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Some busic theories of the Foundations of Mathematics have been peoposed
in[4], 2], [31,[5), [6]. The genersl ickea is to reach a foundatianal theery with the muxi-
mum possible degree of sclf-reference, in acoordance with the common usige of lan-
age {for exsmple aa English dictionary is written in English). The evolution of these
cesearches led t prefer n presentation where a firt core is given. Then, the various
branches of Mathematics can be grafied on this simple mucleus ([2],[11), [12], [71).
This choice is also madc to simplify the task of finding consistency proofs, allowing &
step by step scomtructions of models.

10 [6] and [7] the inivil theory is in fact called «Teoria Bises, briefly B-Theory or
also TB, , and it takes as primitive conceps the notioas of systcm, nawral number, col-
lection, qualiy, operation and relation. B.Theory is quite naturally divided in a first cs-
sentially finitary trunk, and in a sccond ane useful 1o obuin a good degree of
self-deseription.

At the moment the relutive consistency proofs for this kind of theories may be done
with respect to a rather weak arithmetic, and this is shown in the last section of this
work. On the other hand the relative consisiency praofs for strong exensions of these
theories use extensively Set Theory ([8], (9], [101).

In [5], [6] and in [7] the presentation of the theosies is given in & semiformal way.

the formalization is the first step in order 1 eval h of consistency
of these theories.

5o in this paper we give a rather natural formalization inspired at the presentarions
iven in (6] and [7). Wi choose First Order Predicate Calculus with identity s the for-
mal frame (as @ reference for the reader we hade found convenient [1], [13] and
[14]).

In the first section we give a brief review of B-Theary. In the second we present our
principal formalization uscful for the first part of B-Theory using & language with anly
ene symbol P for 1 quinary predicate and 33 symbols for constanss.

Then, in the third section following the informal presentation given in [6] and (7],
we give a natural infinite formalization of the sronger axioms of B-Theory. In the
fourth section, we stll use the quinacy predicate B and a pow binary predicate Q. This
predicate allows for a finite formalization.

Tn the lase section we give the construction of a model far B-Theory. The model is
based on the standard concept of free structure, modificd to accomply the pure rela-
tional presentation of the theory, In fact it is a sort of term model. The universe of the
model s set of the natural numbers. All the codings and the interpretations of both P
and Q arc definable i Peano Recursive Arithmeric,

In the appendix we briefly skewch s finite formalization with only one symbol for
binary predicate, R, and the previously introduced symbals for constants, We find it
useful to underline a precise notion of sreformalizations based on the classical defini-
tion of innes model
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1.« A Bumr Review o i Natve Treosy

informal presentation, .udxa,.ulmmum“m‘.wm.a
mmum-otmm(um:.dm- elation (in paricular biary
guatemary relations etc.

" binary ¥ sclation. The firt
| ﬁwmuuwmumm the operation which transforms each

F ' The collecions esplicily introduced are the empsy callection, the collction of al the
4 (of the theory) or universal collection and the calletion of all dhe calle-

mmqwm-hwumuﬂw objects
<m0 and one, and it is closed for the usual operations of addition, mudtplication and sub-
mmm.mh.‘mommnmwpmm.w

- mumbers, An induction principle was given in the following form: eoery o empty collee-
* fiom of natural wambers bas u Jeast clement. Though this axiom seems weak, it gets more
and more strength ss further axioms on sets (5o be viewed us particular collectians) are
‘grafted into the theory.
~ Another primitive kind of objects i introduced by means of the distinguished
coliection of fimite systems. frs elements are binary objects, called finite systems

) T wrkn sk o e o Al ki foc e i corcpes i pariklr o
the mumes of the distinpished obiects inroduced into- the theory
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(o fisite indexcd families). Fach systom assocites onc o more saiies to every
one of its indexes.

“Thi coltion of vt fovte s containe ul and only the fisctional syatetns
each of them associatcs to every index only one value. There are not two systems having
the same behaviour. In other words these collections arc both extensional.

Various other objects are introdhiced in order to have wmanys finite systems. First
of all there are the operation generating the singular rsters, ic. the univalent systems
m:hm&ymﬂn&: and the binary operation of wnion bettoeen finite sysems. By mesns

these objects one can get all the finite systems with two, three, .. indeses. In particu-
houm;m:ummm_mmmuwmm

ing as only index the number one, the collection of zero-tuple has only an element,
namely the coid ystem, the system with no index neither value. The simple aperation of
fmversian for systems together with the binsry operation of comparition of ystems are in-
trodhuced. Each system is the composition of a tuple with the iiwesse of u tuple. The car-
dimelty of a system s the minimum natural mumber for which such a decomposition is
possible,

‘Ax i point e Tntrediees the quabity of being & (semenal) relation, the ity of be.
g el il Vo sl Sperution g this sty o i objorcs Pt
tance collections and qualites have arity equal o one: they are unary objects; ystems

with abiccts linked by ir. For istance this aperation applied to one gives the fundamen-
tal relution for unary objects described sbove. This conlcludes the basic part of the the-
ory, which s used for various extensions, cfr. [7), 91

