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On the I i ic Deficit in Minkowskian Geometry(
Stanuaxy. — In the set of ll lanat centrall symmetric convex bodies inseribed in & comvex

_centrally symmetric anmubus thr figure of minamal operimetric deficit in Minkawskian peometry
s described.

Sul deficit isoperimetrico nella geometria di Minkowski

Scarro — i consern el pian Ve di s §corpt convess cetramente et
crie i un da in tac inseme b g
defict isoperimerrico minimo bella geometra di Minkauski

- IxTroDuCTION

Ta 1920 the Darisk: mathermatician T, Bonncsen obtaincd several resul in the Zu-
dlidean plane. an the soperimetric problem wnd related questions. In particular he
shaed that for each convex body K the minimum circulsr anculus of K exisis and is
unique {see [3]), Morcover he proved the incquality

Ly Zg-p

L -a»2w-p
swhere L and A are respectively the perimetr and sres of K and R, r e the two radi of
the minimum auaulus. From this there follows the isoperimerric mequaliy

L =azA=z0
where equality holds for the circle,
Tt has been proved ([6]) that for a convex body K and for a smooth, sirictly convex
%) Toubrizzo dell‘Autrice; Dipastimento di Matcmatica, Universita di Totino, via Carla Al
bln-m).mmm G
™) Memoria prescatas il 10 gennaio 1993 da Ghuseppe Scorzs Dragons, uno dei XL




—70—

and centrally symmetric body € the following incqualiy bolds

o WK, ) — ALK} AC) =

where A denotes the acea, WK, €) is the mixed arca defincd by
A(K + €)= AK) + 2WIK, C) + AIC)

and @ and p are the radii of the minimal convex annulus of K with respect 10 C
i Analogous results can be found in [1], (2] and [9].
“The isoperimerric deficit
3K = WIK, CF ~ A(K)A(C)

was knvestigated by Bonnesen for a circle €. He showed that in this case the minimum
s attained for u figure composed of two parallel segments rouching the inner circle and
of four congruent circular ares.

In this paper we obrain in Minkowslkian geometry a result analogous to the one of
Bonacsen in the set of all centrally symmetric convex bodics inscribed in o smoath
strictly convex and centrally symmetric annus,

We shall ehow that the minimum of the isoperimetric deficit is atained for a figre
<ompased of two parsllel ine segments touching the inner homothetic image of € and
of four arcs homothetic to arcs of C. Two of these arcs may be empty.

2, - BaSIC DEFBAITIONS AND PRILIMINARY. PROPOSITIONS

In the following we consider the plane equipped with # suitsble Minkowski metric
such that the boundary of C becomes the soperimetrix of the plane. Then the
‘Minkowski pecimeter of a covee body K &

LK) =2WiK,C)  (cf.[3, p. 310]).
It fobows that the isoperimetric defict is
K
= 2w,
We denote byme.MJ.Wmmnmemdmmmmmmm
of K.

The abbreviations bd K and AF + x stand for the boundary and for the hamothetic

mage of & comvex body F. Given theee distinct points #, b, ¢ on bd ¥ we denote by

{a,c, b) the subarc of bd F containing ¢ and with endpoints &, . The convex hull of &
ser X is denoted by convX and [x, 7] is a closed line segment with endpoints x and y.
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If the arc d is contained in bd (4C + x), 4 & the Cradius of d.
Since for the Minkowski metric the triangle incquality holds, it follows that
Acomv X € 84X
In the following rwo propasitions C is a smooth strictly convex and centrally sym-
‘Puorosmion 2.1: Let F be a convex body such that bd F be inscribed in the annulus
(@€, ¢C). In cach annubus (0" C, ¢"C) with
¢se'<d" g0
it is possible. 10" construct 4 coavex body F' such that
dF' < oF .
Pador: We remark that 8F is equal to the deficit of the curve bd F, the outer exteri-
aly parallel to bd F ot the distance x.
- Indecd, from Steiner's formulas in Minkoskian geometry (¢ [5, p.3101)
L(E,) = LUF) + 2A(C),

AlF,) = ACF) +xLIF) +x7A(C),

The curve bdF, -.-:Mmunmd_ucmcm”m Therefore, it i
possible, 18 in the circular case of the evclidean space, to find x by means of the follow-
ing condition

_ella-g-glo'=g')
[Car]

%wm&smmmr'uﬁ which is homothetic to F, with cocffi-

x=20)

¥, From some properties of the arcas and of the mixed arcas (c£[4]) we have

AF'= v*3F,
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Prorosmon 22: Let [u,8] be a line segment and y & positve real number
{y > Lili, b1)). Moreover, let }; denote an e with endpaints o and & such that
Lity} = y. For the figure X, such that

bdK, = la, 61U/,
A(Ky) 8 maximal if £, is an arc homothetic 1o an urc of bdC.
Proor: Let C denote an homothetic copy of € such that bd (AC) cantains o are /;
with endpoints & and 4 and Lif;) = 7. Then we set
bd(AC) =4 Uy
and we have that
Lbd(AC)) =+ Lily).
Nww:u:m'd:rnmKmdull;l;;bsln!i‘{-ndhdk=luumfhmmuf

Tonglt » and with endpoinis &
Then for the sers K, and K; such that

KUK =K
K, = [,51U7,
K; = e, By
it follows that

L+ LLIE
AK) = e 7. AK;).

Here, equaliy holds if and ouly if K is homothetic 10.C (cL[5, p. 3i0]or!8 P 2730,
Hence since [ s an are of bd (AC), the equality holds ic.

