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Prolungamento di funzioni in spaxi di Soboley con peso
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Ll The problem of the extension of a function in the Sobolev space

2) « bepond the boundasy 42 of the open subset 0 of R¥ which « pre-
the space », e the problem of the construction of a (lineat, bounded)
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ary 82 of @ and thar smuisfactory resulis can be obtained assuming (st leasr)
that

20 Ts (loally) Lipschitsian .

02, The cxtersion of functions in wwighted Sobolev spaces W5(22: 5)
defined—for & farmily
02) ) Pt i<l
o ginm vweight Runctions #i (L. fanctions which are measurable and positive
ac. in Q)—as the lincar space of fancrions  satisiying

©3) oo trinas=( 3, [lomsiom 1) "< oo

Tas a0t yet been investigated sysmemasically, Weight functions (of o specific
type) have appeared only in eonneetion with the extension of fanctions from
BPRR): thus in (1], it s shown that uoder certain conditions on @, 2 func-
tion we W) can be extended out of 2 1o a funcrion Fx so that not
only s B in [PR(R"), but abso it is infinily diflesentiable in R*\(0 and
for any « with |a] > &, we have

De(En)was LIRAT)
with the special family of weight functions w1

wala) = [dlist (x, 20
The number A(x) = |2/ — £ canaot be improved.

03, An extnsion of  fuacton #6 IP2#(0; ) requires o sppropriae
xchension of the weight fmictiens wa. In this note, we shall deal with special weight
functions of the form
@) wal) = aldist (v 28, [wl K,
where ga = gs(7) are functions defincd (and positive) for -0, Consequently.
walx) is defined alio for x e R, and we can ask whethee there exists &
(linear, bounded) cxtension operstor & such that
w5) Eug Wha(Rengh; )

for we We(Q; 5) with § = [wi: fs]<4) and w, of the form (04).
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04 Resuanc (mose special weight functions): Weight funcrions of the
{04 ac¢ important and appe in many applications. They are wsed mainly
o describe the behwviour of the function # in the

Sobolev space mur the bowndory 20. Therefore we shall deal with
o types of functions g = a(1), sssuming thar cither

e (0,8)

ealr}40 as H0+,

ale s 0=, | Fe(0d)

= i [l 4 0l ki, i et o i
constants ¢, € such that

reaf)<C

for 138

o w:mmr,mww)dwnuimwyrﬂe
E.D\v L. for 0@ Q4 whese

Gy e 2 dist (e, 20y < 8]

e A i sk ne gl Bt ghottood |
O g that he wigh shmc (24,3 ke vl i
 weigiits influence behavioue in  nelghbonthood of axbma.qw

Jehile ft frm. 207, 1 betvs 1 belog from he nim-weighied pice

other tand, rhemzn!iunﬂ-bdnnslm the apace IPP(RY; 5)
has & somewhat different character, Exven if we preserve the assumptions
Remark, 03, which fadiate. that s, e £ ¥k paly, with the pace
WO P 5)
¢ 04 is the «puter boundary layer of widih 3 v,
0= e RO dist (v, 22) < ).,
e folloswing siruation oecars: the set £43 a which the inflaeace of the weight
is concentrated and realised, now fes Juside the set 00U M.
Thesefore, we have to use the result from [5] where it is shown that the
space (0.10) s reasonably defined if, and oaly if,

e LL@u ).




For example, i
B B o o o) o (g 0y e ) € R 3 O

and galf) = # with 48, 28 (0, 8} the condition (0.12) indicates that

s
043) J{ fee i) < o

for any bounded domain A< R, Indeed, we have

dist (% 00) = ol and wale) = e

The condition ((1.13) implies that 4/{1—p) + 1 >0, ie.
(0.14) l<p—1;

this last condition is masmral since it goarntees itseace of the trae of the
funetion we F=H{D; 5) on 20 {see [4], F_ump]z 9.16),

L - A smuciaL cAsE

1.1. T shis section we shall deseribe the comsiruction of the extension
operstae E for weighted Sobaley spaces defined 0n very special subsets of R¥;
the passage to geneeal spaces can be achleved—just as in (3], [6]—by a loesl
description of the boundary %2 and by the corresponding partition of unity,
provided that the weight fanctions satisfy cerain additional homogeneity
canditions.

12 The space VRR(RT18). Lat par (1, o), ke N and Iet 5o fgut o] <B)
be & family of welght fanctions g, = gu(f) defined for 7> 0. The function

W) (), (s e M)
is said to belong 1o the spice
({83 PARY; S)
if (i) dhere exists 2 number 20 such that
supparc [ (', s}t '} RoD <y < R}

whete 3] = (4 4ok 5




(i) e norm i
1= (2, .I.(_.ﬂa--ml'mua.) i

Ritsoakx: Tn (1), fx obviously suffices to integrate aver the set
(0, R) where B(R) is the ball {3 <] = &} in R™.