An autonomous sestion s concerned with universelrleons. They may be wsefol for
 Finitary self description, und they by means of
aniversal elations: namely runic, When defined the relation emiv(v) has arity equal 1o
v+ 1, and it describes the behaviour of all the objects of the theory, One can frecly
choose the least natural nomber v for which rasio(y) exists. For each choice one has &
theory which is named TB, .
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equaliy. The usual axioms sad rules of classcal firt order logic with
omed, for example see [12] sec. 1.5 and sec. 2.8, Some bowescase latn letters,
indexes) @, b, €, d, e, ,’.:.nr.-.l. 3
for variables of the forml language:

mn‘mﬂbdaéolvmﬂnnl&muhm\wdhzlu[lllw 16-17
page 67), in particular when substituting a string that is not frec for a varisble

In this casc fresh varisbles are put in place of all the bound occurrences.

n the formula) of the variables of the sring. The usual notation for substitution of
_hwbunhlfnnnhw[ﬂ/ﬁ 17/}, is adopted. If ¥ stands for a for-
@, one writes also ¥(a). The notation for

and uniquene:
x(lx) A W(ﬂ!.‘alax 2
We essentially follow rhemnmlmmm bmwechnw’nmhng,ﬂ:gmp

h.u@“mmm-mm“m-qm“m ST
* od meaning of P\, B, 7, , ¢) s that a is a Guatemary rebation that holds among the
d*nh.‘x)’»l’ £

There are no syembols for functions.
The fist symbols for consants introduced in this section are:




o or ﬂw operation of dextiy;

The first notation introduced s the following:

NAL  Assuming that Pirfier, efbin, efun, qqual, q):
qa sands for Pirfer, ribin, efun, g, a).

the intended meaning is g f o quality and the object @ enjoys iz,
The first axiom of the formal theary is the following:

Afl. Pirfer, rfbin, tfun, qqual, qqual).
This axiom statcs thar qqual s # guality, and is- equivalent to qqual qqual.
AR qqual grelb A qqual grelt A qqual grely .
The axiom Af2 means that qrelb, qrelt, qrelq are qualities. The second notation is
NA2.  Assuming respectively qrelbe, qrelig and qrelgr, then:

L. ruff standsfor Pirer, bin, r, o, f);

2. gufy sundsfor Pirfier.o. ..yl

3. tafyd sunds for Plr,a,f7.0).
the intended meaning of NAZ.1 i that r s & bimsrs relation and e and B ave s e mletion
#. NA22 and NA23 are the analogoss notations in the case of ternary and quaternary
relations.
AB. qrelb efun A qrelt ribin /\ grelq rfter.

Af3 means that rfun, rbin, rher are tespoctively 4 binary, termary, quaternary
relation

Af. qqual qops /A qyual qoph

The axiom AR means that qops, qopb arc qualitics

A, 1. Yulgops s — i ¥y Va(ribin sy A eibin sex —y = 2)
2. Volqoph &~ Vax Wy Vi Vilefter iyt A\ efter s — £ = 7))

‘This last wxiom suates that simple and binary operations are functional,

Af6. gops id A\ Y Wi{ribin ideyex = 5,




i
AT meanstho d i s operaton a rsnsforms cch objct it i
Last axioms allow to use the following notation:

Assuming qops ¢, and qopb 37, for every formala ¥(z) of the language:
1. gla) =, # = la) sand for Blchter, ibin, ¢, a, B):
2 e B =y, y=via,B) sandfor Plther, v, a, 8, v)
3. Wiglad), Wiyta, B sand, resostively, for
3 W) A gla) =2), 3 2(¥) A pla, B =2).

qeoll: for the guality of betng a collection;
Vi for the wribersal collection;
<all: for the calliction of all collections;
i for the roid collection.
first axiom on eollections is;
1. qqual geoll;
2. geoll V /A geoll call A geoll 8
3 -\:,{.ﬁmv.,\ﬂﬁmum-f- -n:-..u.:).

the collections, . hmmmmnfuu.mum
3 &H- Assuming, geoll 7, qeoll 8
L e sundsfor geoll f A run fa;
adf sandsfor qooll # A - rfun f;
2. ygd sundsfor Va(xay—sxud)

' laefone
A u;v,(—nmqml,z\vmu»un-.:-,-}
 “This axiom statex the eemsionality of collections.




2.2: Narural numbers.

The symbols for arithemetic are:

N: for the collction of natural nambers,
nadd: for the binsry operation of addifion of narursl numbers;

nmi for the binasy relation of order between naturcl mombers;
0: for the number zem;
1: for the number one.

B L Necoll;
2. qopb nadd A\ qopb nmul A\ goph nsub;
3. qrelb nord;
4 0eNAlLaN.

“This first wdors simply ssates: N i a collection, nadd, nmul and nsub are binary opera-
tions, nord a binary relation and 0, 1 belong to N.

