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SALVATORE BONAFEDE ()

BT Parshalic Variational T Ty

with Discontinuous Coefficients (**)

obusin an existence thearem for the problem (+] sssuming that the coeff-
s 51y 1) iy pptiese ik, Bt < wih sspec 1o e wacibd 1.
e

Disequuzioni variazionali quasilineari di tipo parabolico
con cacfficienti discontinui

 Suwmo, — Siottienc un disissenes per @ probl “pponc i
4 8, {x,£,1) versichino ipotesi i deboli della contiosith rispetto all vurisbie 1.
- L.« Inmonucnon

Certain free boundary problems related o diffusion processes lead to the cvolution
inequality

Jl:’nm.;tx.f. nl% a(”a;“ddﬁ

+(%.-—v]aw—u)—— [t 0) oo

all ¢ belonging to a closed convex non empty subser of L2(0, T; H'(2)) N
'ﬂl’-‘lQ).mmupu-,lmd:QtQK]D.Tl when the coefficients g, , (x, 1, 1) ate
ot fanctions of mewwmﬂvw&mw
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of this report i to give an existence result for u weak solurion of the above varational
inequality assuming thar the coefficients sarisfy some wsual conditions with respest w
he variables (x, 1) and an hypothesis weaker than the cominuity with respect to the
variable 5. Preciscly, we make the following assumptions.

Let 2 be an open bounded rubsct of R and T 4 poritve niosher:
(1) the functions o, \x, 1,5 are. Borel moasurable in Q % R, bounded and sich
that

an ‘?,,,.‘Jm.r.ne.i.zxfk:,ef Jor cvery G, hs, 1 e QX R X R

with 4> 0;
) for almost every t.in 10, T\, far every &> 0 there exivis a compact sbset K, ($)€
€0 with meas (AN K, (1)) < £ such that, for every r >0, the functions of the fumily
{80 0 g3, o 97 quicomtinucus on K, (¢),
Clearly, the main difficult in applying classical results is the presence of integral
functionals of the type

(%) Fﬁa)-],fhr,x.D-)a‘x

where fix, 5,2} is possibly discontinuous on 5. When Al 2 R % R~ — R is a discon-
tinous. function on 5, some properties concerning fntegral functionals of the form

Gl = [, Durie
d

have been studied in [DBD] and next gencralized in [A] for the case (++), by introduc-
ing a condition similr to assumption (ay).
Let us consider the following closed convex st
k= {ute) & H'(Q): ulx) = 0 on 32}
and let us sct
K= {ulx, /) e L0, T; H'(D)): wlx, ) €k nc. on 10, TT).
In the section 2 we will show the following

Tieoses L1 Iffand wgare functions belanging to L2(0, T; (H' (9))*) and o ke re-
spectively and the asumptions (a,), \ay), bold, thow there exists @ function wix, 1) &
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L)) sach thar

eji’v.f‘ub’ w2ty

£ +ﬂ_-‘3"~,am-)d>ﬁ(,v—a)--;-,!.w. 0) - sl
7

we K such that 39/ 3 e 1(0, T; (H'(R1)*). Momorer uls, 0) = ; on D,

similar question has been studied in [BB) for quasifinear elliptic equitions of the

weHjQ);

{ = div(Alx, ) Du) = f,

the mateix Alx; ) of the coeffick e discontinuous. Next,in th

of quasifincar clliptic variational inequalities, this author obtained in [B] some
m.wmmwsummu-
function of x.

we observe that, for the solutions of (1.1), the maximum principle. shawn
41 holds I

2. - Proor or Trsorem 1.1

By brpsbes o), o al 1 in 10, T, the opsrtor A s by puting o cvry |
eH'()

(At o} J Sonstutmin 32 20

it well defined becween H'(9) and (H'(@)): morcover it is easy 10 check that
Alehw,) 2 2kl - 2113,

B, € A0+ lul )l (')

o vy 101 and £0, Tl bere 4 = s B o onl.

" We write |§,, |1z, B+ll.. 10 denote the nom in H'(GQ), L3 (@), (H'(Q)",
respectively
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the sequel, we will say that a sequence {m}e
:L’{O T; H' (@) lﬁ!’\l ud:ﬁu the condition (/7) if:

wm—u L0, T HU @),
w—su o LY@

We have divided the proof into 4 sequence of letaraas.

