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MAURO CERASOLI(*)

Integer Sequences and Umbral Calculus (**)

— The Note mainly fox Bell, Fibosaedi, L “I
mart aumbers. The peoof is given vis the umbeal calcalus revisited in the last years by G. € J
ot

Successioni di interi ¢ calcolo umbrale |

© Sunro, — mMmmmAmw;-lwﬁlm di Bell, di
l_:dl“ulumrl medinte il caleolo umbrale recentemente riclsborato da G, C !

1. - Inmeopucnion

W prescat on of the uastl calcuh d by G. C. Rota and D. |
T i 8] Fm:hlsplp:x-er:mllﬁr-mbmmdle

The sombol clculus covsics of  speiem (A, D, vl £), where A iv-a st whose ce-
B b e [ . commpemine el demi whowe goticns Gk o
‘charactertsic zero; if D{A) is the polynomial ring of A with coeffiiemns in D, the val I
EDEAT+ D i« Toenr funisionsl, calld- soslustion, soch tha

&) val(1) = 1 {1 is the identiry of D)

B} f @, p,...,v are distinct umbrae and , /, .. .k are natursl numbers or ele-
“ments of N= {0, 1,2,...}, then

vl (! B .. 1% = val (vl (B°) vl (1),

) Indirizzo dell'Autore: Mauso Ceratol, Dipartiments di Matcmatica, via Vitoio, Uni- |
vmuumm LAgula
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Ac bt £ s o distinguished clemens, called augmeniahion, sich thet
val(e*)= 0,5 (Konecker dela).

Unbra polynoeals are clemets of the polinomil rig DIAL. The support Sup 2] of
‘\ .nmbrdpol;mumidp-p(a.ﬂ.m,tlﬂﬂx)ﬂémknmlu:m-‘b-ppeninlhe

monomials of p:
[ Twpﬂy.mﬁlkpmdqwfﬂldlmnﬂéﬂwhﬂbquwbﬂ(iﬂmnbﬁhp-ql
when val () = val (g); they arc exchangeable (in symbols p = ) when val (5] =
= val (") for every #E N,
| Lesaah 11: Let be £, g, 7. 5 umbsal polynomials; if
Sup (101 Sup(g) = Supir) N Supfs) = B

1 and fmg, =, then fHr=g+iand e
i A seaueoce (a,), & N, of clements of D, is said unbraly epresentcd by an umbea

[ a when

] val (a®) = a, for every nEN.
Note that f the wmbra @ sepresents the sequence 0., then a’ = e, for evey
wEN.

{ 1 (p.) and (4,) are two sequences of umbrsl polyvomials, the formal power
series

.

Py= Zpr wd QU= S

|
in the indeterminate #, are umbsally cquivalent, P(r) = Q{1), if and only i, p. = 4, for
every we N, If a” = u,, then the cxponential generating function
Aw= Zarfn!
of {a,) is umbrally represented by
o= Zlar/nl

that is Al)=e®.

2. - SATUNATID UMBRAL CALETLUS

Given on-umbra @, ket @y, Gz, ..., @i be k distinct umbese such that o, = @
for every £ =1,2,...,& The vmbra product ke, ofien calied an auxiliary umbra,



bomatat ot

( ua.a:m-ﬁ:mmmmaxma,w,

<+ fis, where iy, A, ..., B are k distinct umbrac each exchangeable with . and
iqeﬂ-:.mlm.o-uilmmh-admphkmh augmentation £, The prod-
et k+p is introduced similary for any polynomial p of DIAY, bot containing suxifiary
- umbrac.

| Lo 206 0 o' and o e ditine umibese cxchangeable with . then
1) ntm)asya tm
2 i e for some n 0 then % f;
3} i ceD, then
#) n-fca) = ¢c(n-a)

B (n-Blpia-a +n-f)=n(fpla + A1),
very & N and & € Z we defin the polynomisl A, 4 (x) ssocisted to the um-
follows