B2 L ¥eVylnoday—xeNAyeN)
2. ¥ Wyixe N Ay e N—nord y \/ nord 32
3. Ve Wy Welnaddlx,y) =z —xeNAyeNAzeN):
4. W Wy(xe N Ay e N—(naddix, y) =z]);
5. W Wy Ve(mmultx, y) = +x e N Aye NAze N);
6. W Wy[xe N Ay & N—3clomul(x, y) =2));

7. Vi ¥y Va(nsublx, y) =1 s xe N Ay e NAze N Anord );
& Wi Wylr s N Ay e N A nord yx — Zelnsublx, 3) = 2))).

This last axiom specifies the domain and the range of nadd, nmul, nsub and nord.
B2.1-2 means that nord is a Enear relation berween natural numbers. BF3-4 means that
nd&sabmlrylpzzlﬂm&ﬁnﬂiunlllndml;d}: natural nusbers o s ales

Bf56 BET-8 spec-

mmmmufmwnmnmmuw
NBL  AsumingaeN, feN,
L a<g f=asand for nord af;
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‘2 a<pfrasudfracfrazp
3.a+ @ wandsfor naddla, il
b ap, simpyaf sand for nmelia,
5 a—f wandsfor nsubla, f).
if a8 one says that a is less, or smaller than .
VeVylx Sy ApSx=x=y).
B states that nord is an antisymmetric relation.
1 VeWylxeNAyeN—sxdymy+xli
2 Ve Wy Vilxe NAyeNAzeN— x+yi+z=s+(+a))
3 WxixaN—=x+0=x);
4 Ve Wy Vils—ymzeexmy b1l
L Ve Wylxe NAyeN—sxy=yoxl
2 MWy Ve NAyeNAzaN—=ixylr=x(ra)h
3 VeWyxaN—s-1=x)
4 wa%-NI\;-NI\:uN4=~l’+:l=(ﬂ'y)+k':!h

1 Vs Vole <yer3nin £ 0 Ay =x +m)}
2 0< 1AV 0—x21)

%mmnmhmmmmmuﬂmm
states that 1 is the immediate successor of 0.

NBZ.  Stundurd charactors for 2, 3... are used us they are not symbols of constants
of the theory like 0 and 1.

Finally the induction principle for collections of natural numbers states that every non
empty collection of natural umbers has a minimum clement:

BT, Vellsecoll Axc N Ax # 0} —+3nlnex AVelrex—n € 4)l)
‘This axiom may be rather weak if there are few collections.




23: Finite systems.

‘The notion of fimie system is inspired 1 the usual v-roples and more gencrally to in-
dexed fiite lixes. In the sequel, it sysems are often culled systeins.

The symbols for fstc systems are:

sy for the collection of finie systerns;

sy for the collection of awivalent finite systems;

usys: for the operation of binary urion bevween sysems:

eays: for the operation of companiion of sysicms;

isys: for the operution of fuersicn of systeins;

B;: for the evpiy syster;

carsys: for the operation of cardinaliy for systerns.
The first axiom o systems simply states that syuf is @ subeollection of sy
CfL Losyfecoll A syuf e coll;

2osyufguyf.
NCL  When s a systems, and efbin aaf, ane says that @ is an sdes of 0'and that

Bis 8 valse of o wsociaed to
CR2 L ¥xWylresf Aye st A Vi Volefbin s e ofbin yar) = 5 = y);
2. Vxlx'a syuf = x o syf AV ¥y Valefbin sy /\ efbin s = =2)).

Axiom Ci2.1 states that the collection of finite systems i eersional: there are no two
systems.that-associate the same valucs to the same indexes. Asiom CE2.2 sates that
univalent systems are finctiomal: a univalent system assocites exactly ane vahe to each
of its indexes.
ch. Wi W3 sz € syul A Ve Votefbin ssv wen = x Ap =3)) .
This axiom states that for every couple of objeets @, there exists a system that has «
a5 its only index and that has /3 as its anly vahue. These axioms allow to vse the nest
notation.
NCZ.  Assuming 0. syuf:

1 ole) =g, f=ofa), 0, =f, =0, sundfor rbincaf;

2 G}-y, 7-(;)undfw

¥ & syaf A\ ¥ie Yotribin yu w=u = a Aw = ).
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1. qopb usys;

2. Vo ¥ Wrlusysix, y) =z sxesyf Ay e sf Azesf);
3. Ve Vyly ooy Ay e sy — 3 zlusysix, y) =2);

4, Ve ¥y Mu Volefbin usysix, y s+ efbin xur / ribin yur) .

mmmmdmmamm The union of rwa sys-
. This system associates to cach index of @ al its values in a,
uqﬁmwﬂuumw Each index of s cither an index

Tt uf . I otbar wordi the sgiiph of 1 B the ~kot-of the graphs o 4

1. qopb esys;

2. ¥z Ve Vrlespste, y) =z sxesff Ay el Aresyl);

3. ¥ Vlx e sy Ay @ syf = alosysin, y) =3));

4. Ve Yy ¥ Volrfbin csys(x, y)ow <=3 w ribin xoe A ribin yus);

= ={lh) -

Ci54 ion of th sition of Namely if s ob-

by composing two systemms a and f, then y associates to any index ¢ of a1 all the
associated in f 10 the values of  in o Axiom €f5.3 stutes that any two systems

um,mwmmmm(:}m(: {aslon CE53) one gees the
; mm:h.ﬁyﬁrmmmhohﬁ.iihwdymmmmd
- o L. qops isys:
2. ¥ Wallapalx) = s Az & )
3 Welw e opt = Fatupes) = 41
4o Wi Wi Vilofbi Bayotch o e )

Asiom C6.4 describes the action of the inverse of  system. If s system assocites to an
“index 2 value the imverse system associates to this value the given index. Henee the in-
dexes of the inverse systems aze the values of the original sysem, and vice-versa.

