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2 {1f). A dease subgroun £ of & compace group G bs rorally minimal (o
mal) iff /7 s totally dense (mwm-l) in G ([DPL]). In this vay all minimal
i ouly inival sbelise groups s deseribed siuce sboiual selisn groups
are precompace by Prodanov-Stoyanev's theorem ((PS]).

Describing the minimal torsion sbelian ial g Esaion sl e el
[PD2] proved that for every compact abelian group G thc followiag condi-
tions are equivaent: (u) the tarsion sbgeoup 7(G) of G it tonlly dente:
) 2C)B ch iy s ) G coma e of he group %, o

no prime p. These groups, named exotic fori, were tharoughly studied
in (Db, e this. direction were obiained in D] where the

sbelian o conalaing s of 2 for no prime p

the minimal abelizn groups of countable

.t was proved earlier o [P] tha the subclass of € cansisting of

containing copses of (ZPZ)" for o/ prime p coincides with the
completians of the countable minimal sbelisn. groups

Khan [K] characterized the locally compact abelian groups sstisfring ()
in terms of the dual groups, Stoyanov and the author [DS] showed thar the
canditions (s)-{¢) sre not cquivalent for arblrary compact compact groups, On the
ather hand, they showed that the equivalence holds even for asbitrary locally
compact groups if in (s) and (§) one takes all closed subgroups in checking
tonal density or essentlality respeciively (see Theosem 3.1 below).

Herc we atudy the class 3 of compact groups having dense torsion part.
Since 3 is not closed with respect to closed subgronps, we consider also the
subclace 3" of 3 consisting. of those groups G J such that £/e 3 for every
cloted subgzoup H of .. It was proved in [DS] that & compact group G
satisfies (¢) if G 3 Cleasly 3 eomming all compact Lic groups, 0 fak-
Towing [DS] we call & group Ge 1" an esetie Lic gronp: In 1985 Prodanov
conjectured that exotic Lie groups are fmite dimensional. Proving that a
compact connected group is an exotic Lie group iff it is fnite-dimension]
and its center is an exotic twrus Stoyanoy and the author [DS] answered
pastivaly. As an spplicaion of ous resuts on 3 we g & new roas of Pro-

‘s conjecture.

o §1 we give some pocliminary facts abour propersies of compact con-
nected geoups and exoric torl. In §2 we give various charaererizations of 3,
in particulir we give 2 chain of other six clastes borween 3 and 3. Exosic
Lic groups are studied in § 3.

Abwowladgementi. Tt 1s a pleasure 1o shank L. Stoyanov for his Kind per-
mission to publish the joint results from § 3.

- Prusnsianes

be a group, we denare by Z(G) the anter of G and by T(G) de s
of terddan lemenis of  (che Iateer is 8 subgroup if G is abelian). 1 G is a topo-




— 257 —

ogical group, we denote by Gy vouneeted enmponent of | and by G'—the
iz of 166 sommniater (dunvbd!mup)nlﬂ' 3 will denote the class of all
topological groops G such that -nm(mnurcc)udme
anliunlmm:mhwiagmums—d\e additive group of
,m-r-_dn.wmmlma,r-«kmm'mpﬁm
n—memmm.u the nn-negative integers), —iomorphism
ogieal groups, G¥—the group of the cominuous chamciers
—the annibilator of & (H*c G* fos Hc G). Throughoat the papet
will be the usual ardering of :hcpdmlwuhp_(p__,fnl

we denate by SU(d) the group of wxa unitary matn

' Couracr cossmren Ghovrs: We often use the fact that for every locally
group. G, dim G = ind G = 13 G ([Pa]), sad for every elosed sub-

o G dim o dion H 4 dim G (YD
| following propertics of the eompact Connect connccted groups will be used

11 Prorosions et (G be & compct connceted group. Then:

(.) (vl d.v; Cv(duL}l&. whete A is 8 compat connected
of compact cor mmed-nd-lnp!ymm:d

B 5 el olly e

Hiple L w central subgraup
AxL. Hmmnwnrllm6<nMd.lmd(mmd.l.un[upmp,
 pasticulaz G is metrizabls.