- Seppoen, o cmplcy, i ol he gt

| wlal)  for sl ef <k
The corzesponding space 122(R; ) will be denoted by
VAR 0
we shall similasly denote W83 5) by B™#(02; ¢) with a corresponding
ange of notation for norms.
15, Exonin: Let Z6R and pur
ealfy=n for 10 and faf <k.

PPRY; 4,  deR.

(i} Lex g = o(1} be mou-desreasing in some small sight
Hm p(s) = 0
ros

 such fanctions, we shall also wse the patation from (0,6): o(/)40 s 0 +).
e shall say that such a functian o is of fpe [if

Jorvmogdt < o=
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and of e I if
(1.10) j’,»n-lmd: -

¢
[ mesns. | for same suffcienily sl posicve 4
i

(i) Let g == pls) be ses-inrrasing in same small right neighbouthood of 0
and let

(L) Jimt) = <

(for such fanctions, we shall alio wse the notation from (07)1 a(ffeo e
£10 4). We shall say that such a fanction g is of fype J21 i

(1:12) Jotyar< <o,
and of e IV if
{L13) Iﬂ,m -,
1.7. Exaurie: The weight function e(r) = £ is

of gpel fr 0<i<p-1,
ofpe I for Azp—1,
of gpe ML for —1<J<0,
of type IV for  d=—1.

1.8, Tie trace. (i) Let f = f(s) be defined 0n (0, 4) and suppose that the
deeivative J'(7) exists and satisies

1}
(114 I\!’(’)I’nmﬂ< L

for a given weight fanction g, Using the Holder inequality, we obiin for
£t e (0,8), b0, the estimate
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i wiew of (1.14) e function [ is ahovlirely costisnons and. ihe hiit
] Jm S =as =

pravided that g it of type 1. 1L or TV,

 Counter-examples show that the Jast assestion does not. hold if ¢
ape 11 (see (4], m,.i.m)
(i} If we suppose thas, in addition to (1.14), also

fireseasar<

for 4 from (1.15) we necessasily have

bt ¢ is of ype IV

{i¥) Let w= Va(RY: o) and apply the foregoing results 10

S0 = ul', 1)

an arbitrary but fised x' S R¥-L, Then we can take
alst) = lim s, 1)

trace of & o 32 = R*-1x (0} and we obin the fallowing assertion:

I we VAR ) where g ie of dype 1y ST o TV, then the proce of w om TRT {
. Morweer, if 3 i of type IV iben ihe thate s 2o v

(¥) Similarly we obtain that for
ne VAoRT;0),

i trace of Din—the fuction (D*R)(¥', 0)—exists for |o|<£—1 provided
@is of type I, 11T o IV and, moreover,

(Dea)(, 0) =0
if g Is of type IV.

19. Rustaxk: Let us consider the more genesal space
Vea(Ri: 5 with 5= {gas fu| <k}
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and let = (), %, 1 oy %) Be a fixed mubtindex with o> 1. If we put
4 (g e g G — 1)
then we immiediately sec from Subsection 1.8(3)-(if) that the weight funciion g.
determines the exintume of the trace (DHu)(x',0)) of D%, while the weight
function gy determines the froperdies of this. isace.
LI0 The exieasion speratie 5. For we VI2(RY; g) define

) =0,

018 == | e i) i eso,

ire real mumbces uniquely determined by the system of

EErh=t,

Comsequently, Fu is defined for almost all x = (¢, %) ¢ R* with %, 0.
Moreaver, if the limit

lim (DU, ) (e k—1)
cxists and has the (fnite) value (D#@)(x, 0), then on accoust of (1.19) the
i
lim (D*En)(x’, %)
era-

also exises and has the same vakie (DU)(s, 0).

Thus, if we VM(RY; ) with p of type I, T o TV, then v has (dissribu-
tional) derivatives of order [a] <# in the whole of R¥ and we can casily chock
that for a1l & = (ss-ves .10 52) With Jof <, we have
e Do) = Bi{ Do)
where K. ie defined by

(x's20) if xez=0,
S, —p) e

(121  (Barieix) =

Morcover, if we C*(RE), then Ere CHRY).
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1 B ety (). We say thie  weigh funcsion o bas popry (1)
exery pair of ghvea positive constnt 43 with £y < f, thetc are po-
constans €, Cy wuch that
sy s G <G
Tmsongics Lec ¢'be a weight Rupcsion of type L, I or IV, and et 2
erty (F4). Then the extension operator £ defined by formula (L,18)
i e V24 (RE; ) sy ey o sh space (R €
o 's flneie operstor:
| “Then in view of (120), (121}, we have that
‘.[lv-(ﬁmﬂ\'e{k.hdxz