NC3.  Assuming o= syuf, o’ esyuf, and gen 3. dand y' .. 8"
10 Ug’, a0, 07! sund cespectively for
usyslo, o), esysla,a’), isyalo);
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2 (y’."_‘_'_‘:,} stands for (”uu(:]
Ch. Va(neN—Jolvecoll A

Velzgowr (z e ayuf AWK yiz, = p) o 1 S5 5 2)))).

WueN, a-.iummamdnn mklummauiqmljdmmhlml
collection whose ¢ are the univalent indexes all the non zero

nurnbers less than 4, The notation for this collections of tuples is
NCA.  Assuming ue N:

Ve =a standsfor aecoll A

Valx e zonx e syuf A Val3 ulx, = v} <1 S0 £ p))) .
Hence the collection having only the clement #, is denoted with V*.
CB. ValneN—3elza V AVmll S Sa—2 =m))).

Before explaining the axiom it is useful to ntraduce the follrwing notation for srupless.
I is possble thanks to exensionality and funcionality. One has to consder the fact
Mﬁ:dﬂmqu»mkmﬁMdﬂemmmﬂmm
notations for tuples are adopted.

NCS.  If u stands for a concrete natural number, ' > 1, de V*'
and & is a symbol for variable:
1L (™, 6™ ) =8, f= (e, ... %) stand for

HEIABEVAR =tV AL AB, =™,
12 (f, 7Y =a, a={F,y) stand for
aeViha =pAa;=y;
13. la] stands for (a);
2L (L, p ) =a, a=(1,..,u") sund for
aeV AVml SmSu' —a,=m);
22 (8., ) or (8y.8).8,:) stand for 8.
The Cff states the existence of the ptuple (1, ..., ) for all pe N,




1. qops carsys;
2. Velzesyf =3 nln e N A carsysiz) = u));
3. Ve Vals e syf A carsystz) = —
neNAI T pixeV AyeV Az=yox ')
4 Y:VnllesfAneNA

F:3 3l VI Ay eV Az =yox )l —camysic) % )

5 Ve Ve Yy V-(-nNA:l\"AylV‘l\z-Ju"-

(l = carays(z) == ¥u Velu e NAve N A

:summpumn—[:j-[;n).

' The following notation is useful o cxplain the meaning of the wxioms CF.
NC3.  Assuming oa syf, earsysta) = and < V*, fa Ve

u={ﬂ ) mandator @=paatt

Asioms Cf9.2, C9.3 state in what acception systems can be considered finite. They
Mhmhlmmwnﬂhmmd-ﬁvﬁﬁ
hN.'.ﬂxnheof" peratic system is called the candir The

Bl s all distnct, Hence using the introduced

.-—q-c.m:-m-'-(‘;l
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2.4: Arity, relations and aperations,
The symbols introduced in this section are:

ar: for the openation giving the arity;
grel: for the quality of bemg @ relution;
qop: for the gaaliry of being an operstion.
Di1. L. qqual grel A gqual gop;
2. Vrlgrelb x V/ qrele x V grelq x — qeel x);
3. ¥a{qopb x \/ qops x —gop x).
The next axiom specifies the arity of principal kinds of objects. The domain and
makumnmmmmmmmwmmu
ludes that ‘W cbicct may. have. diffevent i

Di2, L. qops ar;
2. Wulw & N —uslu) = 0);
3. Vxiqqual x 'V x & coll — arlx) = 1);
4. Vief(grelb xo= grel x A arlx) = 2) A
(qops x == qop x A wrlx) = 2) A (x € syf —arix) = 2));
5. Wxl(grolt x +» qrel x A arix) = 3) A
(qopb x=» qop x A arlx) = 3));
6. Walqrelq xes qoel x A arix) = 4)

3. - INTRRMEZZ0! A WRAKER THEORY WITH A NATURAL INFINITE FORMALIZATION
hlhiﬂﬁmﬂ.p'mﬂéhmuwﬂnmbns.mmnhhhutm
duced are:
brmmump.msa.pn-qmmmp,.
ehond: for the cperation Sindanental relations;

L. W ¥y Wa((R,ix, y) == Pirfrer, rfhin, rfun, x, y) A
P, (x5, ) == Plefter, efbin, .3, 2)));

2. Ve ¥y ¥e o Wul(P, (x, 5,2, v} «= Plrfter, x, 5,7, 8) A
Palr,y, 2.0, w) = Plx, y, 2,4, 0))) .




— 3
Jdm?,!,!,nd!,vd\!ﬁ:ﬂuudn?.lu:dud&&e&
he frst fundamental relation mp,oar,dommurmn...nd.n.

