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Mapping the configurations of four-bar mechanisms as

chirality change processes: a clue in evolutionary science

Abstract – The mechanism of four bars is a prototypical tool of kinematics that has
found numerous applications in a variety of areas, since the Industrial Revolution until the
Robotics, is here mapped on a screen, developed for representing the configurations of qua-
drilaterals as functions of their diagonals. The method permits to successfully compact and
classify the large amount of structural data obtained during the years on a representative class
of peroxides and persulfides. It is based on the two-dimensional representation of the dis-
tances sensitive to the variation of the dihedral angle around the O - O and S - S bonds of
peroxides and persulfides, with a consequent change in chirality. The screen representation
was inspired by the geometrical interpretation of the 6j symbols formulated in the asymptotic
limit through the Ponzano - Regge theory, thus applying the properties of the tetrahedra and
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quadrangles, together with the symmetry properties of the 6j symbols. A first information
obtainable from these diagrams is the systematic screening of available data: those used here
are homogeneous and their accuracy can be improved so that the screen can provide infor-
mation on the features regulating specific properties. A presentation is also given on a scrutiny
of various systems encountered in nature, such as macromolecules, bacteria, vertebrates and
invertebrates, demonstrating the ubiquity of the four-bar linkage: for these systems the screen
provides a representation to be applied in order to analyze the functional configurations.

1. INTRODUCTION

Interest in peroxides and persulfides, the arguably simplest cases of chiral mole-
cules (the two mirror forms being interconverted through torsional motions [1, 2]),
greatly increased in the scientific community when hydrogen peroxide was discove-
red in the interstellar medium [3]. Necessity of compacting and classifying the great
variety of data accumulated on these molecules by our group, lead us to develop a
method that allows one to visualize their structural, thermodynamic and kinetic data
[4-7]. We present a method alternative to the Ramachandran diagram familiar in
biochemistry that consists of a plot as a function of distances only, while the Rama-
chandran diagram is instead a plot as a function of two dihedral angles that visualizes
various properties such as the allowed geometries for the various aminoacids that
form the peptides. In molecular sciences, angles are much harder to be experimen-
tally accessible, and e. g. for peroxides and persulfides, a diagram as a function of
the distances is one of choice. Therefore, the proposal is here made that the method
be extended also to wide classes of molecules.

The recently established connections between classical and quantum mechanical
tools of angular momentum in quantum mechanics [8], on which the idea of a screen
is originated, is connected to the four-bar mechanism [9] that is at the basis of the
operation of a great variety of several machines moderately extended to robotics.
Interestingly it is also observed in both the simplest and the most complex living
beings. The screen could be employed to interpret and analyze their motions and
the functionally relevant configurations.

The paper is structured as follows: in Section 2, the example of peroxides and
persulfides serves to introduce a description of the application of the screen to this
ample class of molecules; in Section 3, we report various cases encountered consi-
dering living beings that operate through the four-bar mechanism; in Section 4, we
give concluding remarks. (Figures 1 and 2 are adapted from Ref. 15).

2. THE SCREEN APPLIED TO PEROXIDES AND PERSULFIDES

Geometrical features of peroxides and persulfides can be characterized accor-
ding to their dihedral angle [10-12]. The nomenclature defines cis geometries with
reference to molecules having dihedral angle of 0°, trans geometries with those
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having dihedral angles of 180°; for the equilibrium geometries, especially interesting
from the view point of chirality since correspond to the pair of enantiomers, the
dihedral angle is typical of each molecule. In this section, we will illustrate the
method of the screen applied to peroxides and persulfides, defining the quadrilate-
rals, quadrangles and tetrahedra associated to these class of molecules and showing
comparisons between the interatomic distances here introduced and the nomencla-
ture adopted for the 6j symbols which occur in the quantum theory of angular
momentum.

2.1. Quadrilaterals, quadrangles and tetrahedra associated to peroxides and persulfides

In planar Euclidean geometry a quadrilateral is defined as a geometrical object
with four sides and four vertices, where the two diagonals join its opposite vertices.
The sum of the four inner angles is 360°. In projective and affine geometries, a com-
plete quadrilateral is formed by four points and six lines, where diagonals are consi-
dered as further sides. A complete quadrangle includes four incident lines in six
points. In projective geometry, quadrangles and quadrilaterals are treated on the
same footing. Such objects can be seen in tridimensional geometry as tetrahedral for
which the volume is zero.

From a molecular view point, let us consider for definiteness a generic peroxide
(Fig. 1), R1O1O2R2, and define a quadrilateral using the four centers in the following
way: O1R1-O2R1-O1R2-O2R2, these distances define the sides of a quadrilateral, where
O1O2 and R1R2 are the diagonals, to be eventually taken as our variables. 

