the presentation of IF, as 1 Concter group relative o the choice of B, Let be the
eniquc invobution of W, such that (1) = {3}, foc every i = 1, 0.0 IF 7 is the froe
group on the sel {x;. ...} we deline the r-mu[ﬂ.nmr?-w’.bynmuh\;
the map 5 7, for every i = 1, ... Hene we can define the epimarphisea 7: 7 —
—a W, suach that 7(x) = 7, for eveey 5. As W and W, have the saine order, 7 is an isomor-
phism. I partcular G and G, have isomorphic Wl groups, 8




i

O sitn i 10 show thas 1 G i simple. for every 5 b [y . there xsts a graph su-
tomocphist # of G which induces the same symmetry on the Dynkin diagram a8 5
docs, We necd o kngwn the behaviour of rooe subgroups under 5.

Prewosrrion: 1.1 Let 3 be an clement of Iy 1. T induces ¢ permatation of the
st of al Boml sbgrougs of G conteining T, od 1 e the cpposse B~ of B with rspect
0 Mo f i by U U A i i d 4 e
s ok U and U

Proor: The rest comes from 28, 210 and from the unigueness of the
oppenise. W

o o s e vy o . 817 w5 Wb o
root subgronps.

closed and connecied (and then the prodoct of the X,'s it conxina) (I5] Exp. 13,
Th ).

L 3.6 Let 5 be dn Iy v, and bee V' be a aimipotent subgronp of G such that T is
conteined tn NV Then T i1 alio contained in NV,

Puoor: Lex tbe in 7 and et - be any clement of ¥, There exists vy in V and  in T
such that (1, = (0) mnd (11" = {1). By 2.1, there exints # in I such that oy, 7, arc in
(s We o V. = VG A Vs 0 Ve s e 5 Sl i of
(V. 1), Tt follows that V¥ must be the unique p-Sylow subgroup of (V7 #), so thar
VZ{V2,1). In pemicalar o i &0 VY. Hopce we have (V2 % V! foc every tin T,
and T is conmined i AYV7). W

Bt 37, Lk X, e o il mbonp f G sl e 10 B s o 4
mevmal tors T Thes, for cvery 5 in Ly 7, X2 8 4 root subgponp of G.

Proo: Let ¢ be In Ty . We bave T AT), and w0, by 36, 7000
mfmm.l(,:i.lwx.:u',uﬁolw-;bg-u;hux_‘tu-x;su-Nau.p
pose of X! such that T is contsined in ATV). Then we
have 1 sx_ml by 3.6, T % V"), Heoce we must have V2 = X, as X, s a0
root subgroup. S0 we get V= X{, and this means that XP s & oot sabgrovp
oG w

By previous popasition, given an autopeojectivity 7 in Iy ¢, we can define a
= B such that X2 = X for cocry 2. . < s cleaty # bijecion.
o hev thee 871 = 8 e 001 =
So!n!wnuyphl’,ywhmd!ﬁudlwmlm
 bijecton = # - # such tha )7-(;,‘}-&?"? for every
= X for every w in 54} = 8. Weshow how ¢ and
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Proronmoe: 38 Let 3 be in Tor, Thee we bae (BY =B for eery
wh

Prooe: For cvery Lin {1, ], we bhave 2= (B, B%) (4] Proposition 2151
From B~ % P, we et (B € PF = P, But T% B =T (3% and sa (B*F fies by
the thin chamber complex X, of all parabolic sabgrouips of G containing T. In partcu-
lar P, coniains coly twp Borel subgroups in o, namely 8 und B Hence we must
have (B%) =B™, ns BT =B. ®

Prcecrsmon 39; Let 5 be i Ty 1. Thew we bave (X, 07 = X, and X2 =X,
Jor avery =

. For cvary 1= 1, . f, we bave X., = U~ A\ U (131 page 101, 115 und
(4] puge 50, 58). From 35, we bave (B)" = B, and o we g (U7 = U™ by
210 Thesefore (X = (0~ AUSY = U~ AU™=X..,. We now consider the

B We have B~ = B, where ng s uay representative of the loagest
el iy of W, B is the opposkc 1o B In 5, Hence (841" is uppesite 0
(B4 = B in £, Thorefore we must have (541" = B*", and finally X2 = (U A
AUSP =T AU=X,

Conoucase 3.10: Let 5 be in Ly 7. Then, fr every = 1, ., [, e bave 63) = %y
and im0, beme + amd = ave she mups previcaaly defoed

Procs: By the definiion of 1-we have X7 = X and X2, = X . Heace, from
Proposition 39, It follrws that +x) =, and A=) = -x ¥