,,-u.,.u.n.mim.gmh fundamental relation of rary objects
be introduced below with axiom Efg.
qops elond;

2. sfond{ 1] = rfun A rfond(2) = ribin A rfoad( 3) = ofter.

1. 3 xirfond(x) = x);

2. Va{rfondiu) =x — arlx) = + 1 A qrel x);

3. W e W () =

B!, )ee B, | (efond(u), x,x'1,

‘qops runiv;
Vil runivin) = £ —» ar(x) = + 1A qrel x);
Vi V'Y, e Wplruniv(e) = x A

R L P

Byl
Vi Wylrunivip) = e ARy s b L vh 2
7V AT alre N Anrly) =n) Agye Vi
Sa'. We W'V, ¥ Welruniviy) = x Aar(zl =p' —
B il Lo (b ) e By, k™)
“The axioms Ef4;u.5. ” allow the description of al the predicates B, by means of the
et i) e s T, .1 L ol i o Ef..” canbe

TV (By iyl 1y e (5, 00) == By 5, 0101, )).
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Note that the s shove de be defined on natura]
nnbumaxdmm“ubqvmdmhnmmm

EB.r.  Walne N Ar 2 v—3 xirunivin) =x)).

The group of axioms Af, Bf, Cf, Df, Ef are a formalization of a theory weaker than TR,
1 fact there are fundamental and universal relations oaly for concrete natural mumbers.
instead of for all the elements of N,

4. - FINAT ANOMMIZATION OF THE SELFDESCKIFTIVE ANGMS
415 A new symbol for predicate.

umdhm«mmmmmwkum.mn.m
would put severe dhe the theory
dmcmbcfxm.mlﬁouﬁmwmnoﬁheﬁllrbemy Hmnmmnlm!
Q for binary predicate s introduced:

The intuitive meaning of Qle, B is that f i a ftupke, the object a has arity £ and
acts on the components of 4. First one defines Q in terms of P on lower arity
objects:

FiL L ¥ Wr(Qix, y)— Jnlwe N Aarlx) = n Ay e V"));
2. e ¥y Vel (Qlx, [3]) == Pirfter, ribin, rfun, x,3)) A
(Qlx, [y, 2)) == Pirfrer, rfbin, x, 7, 2)));
3. W Wy e W Vo (QUx, (3,2, #) <= Piefter, x, 3, 5,00) A
(Qlx, ty,2,0,u)) =+ Plx, 3, 1,0, w))) ).
Observe that from axiom FI1.1 it follows that the first argument of Q must have ss arity
an element of N. This implics that the formalization may have to be changed if one
?gmmlhmhmmmﬂyﬁmmdm
42: Fundamental and universal relations.
Reeall the main symbals of this section:

efond: for the operation gemerating fundamestal relations;
runiv: for the openation gemensting wniversal relations.




—

i possible 10 express the full sength of the wxioms on rfond and

2. Valne N An =13 x rond(n) =x);
3. rhond(1} = ehum A rfond(2) = rbin /A rfand(3) = rfter;
4 V¥ Ve Vo Vao(Qlrfond(4), Ux, 3, 2,0, w)) =+ Plx, 3,2, 5,0)));
5. ¥V Vylar(x) = n AneN— (Qley) —
Felee VAL =xA Yrlm e NA TS Su—
Zus1 =301 A Qlrfondin), 2)) );
6. Vi Vir Ve (arix) = A e N (Qlrfond(n), z) Azy=x —
Aslre VA Vi e NALSm S n—zaer = 7,0 AQUx. 7)) ).
plays the role of the axiom Ef2 and of the inflsite sequence of axioms

1. qops runiv;
2. Vi Vnln & NAn 2 1A runivion) = — arte) = + LA grelx);
3. W Ve Wy (rumiv(en) = x—
{Qlx,y) = ¥mimeNALEmEn =y =m))) )
40 W Ve Wy rumivir) = x =
Q3D =200 @ VA QU 1 sl e ) )i
5. Vn ¥ Wu Yo ( runivin) = x—
(Qta,r) =3 3Que ) A e srh=wlrean =2l ).
This sxiom: plas: the:roe of the infiké axoms sehisme Eft.
- Fix any natural number greater than four and denote it by v, The new version of axiom
EfSv is then:
GB.  ValueNAn=v—3x (runivin) = x)).