(0] ﬂcx! Theasem 42) GIZ(C) = [] Hy where evesy H, ix 3 come
pact connecied algebmically simple Lie group:
() (M) The masimal conaccred sbelian subgroups of G are ‘maxiemal
subgroups, they are pairwise conjugate and cover G-

e sepresecation p:n o () without loss of genenliiy we may
g (Ax{gyn V= i(ﬂ.e)) where ¢ deaotes the pewral cloment
of L. In this casc consides the projections =, y aod m, of Ax L on A and L,
. Let K= (). rm,gx ke the only xem(Y) with
{%,.2)2 IV and ses g(z)= x. In this way & continuous
g1 K + A Following Bu.umw]v.dmuivby:x..a. Thus, G =(Ax L)
1K, 3), where K is a closed central aof L
i K = A s 4 continuous ho homomarphism and N = {(#(r}.7)3e K}
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Denote by f the epimorphism A3 L -+ & with Ker /= N, then
Axf(A)=ZGL wd fLy=6

since L= L' and also Z(G)un &'= F(K) = [(p{K)); In pariculse Z(GYnv
AG 2p(K). Now the cquality G = Z(G)y'G” gives the following fomot-
phisnis

M GEHO=CICNHE,.  GHE) > CIE N HE),
GG~ Z(GNIG 0 Z(Gh = Z(QG' 1 Z(G)
nd ZGYH(G), = G 0 Z(GYG' 0 (G

The last isomosphism follows from zm Z(Gh- (6" 0 Z(G)). The
second umrphnm implies. Z(G7) = Z(G)

Note that in tqnu:nmmnﬁ:.dxl«j(&v}dwnmfﬂz!udf.
aze uniquely derermined, In fact, A o Z(Cly, 0n hand by Pr
tion 1.1 (3 1.31114 -m:mn«u,.u L .mmp; connacted
covesiag geoup of

Exomic Tomt w=enn==mhem:hmmummnm¢m
seralts in [DPZ].

1.2. Provostrns: For a compace abelian group € the conditions (a), (i)
md(:)x‘nomlh:u:lmdnmwmvllm{ moseaver they are
of the fallowing conditions:
() # = dim G < o0 and for every continuous epimaorphism fi &= T*
‘we have lc«fa.gc,. whete G, it & compact abelian pgroup:

() mm dim € < 2 and there exists a continuous epimorphism f 2
in ().
mmmmummuammmumk.
product of compace abelian p-groups. Let us mention here thar the implica-
tion (3} = (a) was proved separatcly in (DP2).

13 Let Ghea group and x = dis

Thuﬂhmcm::mmiﬂﬂrn:mamqmnmﬂ.:ﬂ‘: sk
of closed subgroups of G such that

@ (M=), Gy =T and Hyfl, 3 pugron (a1).

TF dese conditions are fulflled, then GIH, = Tox B fox any mr>1, wheee
B, is 4 compact geoup such thar plr . pieBl, = (0) for some 4y, &N,
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16 {A1.}.. is wnother sequence of closed subgroups of G satisfying (2), then
— ., fox all suficieatly lasge m. If G is connected, then B, = (0) and
. JHy is finite foc every ar>1.
“Remask tha Propoicion 13 may be formursd o in erms of projec:

Gyt Gyt e G, 4 G,

G.m'r'.xﬂ'd is 4 compact po-group 1nd Gy = T*x B, with B
lar representation for con-

3 sre characterized by Ponsryagin dualsy, The pest

B2 Lo I.fGl:zmwMﬂ:dunymnd-nﬁpiﬂfan‘ ()
As an immediste consequence we get the follawing.