Lea 2, mﬁ»u(-).(-;).ioﬂdv-‘&mwlm}c
ckio,T; H'(ﬂn (b eN) satisfies the condition (1), thes

iof j’.;am-.,-.w =rf(m:-. Wi

Paoor: Tn'Th. 4.6 of [A] it bas been shown that n the assumprions (s,), (a:) the
a—Ewi= ;,,—c,,,b..‘.m!%f%&

s sequentially weakly lower semicontinuous on W' (@), a.c. 2210, T
Also, we clim that if o, oe W' '(Q) (heN) we sch thit oy —o in
L1(2), then

@2 liminf Floy) > Fio),  ae 110, TL
Indeed, i iminf F (o)) < % (the other case is obriows) then there exiss 8
subsequence {v;} such that
i F, () = lim i F, ().
Hence, sccording to (1.0) and Dunford-Pestis Theotem, we have that
Vo= i LI RIE).
We proceed to show that
@3 &-v,-.a,-% Tor oty o L2

%) The symibol W, stands for (30 /x,, . B0/ 80).




ot once thit

i [ nia- e Fa for ooy weGr@),

h s clear from convergence of 0 10 @ in L'2),
addition, we have:

‘-.Jaqwdra @pde for every g€ G (D).

é‘lﬁﬂmndﬁmbmlmwmd(zﬁud 230, we
).

b oy— o in W (2) and Gialy, using the above mentioned property
F,, we deduce than

Lmiaf F, (o) > Fy{w).
achleve (2.2), let us suppose that.
niak () < Fy (0}
we can find & subsequence {w,,} such that
Jim £y (o) = lminf Flan) < F, (),

w, —win L'{9), using the shove argument, we can pet  subsequence {w,,}

Fia,) = Filo)

Fio) < minf (o) = lin Elo,) <Fo)

aimwﬂ:bhhimhl:.»mnm
Lubem{n.llnqmd’l’undﬂuwﬂnmul’(o T; H' (@) and satis-
the condition (7).
We obscrve that ws, w6 W' ' () and wy—su in L'(2) a.c. ¢ €10, TT; therefore
| senting in (2.2) o2y = iy, w0 = & we deduce thar
A l‘u:igf(dulu‘n)ﬂwz]u.u) ne #al0, T[,
By means of the Faiou's Lemma we get (21). @

Losows 220 If dhe awnptions (), (ay), bold, and if the sequence {wy}c
cL?o, T; u’m»(b-mm:&m(mmhmu- 1,2,




and for all e CT(Q),

@n Hl.lg‘u':iJl,‘,lx,l.r.} %.m‘ ;J.,J(x_. n,.}%waa.

Puoor: Define for every m e I and every (v, ,5,2) € Q X R X R
Lotm#,5,2) = maxla, (5, 0, gl 1), —a) 400,

famnd =flnbnz),  gan) =/

hnicwbocbeck:bm(_.lr:.z]umfm(h:hypﬂlmd“&!l’n{[ﬂh
cvery ma N and we. ££10, 1, consequently the

0y Ee oo

w—Holo) = [t o, Voo
ks

weakly lower semicontinuous on W' (@), for cvery me N and ne.

is
relo, TL
The

mmmﬂhﬂnwdmzlmhqﬂdmmﬂds
that i wy, o€ W (D) e snch that @y~ in L'(Q), then

inf (g e, o, Voo )de = | g, o5, 0, Vywddy .
i [t B R

Therefore, i {uy} cL2(0, T; H'(R)) (b e N) satisfies the condition (IT) we ob-
tain
imint [{f. 0o, i, Boa) + p| Vot e >

s

aJ{ ) + [Vl ) dx  me. re10, TL.

By integration on 10, T[, wking into sccount of Fatou's Lemma, we can sssert
that

lminf [{fi0c 0, Vowa) + 7V |2 babedt = [{£ Gty 0, Vo) + 9] V| p et .
it ]
Since

le,.,l’d:dmc for every be N,
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ce of wy to u in L7(0, T; H'(8)), for all 7 > 0 we have

it [t Sty nrad]»

2 JMB.r.x."..nHrl%-l’l-kdt = [{fatstow, Toudeds.
@

i_-fJM[-uh-. x.n)%v. ~a]ﬁd'=

r=

)Jmlz[o“lx.r, n]% ' rn]m.
Y

 pow introduce the sets.
Q‘,.[u.ucq: . b b e, £0) a";'” < -u].