The groups of axiomms AL Bf, Cf, DF, Ff, Gf are  formalizarion of TB, in the linguage £
-ahmJyP-dQ‘quﬁhp:dmunﬂuﬂhhwmbdxf«wb»
troduced in section 2 and 4; this theory is named TB]
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5. - An asmsmncan smooes o TBP9

u.msmm“mm:wmmn(mﬂmmmmnumw
making u modek
the universe of the model i the set of concrese natural numbers N,

the interpretation 3 of the model & defined on symbols for constants s
follows:

Alqqual) = 2, Jigrelb) = 4, Jqrel) = &, Hqrelq) = 2°

3lqops) = 2', qopb) = 2*, dgeoll) = 2', 3lqrel) = 2%, Jgop) = 2';
Slekun) = 3, dnord) = 3", slefbin) = 3*, aiefter) = 3°;

Sid) =5, igys) = 5, Aearmyn) = 5, dtar) = 5", Hrfond) = 5,
Slraniv) = 5, i(nadd) = ¥, S(nmul) = 57,

Hnsab) = 57", Husys) = 5", Hesys) = 57;

VY=, sleoll) = 7%, 30) =7, S(N) = 7%, Sy = 7, Seyal) =74}
o0y = 11, 1) =11%;

0,) =13,

“This coding can be casily undersiood kecping in mind the following recipe: n.cd.fm
ent kinds of fundumental objects (qualities, relations, operatians, collections,
nmmmlmmpdwmdammz 3.5,7.11, 1;.1;
pencral the in of & celton o operaton with iy i of the kind 37
oy e b L i Tt o 6 i o 500
for consuant in ki charscters (rather than boldiace) s used to denoe is iterpeesa-
tion by 5. The only exceptions are the interpretation of 0 and 1 . Morcover the usual
notation is used for concrete wples of naural numbers, even if it Is the same one of the
farmal theory.

The interpretation of P by 3 is a sct of quintuples of natural numbers. Raughly
speaking it is built with the labelled union of the graphs or extensions of all the-inner
objects having positive arity up to thrce. Namely those clements of N that are: inner
qualities (collected in the set Qual € M), inner collections (that are the elements of the
set Coif), inner binary relations (the clements of Rel), inner ternary relations (the ele-
meats of Rel), innet relations (the elements of Ref, inner simple operstions (the cle-

. The
&{a}.mmﬂmﬁmt&&ﬁm!##ﬁthmfwmwﬁ
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for qualities and callections are the: subset of N corresponding, re-
10 all the objects enjoying the given quality of all the objects belonging to the

- 3(P) has. the following form:

HP) = {(dfer, ofbin, fin, @, B: (2. Br & (e} x Exlal} U

..muw

Uther, i, Byl (o p0e M {a) x Bala)} U

Uliter, a, B, 8) s (08,7, 00 & {a} x Exa)} .

mahmmdﬁmzmhmm‘bmmﬂu
and collections ipal kiinds of ob-
ﬂznmqjmdmowmmulnﬁdm&mdx For example: Nat i the

on of the interpretation of N, in other words it is the set of the «inner natural
&emllﬂ"mﬁny-mdmmdmsj-phmw‘
interpretation of syf. in other words it is the set of winner systemsa, The remaining
are introduced in definitions 4, after giving some uscful potations in defini

el Litey

1. Extiggual) = Qual = {2} <1ani
3.3 fa=2,
2 Ry =4 (3} f2<nsy,
{3 ) ey
Ref, is the set of ll the @ — ary relations in the model;
3. Butlgrelb) = Rety, Exelgreit) = Rely, Extigrelg) = Rela,
W:-M-_ylm.;

4. Extigops) = 0p: = {5 b cine Btlgop) = 0py = {3} 105,
Estlgop) = Op = Opy U Opy.
Op s the set of all the operations in the model

5. Extleoll) = Coll = {7* b3 VAT huassi

6 BarlalN)) = Nat = {10}y i

7. Batlof) = Sy = {3 her




-

Now we give some notations, In 3.1 we codify pairs, the number defined in 3.2 rep-
resents the system associating the value 5% 10 the index @ In 3.3 we give & notation
for singular subsystems of a given system: in 3.4 we give & notation (resembling the usu-
al one) for numbers representing «inner wpless,

Defd. 1. For all natural numbers @ and

(=+mcaz+|e+|>+

la,f1=
2. For every finite set of pairs of ntural nuibers

A ALy g
M>=u""‘ Lot

3 s S, néa-(';‘, :::)m

(:)ca stunds for il =a¥ A f=g").
4. For every fnite sequence of natursl mumbers

12, e
(@' a%) stands for < R )

Th i ion 4. We divide the defi-
mmﬁwm‘.lduhwﬂuﬂxwhwnﬂnummqqudm
one whlk 42, 43, 44 del with the esenonsfo objcs baving s o, e,

four respectively. Fot simplicity we make some preliminary remarks. The condition
d:ﬁ.ngﬁagmnhum:wm-mwkmhm“nmmmy
one walue 1o cach of ts indexes. The condition defining Ext(7°" ) cstabbshes thar
mwmmmmmu{nmmv" ‘unuz.u
e is the interpretation of compasition of systems, the clause defining its extension
states that @ is the composition of 0" with a7