22. Conouanys Lex G be 3 compas abclian connecred grovp. Then:
1) ([Sel) TG splits and &[TE) Q4 for some candinal =5
2) For G the fullowing conditions are equivalent:
i) Ged,
i) there exists a closed subgroup F of G such that K and GIH
belong to 1,
lii) there is o continuius epimorphism G —» Q%
iv) & does not contain a direct summand isomarphic to QF.
conmins & subgroup isomorphic 10 QF, ncyertheless
important ta exclude only the direct summands fomor-




— 240 —

b} The following example shows that the connectedacss of G is impor-
fant for i), Let X @’U")uﬂfmnﬂjneﬂ choase a generator v, of

mmsumnmymm is identified with v, ., by the sl identfication
of Z(p%) with pE(p™). Ser 1‘-:;—».—;-:.,, meN; and .II-X‘
Then ¢, + Y ud for every no N, therefore G = M¥¢ 3 by Lemma
On the other hand, 5 = ;r.H-,qm and MJS o X, 30 H=5c3 o
GIH e Z(p)e 3.

‘The last example shows that J is not closed under extensions. In fact,
it can be shown that the smallest class of compact abelian groups containing 3
and closed with sespect to excentions is the class 1 of all compact abelian
groups G such thac G* is reduced, Equivalemly, Ge3' iff T(GIH) ¥ (0)

the largest subiclass of 3 which is elosed with respect 1o closed subgroups is
the class of the exotic tori.

In spite of the counterexample given above we have the following posi-
tive result.

2.3, Lesuas Let G be a compace abelisn group and let £ be 2 closed
connected subgroup of G. Then H, GH ) imply G 3.

Proor: Let f: G -~ GIH be the canoneal homomorphism, To shaw that
;(n(q) TLGIH) ke ¢ TIG/H). Then £7 /09 for some x5 G and
€ H for same we N, Since every compact conneeted group is divisible,
o i e i =n- Then 1= b e T(G) and /(1) = /(9 = .
= TETH), by

Now the of G 70 E
Glffed we g6t & = TIGH+ M. IF i additon Fe 3, then cheasly Ga3.
QED.

Ta finish the firse part of this section related 1o the abelian casc, consider
the following situation. Let G be a compace abelian group and let H and Fy
be closed subgroups of G such that G = H + H, and Hyc 3. Now Held
yields G'e 3, while G implies HIH 2 F,6 ) and none of these :mﬂu
tions i reversible even when /1 = G, (for the fint Implication see the part
(/) # () in the proof of Theorem 2.8, the group Z = Z(ZN G rm the

e see ihe pase () (f) of the same proof, the same grovp). Some
positive results in this direction for pln:nh choices of H and H, in the
non-ibelian case will be given below.

24, Loz Let G be a compact group and let A be a closed centml
subgraup of & with He3. If HIH, is an exotic torus, then GeJ iff GiHed.

Proos: By irtue of Proposition 1.2 we may asame that M4, = [] F,,
where cach F, Is a compact shelian p-group. Let v : H - HiH and g G -+ GIH
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be i ephisms and supposc that G e 3. To show that
G take an asbitrary element 3¢ of G and an open neighl U of x
i bouthood of g(x) in i, o by Gile3

) = o', then there

| exists a0 76N with we il Let S = {pe P p), then y(r) =)y with
yE F,M(E“E‘F Clearly, y= = 1 for some weN and g = g3 for

“same g0 HIH,. Take ve H with p(r) = 2, then

; wln) = (plr))™ = O = 2% = i = ),
hf..-t;-ey The latier group is compact and connected, bence it s
fote (w7 = c== fue same c& H,, then 1= w~iee T(G).
3 umm-;rua-m.mp.)mnmmn.m
atly 12 =5, which by we [/ implics srue U for some =, Since ¢ and 7,
) t0 T(G) and . is ceatnal, this yields s T(G).  QED.
The next thearem characterizes the conneced groups In J.

25, Trwomsy: Let G be x compac connecred groap. Then the following
 conditions are equivalent:

@) Ged;

) GjG'ed;

(9) B=3 for cvery maximal connected abelian subgroup B of €3

W_ﬁ"ﬂ‘-(ﬂ):

(¢) there exist no continuous’ epimorphisms G = QF,

Proor: (a) = () is obvions, () = (a) follows from Proposition 1.1 (¢).
mumm(&)-mwmdmzl siice G* = (GG,
By 220 epimorphism
€+, thus () is equivalent 10 (9.

,n.u.fyhmplknlmn(l);(t) The lantes follows from the nest lemma which.
i probably ke QED.