The sides of the quadrilateral are conveniently classified as follows: a is the shor-
test side, c is opposite to a, d is longer than b. The quadrilaterals are identified as
biconcave, concave and convex, depending on the number of diagonals located in
and out the quadrilateral: the biconcave quadrilateral has two external diagonals, the
concave an internal and an external diagonal, and the convex two internal diagonals.
Thus, a quadrilateral can be representative of the geometries, as shown in Fig. 2.
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Fig. 1. A generic peroxide, the substituents are indicated with R1 and R2, while the oxygen atoms
with O1 and O2 (for persulfides, O1 and O2 are replaced by S1 and S2 indicating sulfur atoms).
Adapted from ref. [17].



2.2. 6-distance and 6j symbols

This 6-distance system presents interesting analogies with the 6j symbol, which
represents the matrix element in the passage between two different coupling schemes
of quantum mechanical angular momenta. The notation consists of six elements, the
angular momenta, distributed in two rows and three columns:

                                                        j2               j1           j12
                                                     �                          � .

                                                 (1)                                                         j          j3           j23

The Ponzano-Regge paper [13] gives a geometrical interpretation of the 6j sym-
bol in the form of a tetrahedron whose edges are identified with angular momenta
of lengths corresponding to their values.

The 6j notation can be applied to the 6-distance system that we introduced as
follows:

(2)
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                          Biconcave                               Concave                                   Convex

Fig. 2. Classification of quadrilaterals based on the number of internal and external diagonals. The
parameters R1O1, O1R2, R2O2 and O2R1 are indicated by solid lines, while the diagonals O1O2 and
R1R2, x and y, respectively, are indicated by dotted lines. Adapted from ref. [17].

Fig. 3. In the right, the tetrahedron representation of the six entries of a 6j symbol in in the geo-
metrical interpretation of Ponzano-Regge. In the left, a tetrahedron built on the six distances that
characterize a peroxide: its projection on the plane gives a quadrilateral of four sides (continuous
line) and two diagonals (dashed lines).



in the first column, we report the diagonals (the distance O1O2 and R1R2), while in
the remaining columns the sides O2R2, O1R1, O1R2, O2R1 are given. In the case of
peroxides and persulfides, the variation of the distance R1R2 is the most suitable for
monitoring transitions with chirality changing [17, 18]. Different choices of the dia-
gonals are possible, based on the symmetry properties of 6j symbols:

(3)

The quantum mechanical 6j symbol is invariant under exchange of two columns
and this allows us to make alternative choices for the diagonals. They are also inva-
riant under the exchange of rows of two columns and this allows us to generalize
the concept of tetrahedron

(4)

A further symmetry property of the 6j symbols is the Regge symmetry, which
consists in subtracting the length of the sides from the semi perimeter of the qua-
drilateral, obtaining the Regge conjugate:

                                            x    a    b         x    s – a     s – b
                                          �              � = �                            �                   (5)                                            y    c    d          y     s – c     s – d

We will not exploit this property, although surprisingly connected with the
Grashof classification of four bar mechanism, as shown in [17].

2.3. The screen

The screen was initially applied to the 6j symbol of quantum mechanical angular
momentum theory in order to represent the allowed range of a tetrahedral through
the plot of two discrete variables [8]. In a similar way, it has been recently applied
to represent the field of existence of the tetrahedron associated to molecular struc-
tures, as exemplified for peroxides and persulfides [17, 18]. The screen is a plot of
the two diagonals of a quadrilateral, x and y, that span the range given by the trian-
gular inequalities b – a ≤ x ≤ b + a and d – a ≤ y ≤ d + a. The curve inside the
screen, the caustic curve, reports the values of x and y associate to the planar pro-
jection of the tetrahedron, being the quadrilateral a tetrahedron of zero-volume. The
caustic curve touches the axes in four points, called gates, that are named with the
four cardinal points: north N, south S, east E, and west W. There are two further
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curves defined in the screen, the ridges, that mark configurations of the associated
tetrahedron when two specific pairs of triangular faces are orthogonal. The crossing
point of the ridges corresponds to the maximum value of the volume of the tetra-
hedron for cuts along x or y. Regarding peroxides and persulfides, cis and trans geo-
metries are located along the caustic, corresponding to the configuration of a
tetrahedron of zero-volume. The equilibrium geometry, corresponding to one of the
two enantiomers, is placed within the caustic, where a tetrahedron of non-zero
volume is defined. The figure shows only one of the enantiomers, while the other
one is located at the same values of x and y on the opposite side of the tetrahedron. 