Defd. 1 EaV)=N, Ewld) =90,

o = [(‘;‘.'.';_j‘, 4

Vil sisgAlsisuAa’ =al—g¥ =)l

Bl 7 ) = (3. p% ) Wil i s u—pYealN) ),




L
wmz-ﬂuwmdgﬁnddlhmnmﬁmnmn-
. Hence we can give the exension of the interpretation of the first fun-
| relation rfun. Tn the same way we give the extensions for oin and rfer in
d 4.4 respectively.
Blfa= Y la} % Bata);
Exttnord) = {01V, 10k wiei

su((‘;,',: ""‘) (", 8%) 15i%p0 |

Exi{id) = {(t, u0huars Mm}-[(n‘“,o"‘l: VS Aot asfA

2, 4,(..(,(..-(‘:' ;:’,)A,,m (,!m. ” )]

Extlormys) = Ita. 10ty 3al® ...af-'awlt,,w_n-(;“" :":)]

Exelar) = Nat % {11} U (Oual U Goll) x {18} U(SifU Op) X (117} U
q,x[u‘]u_l_J!M,,xuv"L

Etrfond) = {(11°* 1, 30}, o Bfrumiv) = {(102° 1, 370},
Eoibin)=_ U el x Bela)
Eﬂ-‘d’j-{(ll“‘,ll"“.ll“"’)];.;‘u

Extimmnl) = {(117*1, 1371, n-"')}:.',“

Extlmsub) = {(11™ 54T 1),
s
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Bategr) =|1a'™, 0™, 0% vav_s[[;) :n—-iy[(:):n"'f\(;]Eo“'))"

Eﬂlw}xlla‘".n\".ak Vnrﬂ([;}cuu(;}:u"‘V(})\:a"’)]:

Estlter) {a} % Ex(a).

= conbon

This concludes the definition of the interpeetation of P. The purtial structure with uni.
verse N and the given interpretatian of the symbols for constants and of P verifies the
groups of axioms from Af to Df given in section 2 This can be proven in a straightfor-
ward, way. 5

A this paint one can easily et a model of the natural but infinite theory given by
the groups of axioms AFEf. Let

2 e} x Bata),

= eeadfvad

P [} % Exla),

= u
[ S

Py {a} x Extla),

= U
AR it

then to get the model with domain N of the wxioms from Af 1o EFf the interpretations of
symbols for consatnts are the same given for 3, while (up to an identification berween
#4 % 1-tuple and pairs with second companent a i i
bels for predicatcs arc ' (P, )= P, if 1 S &
Epm3

Aaple) ans of the sym-:
3,mad ¥ (B, . )= {37} x 5" (B,),

are
ing from Py, Py and Py} by adding ai siep  the graphs, restricted to the previous levels,
Both of the i Fundamental relation rfond(j) and ffor 2 = #) of all the universal rela.
Gions runiviv) .. ranivia),
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interpectation of the symbol Q by 3 is

Q= {ta. (B 7, O a8y, )l e Py}

=0, (e
3<igpt1, (aV {a', ...‘u“')).'l‘J'g_,}‘
3gsp<y;

& = (0" (0",

J<igatl, (w"",(n‘",“..ﬂ"')ll.g’n,’ u

{0 (01 a, B v <A ¥ 1, (2, B) E,H_Qg'}»

vEu.
conchides the definition of the model. Note that

mﬁ-nmd:mmwe{h’ l].li-&wquehwi‘:hﬂalgirﬁh&sudndn
uf the axioms of the groups Af-Df, Ff and GL. We anly sketch the proof that X
h:nn-lmmﬁﬂ4ud612.!.1ﬂhlmknuﬂdmiwﬁmnhﬂlw

1, (a, A) > Qlax, )
' Now, for the very definition 5.4 of HQ), for every w4 = 1 we have
0700, L (o A e Qu.y thenthereis xeN st (a8 e Q.

‘bm!d:ﬂhﬁwnduxlwpﬂmbuhdﬁyﬂhﬂlmwmmah
if (a, ) & Q. for some xu I, then taking any e = max{w, 4~ 1] we

(u’ u*.(-:.ﬂ)lsg...
“‘ m mwammm
“coough eatomsw; in the sense th

hﬂimmhmﬂkmuﬂhnhmlwhmkhbmm
16 assume qqual = coll.




—152—

ArPENDIX
A FORMALIZATION WITH ONLY ONE BINAKY SYMBOL FOR PREDICATE.

Trying 1o get a finite formalization with less symbols for predicates, having also
lower arity, i 0 define natural numb and 1. This allows a
mdwdi‘dmdmmmndm:.ﬂnuwdnwhavwnaw.
zation with oy one symbol, named R, for a binary predicate. Plainly the main prob-
lem was to define the prodicaic aa = (8, y)» identifying puirs, which is termary, by
‘means of a binary one. This is the reason why this machinery it set up. This peedicate
Rrgla, B can be defined into the formal theory TB!9 by a formuls with the following
intuitive meaning:

i) Regla, N) mesns that a e N.
ii) I aeN and feN, then Rpglu, f) means thar @ < f.
In the following clauses suppose that @ ¢ N,
i) Rpg(a,1) means that @ is a onetuple [F) Tn this case Reglf, a)

) &g(u‘zlmmukhm(;}.hﬂti_-ﬂm(ﬂ‘nllnkk
W) R, 37 ittt 6 . pak.
i) Reg (et (B, 7)) means that a is eihes the syetem (! w«hm{::],

vii) Rygla, 4) means that « s a paic (8, (2, (3, 04,0)) with
P(dy. 83,0y, 1.5).
viii) Rpg(a, 5) means that s = (7, 5) for some £,/ such that QUi, /).