26 Lyssea: Let & be a compact connected cvery maxioal
eonnected abelian subgroup of G is topologically sor mucms,'n-xr
where T is a maximal connected abclian su mamm-hrmm..
i.immImlfG‘hnDnmde- ) otherwise. Every tori-

Haaus epimorphisn ¢ c..n.-mif..-mmm
preserves the masimal connected abelian subgroups.

Proor: Every masinial connected abelian subgrovp of G coptains Z(G).
Consider npumim GgAxL,‘Nnm Proposition 1.1 (s), then the




canonicil homomorpgism
) 22 AL~ LIE(L)

preserves the maximal connccted abelian subgsoups since L s & produce of
compact comnecred Lie groups, Thesefose the epimorphism f2 AxL +G
alio preserves the maximal connected abelian subgroups. Moseover, by Pro-
positian 1.1(¢) every masimal eonnected abelian subgroup of G s an image
of & subgroup of Ax L of the same ype.

“Take an arbitrary muanicoal coanccred abelian subgroup 7 of L, then T
s & torus if Z is & Lic group, otherwise T, =T Since Ker is woully
disconnected, T /(7)) & Ty and T (mp fidx :r.)) is a meximal con-
nected. abelian subgroup of G' (resp. ) by the sbove argument. Since every
torws spi, /A% r,; gf.rxr whete # s twopologieally somosphic 1o
SCARTHT. o show that [{Ax T)T = G[G'. We have
f(f‘x T = U(A)h’(?':)JJ'CT. = AN (A)OFT). We will check

@) SAYOL(T) = f(R)= 20 G

Cleuh' (K= ,r(pm)c,rm)n,t(n “To verify the other inclusion take
& A and re T, with f(a) . Then o lbclﬂng:lnl\'\hncfmcll\:m
mm,zxmm .,,o) 7. Then a—gp(3) = g+ SEAOL = (0,
© -v(.r)f?('f} This proves (4), Now we ENI(A)JIEA)HJ’:TJ:
- which proves the fist part of the
Nwoom.du-mmhum epimorphisa ¢ -H whfeH!l‘mn
pact connecred group. First ascume that H — G'Z(G)andlpulh(unnnlnl
epimorphism. Since maxioal connected abelian subgroup of G is an
image of a masimal conncered sbebian sobgroup of Ax.'. and the maximal
connected: abelian sl of AxL

subgroaps: are o maximal
ub;mpc of L;IBU-) = GIZ(G) (ss (), it is. cleaz m G = GIZ(G) pre-
connesied abelian

hnngtnslnnmmwwmmdhm

6 =L+ "
GIZ(G) —"+ HIZUH)

where # and ¢ ate the canoaical cpimerphinms epimosphism
induced by ¢ (r:u!l that ,(z(m) p Z(m] By ]‘mpullnm A, G126
and H|Z(H) ase producrs braically simple Lic
mmmmlhmmmwmmw. Now the
preceding argument spplied 1o £ and  proves that for every maximal con-
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d abelian subgroup T of G, 4(G) and g ((7)) are maximal connected
s subgroups of GIZ(G) and HIZ(H), wespectively. Thus sty
(A7) i 3 maximal connected abelisn subgtoup of H)Z(H): Since cvecy
connected abelian subgroup of  conaing Z(H) and a(g(1) is sn
connected subgroup of

mmmmnmmm.mummsmp
27 Comouuanet mch.m Sokseb groes ap b 268c
theore to show G & 3
mbmupHCTG’ufG’G

1G(G) o GLHG' s isomorphic to .mnscwwnmump
L. Now by Corollary 2.2, G/G'6 1.

| The nese corpllacy stregehens a sesult of Stewast [S¢] (see Corolliny 22 (1}

| 2. Conauer: For cviy compct comected gy @ wilh dim < o0
mhlch»dcnmmdnm-lnhpn G contabing G' and
ﬂmxu"fmmnﬁmll. p-mnln,Geadl'Z(G).Ei

: : Since G'ed we have G'c T(C). Next consider the equality
] g-qqa By Corollary 22 there exists a closed subgroup Jf of Z(Gl.
isgmorphic 1o Q* for some cardinal %, such that Z(Gly = - T(Z(GY) wnd

: 3:\1?.?(’&).‘)-(0 Take ¢ 1A (TEZGY) G, then e gg where

i

ze T(Z(G)) and e G, Clearly, ¢ belongs 1 the group G'1.Z(G)y which

B8 finite, s0 ¢ = | for some we N. Since 70 Z(G), we have &% = 74" m 4%

| soa 06 H N TIZ(GI) = (1): Thersfore, x = 1 since F is tondon-fiee.