Auptd = bt har = Ty

o= () ).
2.2: The sequence of polynomials A, , (x), w & N, is an Appel sequence and
k, are integers, such that &, +k; + .. + &, = &, then
Aabatmt.tx)=% ﬁ!—ﬁ A ) o Ay ()
=valla®),
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hmb&ummkdm',.,ms;:omm

iy b=
Proor We have an Appel sequence becuuse
DA, ) = wletkea) = Ak p e

Moreover in the umbral notation the above identity &
(b ot b Ea) = (G F b @)+t Gt hea)f

where @y ..., are distinct umbrae, cach exchangeable with . P
Nwmx.nnndt,-lmm;hgmuddmi:y I
3, - T coanaize Brsouiss vnaa E

For fixed natural 7 > 0 let be (8, ) the umbrac sequence such that
o0 AplB.) = D'pte)

for every p o DLA] 4 & the badkward difference difference operator such that Af{x) =flx +
+1)=fix) Wr=1, we have the Bemoulli umbra /i of [6]. Sewting pix) =x* it
foliows

dx=(E~ zrx-Sm:—n'-'s':'-z.m:-w T

Likewise it results:
D7 s =l = 10m = 2} ol vk 1),

Ttml irsw,

2¢ro otherwise.
“Therefore, if b, = val((B,F), we cbtain the identity
@ Er "‘m[i]b... [o lE:::

4. - Tre BELL unssa

The Bell umbra 8 is defined by
141 (s)-ﬁ for every meN.
mmﬂs,maum;-a"pﬂ-x.mmwm.
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Turownc 4.1: For every wa N the following identities bold:
&.-g’sm.n #>0,

_§un,x'fm =explef = 1);

(Lvgr=ertt;

Bt ()nemn,  asien toemul);

‘%n-.ns.al.
s, k) i the Stising mumber of the first kind;
B+ 84 1) =l +8);
Apix +8) m (6= 17" pix + 8)
cr polynomial p < DIA;

B=3 &

PV
Buoos: The Bell umbra @ saisfics the idensities
(L8 -1X8-2)..0-nt =1 wnd 0"= 3 Sl kNOK.

ng we obtuin a1, from this iensity we can see that B, is the mumber of parti-
of a nset. To prove 6) note that f x = ¢’ ~ 1, then
a.—-r‘-(u-:)‘ E(’)x’ —-t‘-ﬂp(r’—l)
.)-nl!r-nedhdub‘b-bw'm
“"’-:wu’-lﬁa-nupw-n:»-m'-n'
in these generating functh by
ufr].ﬂpnl)llmglmdlhmunhnlduﬂy

o= S art(foear= & ars (i)




g
For u different derivation of the Aitken formuls ¢) see Comtet p. 211. From
(Zatmbet

1= (8), =

we obtain /). Al last, ) comes from ¢), and b) is proved by induction. To prove i)
see [6].

5.« Trx Finonaces vsmies
The Fibonacci umbrs a satisfies the following identity for every nawral p:
51 s B oy,

We put val (a*) = F.: the n-th Fibonacci number, Fy = F, = 1. Whith umbral reason-
ings we cun prove esily some formulas involving these numbers.

Thzosn 5.1: The Fibonaced numbers F, satisfies the following identities for every
neN:

15.1a)
3.18)

Feia=Fo+
Fot R4t +E=F.,—

| (5.} FatFybo 4P =Fa., h
|
| 5.ad) Fi# Byt +Fao i =Fa1, 1
l i5.1¢) BB+ F—u. H= e =1 4 (1P, ’
& fa
Gy B LR
el 3

(51g) PGl 1 L

I (5.1h)

Puoor: a) is obvious from definition (5.1) by evaluation; from (5.1), for = = 0, we
have

almatl, al-aml amd Lema-1:

therefore, analogously, ) comes from the




L -l afa*-1Ha-N=a"*'—a¥-a+t1l.