From now on we shal dssume that G is u sample algcbraic groigy oves K. Given
i Iy, fo the existence of the graph meomorphism 4 we must coasider sepurately
the eote whea G hus type By, Fy, G, and D, | even, G eithes simply-connected nor
adjoin and K of odd characteritc. We begin with the cascs when G has type B, Fu
o Gy

Prowosrmon 3.11: Let 7 be in Iy v. Suppose the syvmetry cf the Dynkin disgrarm
G imduced by 5 momarivial |f G s ype B or Fuy then ihe chamaericic p of e
Jiekd K wot b 2. 1f G s iype Gy, thew oe s base p =3,

Pecor: Assame first that G has type By or Fy, and suppens for s don thit
b0t 2. There exis two simpl 100ts 4 = %, b = o inerchanged by 3, such that the
‘et Aa, b af positive roots which are lincar combinstions
"+ b ([3) puge 214). We shonthatthe biiccion  of # induced by 5 s the sctAla, &)
This b clearif G has type By, for then we have M, B) = $°. S0 suppose G has type Fi.
We bave [X,, X1 = X; + 4 Xs +4 by Proposicion 2.5 and the following temark oa page

in{2]. Hence we pet X, 14 Xa s % Uy, where we denote by U the sbgroup

U, Lot ¥ be the set of soots  in  such that X, is contained in Uy . We have

4.4 inl2). Also, by 3,10, we have =ia} = b and =ib) = u. Hence we

cbtain Uf = X! ¥ 1 = XV Xy = XV X, = Uy Thescfore,if 7 8 troot in 4, we
fave @ Ma, Bl X, € Uy @ X! % Uf = U o Xayy & Upse syl @ s, b, Heace 7
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fixes la, b). In parcicular = fixes the set 14, 5 = 3, £\ s, b). For every soot 408,
lex us denote by ) the number of roots £ in xis, b) such that [X,, X1 = [1}. We
prove that o(¢) = c(h). Let 7y, -, 7a be the soots r in x{a, b) such that X, X1 = (1}
Then we have (X}, X7] = mim- ,
abelian Hence we have ,]-[Ilhwe‘(r;llnp-w\-
i, sod 30 we have ctb) 2.4 m 2, 1T ﬁwu:u 6. By symmessy we have cla) >
a.m sa that cle) = k], From Chemlley's Commutsior Formala, we have
CARESNED EESSHEE B
X, Xasl = (1)
X al=(1}
. sl = {11
As the characteristi p s not 2, we get b} = 2 and cla) = 1. This is a comiradiction.
Hence if G has trpe B; e F, the characeristic of the field musi be 2
Now assiane that G has type G, and suppose the p s ot 3. I this cae # oter.
the simple toats 2, and ;. We choose the potation (2, ) = (s, §) or
h..m=ui)hnhumr (,»nu.u.»u,uubu.mk
previous case, the bijection = fixes the set Ma, #1° (¢, 6] = 9° . {s, b}, and
hmm,wdmb;mﬂxmdmrhm»\i- ilnch
ug x|-(|} wmmd.l-ﬁb\,?maﬁllry s Commitator formula, we
the following relations:

X, X.= {1,

G, Ku sl = {1},

06, Xuead= (11

L (10,2 a (0] = 3 s 0 20 (2 B o 0 (230,
Il s (D) =y (=30,

K, X ul = {11

X, X041 = (1},

Aspis not 3, we have c(b) # 3, while cla) = 2. “This is & consrasiction. Thesefore we.
mus b p 3. W

W sow considr the case when G s oftype D, even, G s simply consect:
id charscieristic

. et
mmﬂwﬁmhphmwdh&n
of
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uiversal G, G, Given 5, there exists an susomorphism ¥ of G, indc-
ing 7 (Theorem 28, 29 in (12)), Therefore there exists an automorphism 4 of G -
docing 3 if and only f (ker)" = kers (and this i equivalent to £X = X).

Proscemons 3.12: Let G be of iype Dy, ! even, G mesther soply-comected mor a3
Joint and K of odd charactertic. Let 3 be in Iy v, and let 3 be the symamciry of the
Drmgumnhdb,pm*um. frap anicemorpbin & of G such ibat 2