3. THE FOUR-BAR LINKAGE

The 6-distance system we have just described is reminiscent of a famous mecha-
nism of kinematics known as the four-bar linkage. It consists of four movable bars,
or links; their paths is determined by their reciprocal ratio that also permits to clas-
sify the performances of the linkage. One of the four links is usually fixed, the
ground link, and is directly connected to the adjacent links, called input and output
link. The remaining link, opposite to the ground link, is called floating link. Assu-
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Fig. 4. Screen of a generic tetratomic molecule, the x and y diagonals vary between b – a and b + a,
and d – a and d + a, respectively. The gates N, S, E and W are indicated. The trans and cis geome-
tries are defined along the caustic curve, while the equilibrium geometry occurs inside the caustic.
There the related tetrahedron has volume non-zero. The crossing point of the ridge corresponds
to the maximum volume of the tetrahedron for cuts along x and y.



ming the ground link horizontal, the input and output links can make four kinds of
rotations: a 360 degrees motion called, the crank; a rotation within a limited range
that does not include 0 and 180°, the rocker; a rotation that excludes 0°, the 0-
rocker; a rotation that excludes 180°, the π-rocker, again similar to the rocker and
the previous case, but excludes 180°. Quadrilateral linkages are also classified accor-
ding to the lengths of the bars. As well known, if the sum of the longest and the shor-
test bars is less than or equal to the sum of the remaining two, they are said to
accomplish the condition of Grashof and the shortest link can rotate fully with respect
to the neighboring links.

3.1. Four-bar mechanism in biological systems

The considerations made so far can be obvious when extended to more com-
plex systems. The four-bar mechanism is well suited to the study of biological sys-
tems because it considers changes in the structural elements that may have occurred,
for example during the evolutionary process. Biomechanical systems are defined by
morphology and functional properties and the relationship between form and func-
tion can have a deep impact on the way in which selection becomes morphological
evolution. The biological evolution (the endless change that living beings encounter),
as described by Darwin, can be seen as involving an optimization procedure and
one can try to understand the intrinsic mechanism occurring in nature and making
evolution proceed. The analysis of the four-bar system often provides a rigorous
method to simplify the study of much more complex biological mechanisms (see for
example [19]).

Macromolecules: DNA and proteins. We start this account with the application
of four-bar linkage to macromolecules. DNA turned out to be not simply a genetic
material in cells, but also a powerful building material in the nanometer world. The
DNA origami is a technique that consists in folding DNA in two- and three- dimen-
sional arrangements (see for example [20]). It is employed in nanotechnology to
connect or functionalize different nanostructures, such as gold nanoparticles, quan-
tum dots and single-walled carbon nanotubes, or even to construct nanostructures
composed exclusively of DNA. The ability to use DNA origami to design and fabri-
cate a series of classical kinematics joints on a nanometric scale, such as a revolved
articulation, prismatic and universal joints, as well as kinematic mechanisms, has
been demonstrated including a four-bar spatial link, called the Bennett mechanism
[21]. A general algorithm for kinematic projection analysis was developed for mecha-
nisms such as four-bar and five-bar links. The origami DNA kinematics leads to the
study of robotics mechanisms and the application of well-developed kinematics theo-
ries and the use of computational tools for the design of nanorobots and nanoma-
chines. This technique permits to design custom structures with high addressability
that helps in nanoscience research. It is a promising material to be used for diag-
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nostics and human health care therapies. DNA nanostructures such as tetrahedra
are able to get across the cell membrane and are easily modified to carry RNA, anti-
bodies or small molecules of drugs. The most surprising property of origami DNA-
based therapy is the possibility to decide the ability to release drugs. Similarly to
DNA, proteins are to be seen as highly refined natural molecular machines, which
owe their properties to the complex tertiary structures through a precise spatial posi-
tioning of different functional groups. The idea of designing new molecular machines
beyond the limits of natural proteins makes the design of new protein structures a
challenging perspective, analogously to the approach of DNA nanotechnology, where
complex tertiary structures are designed by complementary nucleotide segments.
The technology of origami proteins permits to construct different molecular
machines [22]. Polypeptides and polynucleotides can be self-assembled in complex
tertiary structures in the form of a tetrahedron, four-sided pyramid or triangular
prism. The tetrahedral structure has demonstrated biocompatibility since the protein
is bent correctly and does not trigger a stress response, and the structures are pro-
duced efficiently and compatible with cell physiology.