0.=0\0i.-
by seen tht:

IM[-uu,r.-«} Fod -.-]zm‘
By B
% [ ) S5 e + A lol | 22 |dvae =
qI'J “lg i"la;,}

< Ja,_,(-.r,-.}%w&d‘«FWQ\Q:.-}!”".
¢




Tt results
(2100 meastQ™\ Qs .)€ meas{ (x, 11 & Q: A |ﬁ'—\ Ly
. i nag:alel | 5| =l L)

consequently, by (2.8}, (29) and (210}, we get

a au
qj-,‘,u. .,-:%wd: < E@Jm[e._,{x.r,a.);’.;, -,]M;q

sl'ﬂl_lf[!k,,tr,hml%v&dw»

From this, letting 1 — =, we have (27, ®

Coouswe 2.3 Under the same bypotheri of precious Lemonas, we can assert that for
very i j= 1,2, and for oll @€ L7(0, T H ()

.lig_ij-.,(x. -.m% 2&&1-,,,1:‘. ..w% %%.m.
The assertion it is vident from (27) nterchanging o, x, ,5) wnd —a, x, 1,5) acd
ing the. density of €5 (Q) im0 LF(O). W
Finall, observing that i {i} ¢L3(0, T H'(2)) (b& N) rasisfies the condition
(M) e e

i J’Tulaxq..a.-w}dn

T =
= tmss J(Aul-«--«}-ﬂ - i Ej }:,,m\,lx.l.u.!%—t%ﬁ&w

v
5 B b

= [(Atrhu, udr - X -

uj(.w w5 J);m_ ) - Gt

T
= (AU =)o all e 20, T: B 2D
g

the existence of a solution is & consequence of the following

%) See, for mare detaids, [B1, p. 60.
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et {10)) (€10, T be e fumily of cperators from H' () inso (H' (22))*
ey {1+ [ull) for every 1630, T1 and ali w e H'(2) (¢, = const. =
- function t—y(e)ult) i sromgly meammoble om 10, TL for all ue
H'(2)); morevuer
£ o1+ Jul ol for cvery 110, TT and alf w e HUR) (ey =
W)l.*)i'ﬁl-r“-#nllli"-l%m'laf'lwﬂ +a10, T and alf ue H'(2)

>0, cy= const. 20, 51 e L (0, T)); :
ey {o}cl'(0.T: HH@)NLA"(Q) (weN) wih b= i

(@), 5, w LQ) g o, (1], = const md

7
limsup [{the, vy = vhde €0

r 7
[tatere, o = whde = timint. [rodes o= whie
i J
wel0,T; HHRN N L= (@)
0 L0, T; (H' (2))* Vand 1ok respectively,
T; HY ()
&0, H O,

J’(%_* Allasbis .)a »-1 J’mo:— ol

o ey o LE00, T HOE) i B LA0.T: U0,
5 03
[(Sec(N, Th 33 chipa, p. 61], M), for a more. general proof of this theo-
fem) ®
Resianc 2.4 We observe that the operstor &, defined by putting for every
y I'L‘(ﬂ.T:”'lﬂ)]ﬂL"'(B}

(@0 =J ;J.,_,u.,,.}%%aa. rel?(0, T, HUG)




s poeudomonoione on
o200, 7; @) 2 a1t 0T w':mn-)}.

ie if 4, 4@ W, g,—u in W and
im sup (4, 1, = ) €0
then
liminf (B, w,— ) = (B, w— ) for every o W
Ressam: 2.5: It is an open question if Theorem 1.1 can be shown, as in the

<lliptic
case, when in (1.0 the constant 4 depends on x and ¢, more precisely 4 = vix) yr(s}
with vix), ¥(t) satisfying hypotheses like ones of (Nil.

The wuthor MmhnwwmdMLm
brosio. during the peepasation of the pa

|'|w=m=uu=wmdwml.‘(q)k=wpn
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