Then the formal definition of Rpq in TBI? i

DL, Ryqle,b) standk for
aeNAS=NIVieaNAbeNAa<h YV
&u-mm-nv::(;-ﬁ].‘\a-z)u
b=tvi=(3v
FHla=(x)Ab=3}V
a.a.u.-m/\b-u,,-nv[.-{ﬂnb=(x.n)v
Iy 3B = (x, b i) )) AP 2w ) A b= A) Y
2o = e,y A Qi) Ab=3),

s s s e
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tetms of r, sce definition H2. Henee the wholc theory can be formalized with
introduced 33 symbols for constaats snd oaly one symbol for u binsry
.. This new language s named ¢/
* Ris & symbol for a binary predicute;
the symbels for consnts are all and only those peevioasly introduced.
fromm HI1 to Hi4 give to R the structure 10 eode ordered peirs and asiom
x,_o.r.m...am.nfn ne
axioms corrcspond 1o the clauses i) and ii. In the first axiom Rin, N}
B e i . Hosc o o i s W e 22 ok
aumbers.
L RO, NJ A Va(Rin, N} = R(0,2) V n = 0);
2RO, N) A Va(Rin, N) ARG, w) = RiL ) Vo = 1),
in mind the sbove observations. we fix the fallowing notations.
1. aegN stands for Ria, N} and @ €3N stands for 7 Ria, N)
Za<yf sunds for Ria, /) ARla, N) ARG, N).

axiom simply states thit <y is srict, Eneat ordering in N such that every
nt has an immediate successor.

L ¥ ¥ ¥ (g NAm egN AR egN =1 ln <gn) A

(n<am Am<gn’—on<gn')Aln <qm Vom <gnVom =n));
2. Valw egN— 3" by <gn” A
Vorln <qm s’ <gne V' = ). ))
Tt is useful to introduce four defined constants with the following notation
 ONHZ I p<en’ A Vmla <gm ot <um V' = ) then !
o s called dnmediate suceessor of 1.
The immediate’ successor of 1 will be denoted by ¢'%'.
Analogous meaning have ', €9, "
“The next axiom corresponds to-the clauses il and iv). Tt states that for cach objecs §
there are the singular sysems (;] and [:)
HB. 1L V3R, DAy éxN AR )

2. Ve33R, ¢¥} AyeaN ARG, y)).




S
Then, keeping in mind the intended meaning of the wxom, a natural notation is.

N3, x.n-f})_ stands for R(a, 1) A axN ARG, @

Z.n-l:;}. stands for Riz, ) Az ¢xN AR, a),

The fourth axiom corresponds to the clauses v) and vi). It states that there exist all the
puirs of objects.

HH W3 x(R(:. M AzeNA n{[)',}..x} Al({:).,z)).

The last axiom allows to identify two ordered objects by means of their pair, hence we
pur

NH4.  a=(f.yh sandsfor u:a.c‘”}nx{(;}_.a)t\n{m,u),

Ar this point we can define in the lnguage of R the translations of the predicates un-
desswad a8 P and Q by means of two formulse Py and Qy, corresponding 10 the clags-
s wil) and viti},
DefH2. 1.Pyla.b.ed,e) stands for R((a, (b, (e (d, elu)a)ada, €¥):
2.Qula, b1 stands for R((a, by, ).
The abave definitions. determine two correspondences berween the formulac. and the
terms of the language £ of TBE® and the formulae and the terms of the new lan-
guage £ These cormespondences keep fixed any symbol fox constants and any vari-
sble. The first one transforms every formuls @ of the langusge £ in
Palafa,B/b,yfc.0fd cfe] if @=PlaBy.d clendafy,d. ¢
are vasiables o symbals for comstants ,
Quler/a,8/5] if @ = Qlu,fland e, §
are vasishles or symbols for constants ,
! o=y,
RS HP=GAY,
ey fom@vVY,
! i =V,
E e=dew.
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he second onc transforms every formuls @ of the new lunguage £' in

Rpgla/a,fifb] i ®=Ria,f)anda, f

are variables or symbols for constants,

! o=y,

& nwl fomany,

alyw H@=ovE,

Vap! ife=Ya ¥,

v ECEE"N

 the last structural axiom for R is:
W VaRix, y) o= (Rx3))')
ta these definitions for any set of formulae X in one of the fww languages, X'
translated formulac,

e e i iz, HE, IS ghve the basic smuenoe of . Their theory i

complete the formalization with R of TB,, one needs to put as axioms also all the

(B!,
The theory (TBF?) U S® is named TBY.
following theorem states in what acception this theory can be considered a refor-
malization of TBY in the lsnguage 2",
Tiscoren: For every formula @ of £, and for every formuls ¥ of 2, one has
L TBERE(SY:
2. S Wl
3 TBI%r el
In particular onc has TBRF Wes W1
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