‘&:E=Hkl~!..wh==ﬁ' T(2(G)-G'. Cleady, H, is x cloved con-

i-hllumnl subgeoup of G and 74,3, hence H,c T(&). On the ather
Band, TG c H, since H is omiondce.  QED.

| We have seen above that, in panticular, T(G) = ﬁ c'.m.nul.
Iows also fram T(G) = T(2(G)) T(G") which resules

cand (Z(G) 0 G) < e

Thie nexx theosean shows that this may fail if dim (' os, it shws also that
G ¥ docs not imply Z(Gee 1 in general.

29, Tuxosusts Let G be  compact connecred group, ‘Then each of the
next conditions. implies the following one and nune of the implicitions is




seversible:

() Z(6) is un exotic torus;

) Z(G) 5 an exotic toms;

() ZIG)NG is an exotic twrus and. Z(GYZ(G) N G (which in iso-

marplic to GIG') belongs to 1;

@) Z(6)N G wnd ZEWZ(Gln G belong 10 3;

) Z(Ghe:

1 2G)e:

(0 Ged.

Proor: The implicstions (s) = (3) = () = (4) see obviows, (4] = ()

followes from Corlay 2.2 Sace #1236 3, the implicaion. () = (/) fellows
from Lemma 23. Finally, Theorem 2.5 (5) and the isomorphism G

= ZOIXG)NG yield () = )
Ta provide counteresamples for the reversc implications we are going to

use the sepreseatation from Proposition 11 (o) with L. ]‘11. and L, =
= SULk,) for w1, Then x(L)-I'lw.) Choiing sppropriate compact

connocted abelion groups 4, closed subgrawps K of Z(L) and contimous
ms g1 K = A we obtain the necessuy geoups G = (A3 L)
1K, w).

(#) # (a). Take A = (0), &, = # and K = (0). Then Z(G), = (0} is an
eotic torus and Z(L) = []%(n) is nor.

() (8. Lot g be a prime and M be a subgroup of Q¥ iomorphic
ta %, Then for A = QUAf we have A J. Choase L, K and g as above,
then Z(G), i+ not an exotic wrus but Z(GWZ(GYN G'= Z(Gle 3 1nd
Z(6%N G is an exotic torus,

(d) o (e). Chaose & prime number p and st A= TS, &, = p* (=1, 2,..)
K Z(L) and let g2 K = be any continuous mor Now
Z(G)n G ~Ked and Z(G)ed but Z(G),N G is not an exotic torus.

) # () Igl_.mdglnduumpnmnnmbﬂl Take A 13 in () » (B}
and st k, = p* for any n. Denore by ¢, & genemtor of Z(s") and consider
the clement ¢ = (cdity of Z(L). mkhmmnwhpmpn:zm
penerted by ¢, Then K ~Z, and by p ot g there exisis a contisnuous mono-
rmuphu-n, KA V«WS(Q.‘-.AEIMZ(G).NG' K i torsion-




T

U)Mry Set A =Q and &, =, Then Z(L) contains & closed sub-
pnw [lz, l.ﬂ](klbedsk‘dmbyunpn{ﬂmmpmﬁmgm
[ by tais i Fix i b 2Q=-T
then Kery = K. Letp: K -+ Kex g be a fixed isomorphism. Then Z(Glyn Q"
i3 torsion-frec and we have to show thar Z(G)ed,

Let H=T(Z, q)mmmmmmm;mxtﬁc
%21 I(ng: inpler ;(z(L})g:) shus f(Z(2)) cH. Then H,=[(H)
ZH ning ¢(K). For every pe ¥ choose
ER\pK. wamuwj PEP chose
S e o T 7 (AR 20) e .u.zut..s:
i mmm](n,;:r(zmjj mj(l,)s}iluﬂ consequently ,
josed subgroup of A conmining & mdmdm-:}i.-h',xzm
mply

Ex(ﬂ.) contiins the socle of T, o0 it coloeides with
gives I, = A. Thus Z(G)e 3.