 Phoore By the peevious dicusion e are of t v the following. Lt G be #
mp\e-ummpuem:n lmmxawmmm
tic, and ket C

wnuw?hzm;
Fot cvery root  we consider the clements 5, 1) of (X, X_.) 43 defined in Lemma 19
page 27 in[12]. Wie write just b, (1) for 6, (1) when &, hies in 11 Every clement b of the
musimal torus T is uniquely expressible us o procuct b = b, (1) .4 4). By Lemma
| 25 poge 43 in[12], we hive Z = {yin) o)l e (22 = 1 for every
8 ). It follows that the three invohuions of Z are
PV S R SO | O WY SRS S | 8
o= b =1k (= Db =10 ch (= NhL=1),
@y by (= NKE=1),
ua-m.lmmwutma LecH, rr..H..!m-k ]

metry 7 on the Dynkin diagram, and let ,lmuwi
{note that by 2.10 we have (Z/C)" = Z/C). We have to show that 57
mdk@kmﬁhw&;:mnm(&fﬁ’-dni for every
win i U (1), Suppose 57 # =, Then there exists§ # suuch that 7 = 3,. Hence we
gct IF = 11, Therefore

| {ZJC) = (5)CICN = (K., X-.|= e MY AZICICI = !
= (0, €X - [x € Y A ZWECI = (X, O s |2 € Y A ZVC) = .

= ({CX,, CX_, [a e 1} A D) = (5)C[C = CJC 3

)

.m.,mmm‘.szm-z,tc Hence we have o = 9, and we are
.

| Lesoaa 313 Mpkar“ mmm;mm—wcm
that soe heve P* = P4 for cvery pavabolic whyrop P contauing B
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Pucor: Let 3 be the D’nlmd.hmdﬁhdmdhomnlw
illM)iZ.uldCuolmﬁpu: 156 in[12), there exists u graph

& From graph atomorphisms and 3,10, we have X =
x:hmm-mnm—m Ao B =

[GIB]IIBﬂnl:lnlumw Ym264ml41.uhve?.l(ﬂx.)5ﬂt\ﬂyl-
Pr= (B X2 )= (B X )= (B X1 ) =F!, and we we

For every Borel subgroup B of G and every maximal tars T of G contained in B,
we define the group Fic/p, 10 be the ubgsoup of all clements of Iy fxing every
mm:mm !Gmlmn'

, by 3. hmenrjg.mmulmﬂum\oﬂllmluic
such thar 2(-1)% |h In Figmir

Provontrion Dk Let 5 be in Figin, 7. Then the antomonphion of 4G isduced by
£ Dpepreserving.

Priccw: This fellow from Proposition 3.8 nd 26 m[151 =

4. - Au£(G) = NG) R ARG

By 32, 313 and 3,14 we con now follow a procedure used by Shangzhi
in-which be ges s proof that u type.preserving o mmphmnmuhmaf.ﬁ
siie simple group of Lie type of rank s Jeass 2 is induced by'a spesial sutomorphiss
of the group. We give  skeich of the proof, stating the remin results in oeder 10 ob-
tin abso a few corollarics.

We recall same propertics of HG), We just write 3 for G), The set of spurtments
of dis the sct {27 T is 8 maximal torus of G, where, for every maximal wors T of G,
By is the (fnike) set of all parsbolic subgroups of G containing T. We make G act o 4
by bef conjugation. We fix a puir (B, T) aind we dencte by X the apartment Y. Let U
b the unipotent radical of B, For cvery 2 in G the map w =Xy , gives rise 1 & bijec:
tion of Ul omuo the set of spartments coataining 18 (= gB; ~1). We observe that if ¢ &
i wutoprojectivity of G and X is an aparment of 4, then X% = [X* [X & X} is an apart-
ment of . It follows that if p xes B, then p permutes. the set of apastmens of 4 con-
taining B. Hence we can define o map & U~ U, by the rule (28
bijection.

As first wep, one proves that if p lies in Fga 1, then we have X7 = X, for
simple root #, Hewee, for every simple root  there exiss 4 uaigue & i K (0} sch
that % {11 =, (& ). This-enables us to define an sutomorphism d of G such tha X? =
= X for every X in £y ot in*"'T,. where ris any simpls oot (acrually o Is inver a3 K i
MMJ

We derote by Ty the grovp of all autoprojeciviies i Vi 7 such that
(U = 1%, for every simple toot . Flénce we have
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Lisian 4.1t For ary 5 fu Dipy 7, there et an imser automorphiom d of G mich
that o4 *)"! lies i T -

To et the final renlt, we consider an wutoprojeciiviy  in [y and the come-
bijection & [ — U, We have the following cruchl fict. Let r be a positive
and u an clement of U. Then, for every 4 in K, there exists 2 unique b in K such

ﬁll{qill}’--:ylbl.?lmmm,whml-olfndubia-ullbkm
even far g i e m 7). In particular we get X! = X, for cvery posisive root 7. Hence, for
mrgmmmn“cnk&ulmmfdl(mm!{b[bh’w"u,ml‘
for every 4 in K.