i _Uar-1
o= Tlda="—o—,

L :g:a"'-('lw)-—l-ﬂ-;.
 which d) comes, ahvays by evabuaiion. At lat, the urmbral ideniities
A Bp-tpet i -ar tated
ﬂ gt TmeTlat1r = 3 (* =
A wemartai-ar= B (1) cartaten,

Bam=amria= 1= £ () (o tat e

 gve the other, ientities for the Fibanacei mumbers,

6. - Thr Lvcas vsmaae
it
Given 4, b, ¢, €C, the Lucas umbrsc A= dls,b.c,) are defined by the

1 ATmadt BT, A=c

every st N. The Lucas umbrac represent a unique sequence of complex numbers.
‘Such u sequence, L, le, b, ¢) = val (A7), Ly {u, b, c) = ¢ i u sequence of Lucas numbers.
Nete that L, (1, 1, 1} = F, is u Fibonacci number.

 Tiesonan 6.1: The numbers Ly (s, b, ) satishies the followiog dentities for sllnatu-
rals e and
(610) Lyy=alyer bl

®15) Battlan kO =daLl =14 (=10




e
©1) B el (1 # bl me My = 1,
©1 oW I S

616 S ()trtmeen,

@ ) ttamr

Prcos: Allthese mmerical formulac e obrained by cvstuating (6.1) and from the
Lo (=t AT (=t e
b Bimara o me s S
o Eanp=
A
& A b i
O @ -dri=an,
£l W —alr =4

7.+ T Morerion uaanea

The Monmors ambes @ is defined by the identity
7.0 Brmpdt k(=1
o cvesy mitsel w3 1, The Mintcaoet mimmbers D {or doisgerien massbi) s the
cosbantions of 07, with Dy = 1.

Tarorest 7.1: The Monumorc numbers D, satisis the flloving Mentives:
@) nnd S e sy,

; ”- ol

) Zepm £,
(7300 Dyy=in+ 10D,y + Do)
11 D= delles.

7500 )b.-.-,

Al




vt From (7.1) we obtain by iteration
+ A =l = D8 (=P (1P = S =1y,
5 (7.1} afier evaluation. Always from 7.1 we have

P L L S
(7.16) Is casily proved. Note that e~ s the penerating function of (~ 1) /it
{1 = 1) is the generating function of the constant sequence equal to 1.
otwohiton of shis secpicnca tndtighied by mi-sed e obia (T ) el
7.1) we have

-{.q+2)d"'+(—]r”-(p+ 1" 48 (=1 = fn 4 )07 4 0%]

[ {7.1¢) is obrained by evaluation. The obvious proof of (7.1d) is omitted. To prove
(4e) sote thut from (7.1) we have

vor= g olor=1e 5 (1 5 o)t

s = (1487 = aln = D1 +8F =
'mmmmuwr-auwham

- B -A

o T mmoMIAL
W remember that s sequence of polynomials 5, (x) of degree w, i called binorrial
i
@) plx =1,
) paix +r)-.2_‘.n(;]p.<xap...(,l,
for every x,¥ € R, # & N. An cxample of binomial polynomials is given by the Abel
: A

pelx)=xix+ner=!  aeR.
We can charactecize binomial pofynomisls by umbeae and Abel polynomials with the
following.
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Tiwowea 8.1 A sequence of polynomials p, (x) i binomial if, and only if, an umbra
a exist such that
Pulxt=xix 4 moar=t,
Proos: 1f p, Lx) is binomial, then th
such that (Roman-Rota [5] p.132)
Palx) =xPaxt=t

for oll = 1. Morcover, if P is shift invariant, then P(1) = 1 and plx) = Plx + a} for
every pohymomial p and umbra @. From this we derive

Plptmplx+a) and Pl mplx b ata’),
with = ", Then, in general, we have by inductien on #
Ppixi=pls +na).
Therefore p, (x) = xP~*x" ! =x{x + n-ar~".
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