(g # (f). Tike A=Q* and L'and K asin () o (4). Now K =%,
ﬁwusm 4 continuous monomorphism gz KA. Then HGW2(Gl0
> Afp(Ky e 1. By the somosphism GG = AW Z(Ch G 30 The-

25 we gt Ge

We show nex that T(Z(() = TEGNG). m.w.mmpi,ﬁ' o
= TGN &) = Z(G)A & (ote that the laties is totally i
and therefore T(Z(G)) # Z(G).

Let f: A L= ; be the canonleal homomomphism and consider s resssic-
tion fi: AXZ(L) - Z(G). ]ffta . 7)& T(Z(GY) is mon-trivial, then these
esists wix 1 with e K and ax v Sinee for every g P 3 AXZL)
s no non-trivial gomion el:wrml and both Ax Z(L) and (K, ) arc

 gedivisible, wmrmmwmhmﬁmqm.-y 1w,
then g{py) 0 Since p is  monomorphism, this gives pye 0. So
36 T(Z(L) ad fix, 5)e TEZ(G) N G). Assume pow, that 0, then 5
bs not torsion. Since K Is a Z-module, there exist an invertible clement £
of the ring %, and 150 such Mlyjzp“\'lnx Then cleasly 157, 10 W
- can define £~ prir—. Na-r;-ou.,sr(zu,n mumm
5 6 0) = 947180 = Since A i toninn-frce, this yields
% = p{p=tEe). that 55 f(x. '-m-nmr. Hence, L\:sz(x#‘b‘ t)-
-J(k?"ﬁ! Jo, r)=-7m\=),ﬂftxi)eT(3(Q"5’) QED,

The st example shows, in pacticular, that there are compace connected
groups G with 7(613 (216




- Exomic L ouours

Here we study the class 3 under various aspects—its locally compact ver-
sion and its relation to (1nd other possible generalizations of) the exotic torh,
In Theorem 3.4 we prove Prodanov's eosjecture and in Theorem 3.5 we give
twa versions of Proposition 1.3 foz exotic Lic y\w{\(.

The torsion part of an asbitrary connecred Lie group need not be dense
(ke for example the ceals). This fact and the aext sesult (in particolar ()
show that compactness is not 4 esential restriction in the definition of exotic
Lie geoups.

31, Treonrs ([DS]) : For 1 locally compact group G the following con-
ditions are equivalent

(s) for every closed subgroup H of G T(H) = H:

(8) for every closed non-divial subgroup M of G T(H) # {1};

() every closed non-trivial subgroup of ' contains & minimal closed
non-trivial subgroup of G

(d) every clement of & in contained in & compact subgroup of G and &
contains copies of %, for no prime f;

() there exists 4 compact open subgroup N of G sathfying (a) such

that every infinte cyclic sybgeoup of & meets N (1],
Locally compact groups satisfying () (ie. with stomic lattice of closed
ier by Mulin and Homenko. Theic paper is

possibiliy to gescralise ¢xotic tori in the nan-
Mm case—in the st of («) and (#) from the Introduction, e the lar-
tice of closed normal subgroups is atomic in terms of (s) of the abave thearem.
32, Tuzonss: For a compact connected group G the followiog condi-

tions are equivalent:

() T(G) is tonlly dense in G

() T(G) is esseasial in G

() every closed non-trivial normal subgroup of G contains & minimal
closed non-trivial normal subgroup of G

{d) G does non consain closed nosmal subgtoups topologically fomomphic
10 %, for every pe ¥

() Z(6) is an exotic torus.