Therefore, hwmm..mﬁmmmmy,“:.mmumqf
Ky s maximal if {, is homothetic to an arc of bd (.

3.« T THEOREM AND TS PROOF

Theorem 3.1 Let € be o smooth serictly comes and centrally symmetric (Orsym-
metric) body and (0C, C) a convex annulus. A convex body centrally symmetric
(O-symmeic) such that (9, 6C) be its minimal comvex annulus and with the mini-
mum lsoperimetric delici s o figure composed of vwo parallel mmmu.mam,
oC und four hetic 10 arcs of C and have all the
of these wres may be cmpsy.
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+ Fom (1) it follows that the isoperimetric defici of the centrally symimetic
Bosndary inscribed in the annulus {0C, ﬁ()lmlnnm‘emriml
theorem yiclds the existence of a convex body Q centrally sym-
for which the extremum in question is attained. The aim of this theorem s to.

the boundary of Q.
denoting with (0C, 0C) the given anmulus there are four points a, b, ¢, d on

 and ordered in this way, with 4, ¢ € oC and 5, d € 0C (see [7)).

0 and C are centrally symmetsic i is possible to draw rwo parallel lines ¢ and
,ﬂmmmu. be ") which determine o subset G of o€ which contains bd Q
i i nerior or as a part of it boundary, Theretore bd Q is dvided in four parts by the
Jines a, ¢ and b, d. It is possble that une of these parts contalns, besides an arc ! intcrior

G, cither an arc of bd(0C) or an wrc of bd (eC) or a part of £ (or of /).

T .hwm-w.dll be nat empty we show that / is cither a line segment or an arc of
BIC +x).

Tt p, . r be thrce points of the inerior of / and ordered in this way.

By assuming that the are (p, ¢, ) of b Q i not a linc segment we consider, instead

of 1P, g.r) an xc (p, 7) of b (AC + x) where AC + x contains the points 7 and rund is

such that

Litp ) = Li(p,g.7).

So from Propositian 2.2, we have a new figure whose deficit i less than the anc of the
previous convex body. IF the new figuce is not consex we cansider its convex hull I is
also possible 10 choose p and r close o g in such a way that the coavex hullis contained
inG.

Now we show that / cannot be u segment. Let g =1 (1. We constroct # conves
body AC + x tangent to 1. Letp = bd (A€ +x) M1 and [ry, r2] = b (AC +3) N1, We
can dewrmine AC + x in such & way. that

Lites i rar )} = Lilri 2] UlLg p1).

Let F be the figure whose hounsdary contains the arc (ry, 7. p) of bl (i€ + ) instead
“oflr, ¢1 U g, p] of bd 0, then OF = 30, It is passible to choosc ry, 7y and p close to ¢
in such a way that convF i # comvex body with boundary inscribed in (o€, C) and
with & deficit less than the one of Q.

Therefore { (if nor cmpty) s an arc homothetic to an azc of C.

Now we prove that  cannot. contain arcs of bd(oC). There ase rwo cases

i) ome are £ is not cmpty (Then for symmetry reasons there are two nanempty
arcs). As in the case studied sbove we construct a convex body AC+x tungent
1o [ and we consider the poinss 7,1 of bd(AC+x) Nbd(0€), g « bd{oC) NI
and p e bd(iC +x) N/, belonging in this order w BdQ. Moreover we. choose
AC+x such that the arcir, 5, p) of bd(AC +x) wxd the arc {r, ¢, ) of bdQ
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have the same Minkowski arclength. We can substitute the arc (r, ¢, p) of bdQ
by the we(r, 5, p) of bd(AC +:x).

From Proposition 2.3, we have in this way a new figuse D such thut 8D =
=30,
“Then we consider con I, since conv [} is not contained in oC fts minimal convex
annulus is (0" C, 0C) with 0" > o, By Proposition 2.1, we can construct  new convex
body F of boundary inscribed i (0C, oC) for which oF € 80,

i) each /s empty, Let ¢ be a point of bd (9C) N ¢, We consider a convex body
AC +x such that:
— it has ¢ a8 tangent in @ poine p close to g,
— for the points r,s of bd(AC +x) Nbd(aC) and p = bd(AC +x) N1
Lifrs,p)) = Lilr. g} U [g.p1).

Therefore we can substitute the arc (r, ¢) U [4,p) of bd@ by the arc(r,s,p) of
(A + x). The new boundary is not contained in oC and is not comves, but from
Propositon 2.1 it s possible to obtain a new convex body with deficit less than the pee-
vious and having (2C, ¢C) ¢ sminimal convex annubis.

Now we show that bd Q cannot contain arcs of bd (g€). As in the cases studied
above it is possible w choose the points of the construction 3o close 1o each other that
the ncw figure D is contained in G. Moreover, even K some parts of the new boundary
mmhxﬁmmmﬁmmufnu:acg C) with
@' <, there exists fﬂxﬁwwiumilnnc-cwmboﬁm:hbncnﬁqm’bcdm
{oC, ¢C) and with & deficit less than the previous one.

Tt remains to show that all the arcs [ of € huve the same C:radius. To do this we sup-
pose that the arcs £, = (p, ) and ;= (r, 5} have different C-radius. Then we take the
arc (g, ¢2) oy and the arc (. 5;) on /; subtended by equal chords and we draw the
arcs £ = (p, g) with (5, 5,) Instead of (g, 4,) and 4 = (r, ) with gy, ) instead of
(51,52, The new figare has the same lenght of boundary, the same area of  but /} and
42 we not homothetic 1o arcs of C. This consradiction proves the statement
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