To investigate the properties of the maps /, we need o koow the behaviour of the:
‘bijcction # with respect ta decompasisions of the group U i terms of toot subgroups.
In{11] is prosed the following sum<u1mw¢e,mo'w&uim
the height function, and let us pumber the clemens in & such thatry < < ...
ln-th-iu\huiymmbk'u::;\ wﬁmfuauymoem.'-
= 5 e

=x...x. In fsct it s possible w0 prove this for any fual aeder on '“I-m!fnm
the following. result, which can be proved by induction. Let X be # group, and ket
SR hmaxmmmi.m:arxmmmhm-
prodct x = x...x,, where  lics in X, for every / = uppose that we have
X, X1€X.,

mctric group &, each clemene x of X can be uniquely expressed

=k, .., where cach 3 lies in X,. We oow fix £in (1,

there exists u unique 3 in X such that x =7, 7, .-
that we have 3, =%, 0 that = =, X, =,
what is groved inl11, we get

Prorosmon 4.2 Let < be oy soial onder o 9°, and et ws mumeber the elements
i 8 s that 1y < 1y < v < . Lt b T, Ui bolds v for 3. Py ) ond
b e biiction of U dndiced by 2 1 = 3y . xy s dhe. of the clement
duM»wx_hw.-:_,,mmmk‘md with repect 1 the
sarwe ander of #° b5 u' = b Gwith X' #0 X, for poy i=1,.. N B

Using 4.2 and Chevalley commi !m-d-.mmam.hnéa-_hw
is atJeast 2, &ammm'umf,-,ﬂ fl.u-d.m:....,.m
‘of K. Hence for every suopeojectivity p in ..mmcpum/ownsw
Kuxﬁd.-x,hr-a(,'trllfn:myrlnl‘ mdm:y-bx 1 the rank of G s 1,
ome sall proves that £ is an automorphiszs of K using arguments similar to those used
wmmlnummwrummmdnmmfm
wurms out that X* = X* for every X in J. The final result & then

Lusoien 43 Lot p e s g Then there catits u field antomorpbism F of G such
that X7 = X" for wery fice Xof 4. 8

We summarize the reults so far obusined.
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Trabones 44 Let G be s simple sigbusic gronp over the field K = T, wbene p 6
vy pree. Then for every W;y‘amwmm fs
sruph eutamorphi ¢ B gl ¥4/ G ket ey
i) ‘)'ﬁwrﬂ'abfﬁmuhkhﬂﬁummmmwh

Pecar: The result comes fiom the previveus discussion and by 3.2, $.13, 41
wdis m

Provosmon 43 f = & s autamorpben of G fieing coery face of 4, then x 1 e
iy,

Puoce: Fira, a3 = fives 5 and B, It must fix aleo U and U . Now letw be in U,
We have 3, = (X, r-~,\,.mwu’usam4u,m prove that for
every s in U we got =, It follows thut ¢* = g for every g in G, s G = (U, U~}
Hence x is the sdeity. W

 Resua: The previous result bokds in the more gencrsl case when G s semiim-
¢, a8 the cruial poiat s that G = (U, U1 ) which olds n fact n the case when G is
o

Comouraws 4.5: For any ausoprojectivity 3 of G, theve exias 4 wnigue astomorphion
% 0f G such that p and x st sn dhe same wwy on the bulding G).

Pacoe: Existence follows from 4.4, by vking x = 4. Uniquencas then follows
from 45, W

w=u=m.m.mu.n-.mm..m..mh-m of
womorphis 1, a graph
G such that 2 and 3, act in the same
way on 4G, nu--embmz-n.yyu
As u corollary of 4.3, we also obeain

Commiany 4.7 mGk-wb-béww,owlt Then b bosmomorpbion
o3 Aat G =+ At £(G5) 1 imectve.

From the peevious remark, it is then clear that 4.7 holds also in the case when G is.
sesnisiuple (e observe that tis follows ako directly from  resubt by Cooper ((6]
222 that suys that the bomonsorphist « i infectve for every perfect group). It does
s s for v poop. s one i s by ki G 10 be o, ad
1@ be the imersion

W el tereore: ety the roupe At G . (A 1%, e, lleveg Vel
ein ({36]), we fnally give the following

Derarion 4.8 For every simple aebaic gy G we dofine 1VG) to be the et of

the e

wmmm.feﬁammpmw..' G, We shall call
mewts of 1NG) exceptiomal awsoprogectivitics af
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G bs the kernel of the action of the proup Aut £1G) on A(G1. Corellary 46 then

Comouiany 49 Let G be o simple algebesic group coer the field K. Then we bive
Aw£(G) =[G KAG. W

Resene mmwmmmumw,hm

it NG) as th for u posteriod, one
hMﬂpMmlmz‘MMHmmewvﬂmUmﬁe
same way as the bijection

Gy is {1}
qddlndﬁnmufrypeﬁ; Thuﬁn-\ll\lﬂuwehmm.ﬂm-MG
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