Faoer: Obriowsir, (1) ()= (= ) () = () bl fus. ey
topologieal group
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i et

and connected.
(4 and (iJ
4 closed nor

(G K= ().
Girst that without Jass of gencrality we may asume that K is con-

In fc, by (), K can be embedded o GIZ(6) and by Proposi-
|1(y) x..mu.uny L Thus, Kyo (1) will be also o closed
subgronp

Nn.km..mm‘amdxmd(s)pmzmxm a;mpo-
1 misimal closed normal subgroups.

mn-l
nosmal subgeoup of G/Z(G).. By Pmpwm vy m, r(a,-zm) is
dense in GLZ(G), mmsm Hrazies.

torus being 2 closed subgroup uf q S

ymdwxmdmmlwbgzwknzfﬁ) This gives

| Roanss: 1) I s cloar now that the aoa-equivalear conditions in The-
29 vary from total deasity to deasity of the torsion part of G.
2) In commast with Theorem 2.5 the toml density of the torsion part
lmmwwwwcmmmﬂylhmhlﬁynﬁihw
sion part of the masimal connected abelinn subgroups of G. Tn fact, the latier
ate fsomarphic (0 G/G"» T+ and the tossion past of T* is aot toully dease

B v 1t G o i tin cote m m ()0 O ek bl s o
sion part of GIG s totally dense.

3) The fact that & compact’ group with totally dense torsion past may

| B an ndoc dinectlon hows et the ot L ploopt ae e 4 lhs
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The next proporition is the non-abelian Version of Proposition 12,

3.3, Prorostmion:  Let

1+ H -G K-+1




-

be an exact sequence of compact groups and comtinuous hmm..-,,;.m,
Then G is an exatic Lie geoup if 4 and. K are exotic Lie grou

Proor: The ncosssity remains true if we seplace « cxotic Lic group » by
«locally compact group satisfying the equivalent conditions in Theorem 3.1 x,
1n facr, if © satishies (i) mall‘!.'lmm-n)l then clearly every clement of K
is contained in a compact subgroup of K. Assume that K coatans @ sub-
group N isomarphic w0 %, for some pe P. Choose xe G such thit gx)
generaies N as a closed subgroup. Then the dosed subgroup N, of G gen
erated by  is compuet and g(N;) = V. By the well knowa projective prop-
ety of %, these <xiss & subgroup of V) Homorphic to Z,—a contra
‘The sufficiency is obvious for compact groups,  Q.ED.

Rassanks: 1) We do ot know if the sufficlency can be proved undes the
weaker assumption of local compactness.

2) By Propositions 1.1 () and 1.2 and Theotem 3.2 it follows easily
that an analogous resalt is true for compact connected groups with torlly
dente torsion part.

Contrary £ the sbelian ease we have no satisfactory deseription of the tonlly
disconnected exotic Lie groups.

The next theorem genenalizes Proposition 12 and shows that for cvery
exotic Lie group G there exists an cxact sequence of the 1ype (§) with K—s
compact Lic geoup and H—a tolly disconnected exotic Lie gromp.

34, Tusonsar: For evesy compace group G the following conditions sre
cquivalent:

(4) G is an exotic Lie group;

() ar= dim G < <= and for every continuoss cpimorphis £: G -
St 1 1 s i i o Ko i umny discon.
nected. exotic Lic group:

() 7= dim G < ca and there exists £ a5 in (#;

@) #=dim G < o5, Z(G), s an exotic wrus and G/G, s 1 exotic
Lie group.

Proor: Let G be an exotic Lic growp, thea dim G = dim Gy Since
Z(Gy) is an exotic tomus, we have dim Z() < = On the other hand, the
maximal connected abelian subgroups of G, are exotic tori, hence they are
finte-dimensional. By Lemma 26 this gives dim )< oo, henee dim Gy =
- dim Gy + dim Z(G) < s=. The rest of () follows from Propesition 3.3,
This proves ihe implication (s

T (1 (e i el s s s A S il
 continuous cpimarphism ¢: G where L is a compact Lie group with
dim L= (cf. for example [Po], eh 8, §47, Thearem 69).
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‘-r.-.wdt,m (,)mpponmumrm:zu-mghmmc.h
an exatic Lic group. Brdmﬁ.cvwhwwﬂdﬂcdinwm
thescfore by Proposition 33 G, is an exotic Lic group.