Bacteria. Bacteria have the ability to move in the medium in which they are
located. This is a very important property, because it allows them to escape unfavo-
rable situations or to approach a source of nourishment. This mechanism is called
chemotaxis (phenomenon of removal or approach towards a particular substance).
Most of bacteria follow spatial gradients of chemical and physical stimuli, a better
characterized chemotaxis is found in aminoacid gradients or sugars, but other phy-
siological stimuli like pH, osmolarity, redox potentials and temperature are also
known. These multiple environmental stimuli are integrated and elaborated to gene-
rate a coordinated behavior of chemotaxis, which has a high sensitivity. Chemotaxis
over the years has become a very detailed topic with experimental observations and
mathematical models of the dynamics of bacterial populations. The importance of
orientation and active movement for survival has led to the emergence and evolution
of a variety of motility mechanisms. Bacteria respond to a wide range of stimuli such
as concentration of chemicals (chemotaxis), light (phototaxis), electric fields (galva-
notaxis), magnetic fields (magnetotaxis), pH (pH-taxis), and temperature (thermo-
taxis) (see for example [23]. Bacterial chemotaxis is described by a four-bar
mechanism and its dynamics can be optimized by an algorithm that also considers
the management of the constraints established by the kinematic analysis of the pro-
blem. Various algorithms have been proposed for the optimization of the movement
that leads to the improvement of bacterial nutrition, based on the design of a four-
bar mechanism that follows a linear vertical path (for details see [24]).

Invertebrates. There are examples of four-bar mechanism among invertebrates
(animals without vertebral column). Such mechanism can be observed for example
in the movement of the wings of insects [25] and jump of locusts [26]. Mantis
shrimp (Stomatopoda) generates extremely rapid and powerful predator shots
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through a series of structural modifications of the raptorial appendages (the second
pair of thoracic limbs is modified in raptor appendices), whose mechanism is also
an application of the four-bar linkage [27]. The mechanism adopted by jumping spi-
ders of the family of the Salticidae [28] found applications in robotics.

Fish. In many biological systems, the elements that constitute the skeleton can-
not be moved directly by the muscles. This is the case of the movement of the head
of fishes during the feeding, because of the absence of lateral muscles strong enough
to move the suspensors (cheeks) and opercles [29] (gill cover) in lateral direction
(abduction). These elements can be moved through a linkage between bones and
ligaments. A certain number of teleosts (fish with a bone skeleton) feed on snail, by
crushing the shells, and evolved by developing a four-bar mechanism that involves
the cranial elevation and the jaw protrusion mechanism to generate a powerful bite
[30]. The lower jaw of a fish is an example of a simple system of biological levers:
an input lever, where force is applied, and an output lever, which transmits force;
the kinematic transmission is a simple function of the ratio of these lengths. Syn-
gnathidae fishes (seahorses, needlefish and sea dragons) have a highly modified skull
characterized by a long tubular snout with small jaws at the end. Previous studies
have shown that these species feed by an extremely fast aspiration with a movement
characterized by a rapid elevation of the head accompanied by rotation of the hyoid
and a four-bar planar model is proposed to explain the coupled movement of the
neurocranium and hyoid. The four-bar model indicates a clear coupling between
the rotation of the hyoid and the elevation of the neurocranium [31].

Mammals. Relevant examples among mammals are given by kangaroos and ele-
phants. Kangaroo is an animal that jumps with two paws in the synchronous phase.
In this case the movement of the jump can be obtained with a four-bar mechanism:
a rocker mechanism is adopted to generate repeated movements of contraction and
lengthening of the legs to generate the jump [32]. The articulation of the knee of
elephant [33] that shows unique morphological characteristics is mainly linked to
the support of the enormous body weight of the animal. 

4. CONCLUDING REMARKS

The screen representation of a four-bar mechanism was initially inspired by the
6j symbols of quantum mechanical angular momentum theory, to represent the allo-
wed range of the tetrahedron associate to the coupling scheme of angular momenta,
through plot of two of the discrete variables. It has been recently applied to the
mapping of structural properties of peroxide and persulfides, in order to monitor
chirality changing transitions [17]. Its applications can be extended to other kind
of information, such as thermodynamic and kinetic properties. It can be also exten-
ded to other types of chiral stereogenic units, such as those defined by asymmetric
carbon connected to four different ligands or to describe the peptide bond, through
a reference system of distances only.
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The screen is closely related to the four-bar mechanism, the simplest movable
closed chain linkage, that is present in systems of growing dimensions, from macro-
molecules to bacteria, invertebrates and vertebrates. For these systems, the screen
represents a promising method for the analysis of the involved kinematics. Interes-
ting perspectives concern its application to extremophiles, organisms that thrive in
physically and chemically extreme conditions, nowadays investigated in astrochemis-
try and astrobiology [34].
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