~fiputpesyie | [ g, Deate il et
L i

<iprsitans+ (Sl ) S, fipeete.—pret-wiss,
LS

ere [1].. #t0ds o (it metedde )
Flhe substiation ' = &' g = — s ylelds

Gt [0, = pefrel= e = (D DU 3
- =

e g has propenty (H) and L<pf O}k -+ 1, there exist positive ausme
bess ), C, such thar
Cisellieli<Cen
obtain
LG | Doy = (Cu D -
L
s we have from (1.23), (1.24) that
1D (B e < RED Y n
the constant K depends only on g, & and x. Consequently, we see that
Eue WH0R"5.0)




and
0.28) Il s <Ko b pnr
with K independent of ». O
L13. Resanx: The extension operstor  given by formala (1,18) & pre-
B CHR) if 46 CHRT). From the point of view
claim is superfiuous, since we need only the rvirtmee
of distributional. derivatives aad ticir infegrabdiity but not their iy, Far
example, if we consider the space
RS e)
thea the excension operator £ is given by
o', 20 F e =0
@y = ks
B, — ) =2, —205) N0
but in face we can use the simpler operator
Bl 30 if 20> 0
) a0

(27) (B, ) = [

provided that there exists & finite limie

(1:28) lim a0 =) for almost all e Rt

existe [the existence of the derivatives F(Ey)fix, for i —
obyious due o (1.27)] and thar

az ‘L" Def'e w)nﬁw[

Since the cxistence of the faite limit (1.28) is guaranteed if we suppose
that g is of type I, 1T or IV, we immediately obtain the following analogoe
of Thearem 1.12:

If g i a weight fusction of type 1, HE or IV, then the extensicn operatir Ey
difitd by forls (1.27) msps VYRS g) doardy e contimmonely into TR g)

114, Resame: In fact, the bist assertion is an impresement of Theorem 112
for the case & = 1: we do nor nccd the very resteiciive assumption that g has
property ().
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Unforcuntely, this assamption is aceded If we work with V2% o),
]
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- 21 hmmm,wmmmhmwmwk
weighted Sobalew spaces on more genersl (bounded) domains
R hlmmnm&mm:wsﬂh:ymm

22 Domsins of st C (i) et & be o positive integer. For the exact
on of a domain of class €7, we sefer 10 3], [6]. Here, we only recll

“for such & domain 1, there cxists a finitc family of open sets U, Uy, .

thac

Dycl,

a:l').v,. aoc (U,

I=20nT,

Fo=Lr= (e’ e A o= a5}
e the local eoordinate system x = (', 7 depends on 7€ {1, 2, .., u}.
(if) Using the partition of unity (pfo, subosdiaste 1o the covering

@ECU),  Ogg<l  for xeRT, il

P R ) = Y )

Vi 0nU.

Moreover, there exists 4 number #, > 0 such that for all e (0,1, .., m},
an Vim (= (0 2008 A 0l — = e < a0}

a8 F,= @G0 U= (= 0L A sl )< <al 8
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(i) !‘u-llr. we can wsimsighten the boundary s 240 using a regular

mapping &,

(c2)) =00 =®eh =0

with

(2.10) Te = A7) =D

wehich maps 1/, onto the Ialfspace Y ;s the X pet ) of e ey 1 s -
ped 0ato  part of the hyperplane £ =
23, Ty seipht fincrica, Let 2 be a domain of chass €* and pur
@i () = dis (3, 22) .
We shall consider weight fancrians of the type
@12 o)
ehere 0= o(0) o deined for 120, Maseares, we sall supposc hat ¢ s of
described in Remark 0.4, s that only the behaviour of e(s) for small £
|u<.<o, where J = 8/& with d, from Subsection 2.2(i}] will be impormnt.
Uil facss and the notation from Subsection 2.2, it can be shown
that in. U, the distance d(x) and the « distance 0 22 in the direction of the
Seaxisn
@13 A =laly)—pd B y=(rm)el;

are equivalent. More precisely: there exist conssats &, ¢, > 0 such that for
x=y=U e UNT,

@14 ,,<-"z‘{’_‘,—3).—.f,
(see [4], Lemma 46).

24, The wuighind Soboies pace. Lot us contider
@) we WA o)

where 12 is of class C, ¢ is the function from Subsection 2.3 and, moreover,
@ has propenty (#1) (soc Subsection 1.11). Then we can seplace the investi-
gation of

[1Peateyretn) de
2
by that of

[l
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8¢ (2.3), (27)3 we use (214) due to property (H)]. Using now
@, from (2.9), we can restict our s 1o the investi-

(12 @ @) rela e dex
L

¢ of view of (213) asd @10}, 40} = ol
VR 0)

Thus we areive at the space

e WAy g) = ¥,

that # bas the propenty (i) from Subsection 1.2 since 5, = uy, with

(071
mw;uunmm;hemnnnfn,mnfmmmkorm
to Thearem 1.12; then, retuzaing to the initial evordinates x and
initial fanction #, we immediately obin

e e VIRRE; g}

Tumongs: Let 2 be 2 bounded domain in R of class €%, for some.
N, let g = g{¢) be a (weight) function of type 1, 1L oz IV, let ¢ bave prop-
(), and suppose that | < < se. Then there exists & bounded lincar map.
B Whr(Q; g) -+ P 8) |

that for every i WAH(£2: g), the restriction of i to O coincides with ».
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