Lt G be an cxotic Lic group and let 7 be a maximal connected Lic group
Then 2 i3 a nommal mbmurc.mx-qﬂm.-mm
e groape. “This- decompasition s in some asc upposite 1o that ane given

"By Propoiluian 11 s) cvéiy faiesdirmensional ormpast soansited giuop G
s the projective limit of u projective system.

GG Gy i = Gy Gy s

ok o o cosaied Ll gt ik i iy s oy
- continuous epimorphisms with finite kerncls.

35 Tusomws Let G be a compact connected finfte-dimensional gravp.
{a) The following conditions are equivalent:
{a1) G is an cxotic Lic group;

(42) for every projective system (7) with G = lim (G, 0.) and for
poP the set

F, = [#=N: p divides [Ker n,[}
!ﬂm:
1 (a3) thiere exists & projective system (7) with G = lim (G, 0,) such
&uf is finite for every pe P
(o) there exists & compact connected Lie group Gy and 2 projec-
mmmumhs}mc=qmuﬁ-en‘
(b} @ is an exotic Lie group iff there exists & projective system (7) with
G =lim (G, w) such that Ker 1, is a finitc p.-group for each mEN.
Proar: (s) To prove (1) = (a2) assume that & is an exotic Lic and (7)
J--pmpeniwwm with & = lim (G, u.).
nstruct by induction masimal conpected abelisn subgroups A, of G,
-;ud: ot 4,3 2(G.) a0 Ss(eby) o, Tox Every e N (sce the proof
0f Lemma 2.6). Let us niote that Ker o, is 4 torally disconnected subgroup
nfG.,xmhy[H‘]wchaehﬁv,cav(ﬂ'J
Suppose that there js pe P such thar £, bs infiaite. Let &= dim A,
Then A, = 'I"ubdjdu!mdqxudun-sﬁtﬁ&ehﬁlmlﬂplc e
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pairwisc Jocally. isomorphic. For e N denote by 7, the petorsion pact of

Kera,. Then for cach ne N the restriction 8,1 T, = T,y b8 susiective. Thea

(7) gives the projective system

® Tt nedeg,

Clwly r-gnu..a,,) is isomotphic to a sbgroup of G, so T is an
Proposition 3.3, Now obterve that each T, is a sub-

gmpof!(_r) Siice finite abelian gronps are selfdual we get the injective

srstem

it iy el e e G

I:yui.[.qslk dual of (8), Moreover, o2 is Aot an isomorphism i we F,.
our assumption yields that At (T, @%) is an infinite subgroup
.;!z(r)' Thea 7' coataing & copy of the group Z(#*). Siace the lattes group
Is divisible, this means thar there exists 4 surjective homomorphism T — Z(5).
Taking the duals we get an embedding %, — 7" which contradices Theorem 3.1,

(a3) = (a1). Assume that G i not an exotic Lie group. Then by The-
orem 3.1 there exisss pe P and & subgroup L of G topalegically isomorphic
1%, Suppose that (7) is 1 projective sysem satisfying (63). Let y,: G =G,
be the narural hamomorphism (ve N). Since G, is 4 Lic group, v,(L) Is 3
finite p-group. Moreover, by the choiee of L for every we N there exises
kN such that L Kery, L, In particular [p, (L)} = The se-
queace (&) incressing

(] el =vll)  (@eN).

Moseoves, w6 Fy if ko< kuiyo Since [ Kery,= (1), () vields k.., > 4,
for infinitcly many #eN. Thus F, is infinite—a conssadietioe.

Since (a2) = (o3) and (o4) = (a3) arc wrivial, it emains 10 prove that

(@) = (+4). In fact, suppose that () is 2 projective syvcm sEsfying (a3).

groups €, ace loally isomorphic, there exists o sequence &, < &, <

< £, . such that all groups G,, are pairvise tapologically isomorphic.

Naw the pidiiaive sywem (Go ), Siere g, 1 e componition ul the

BOMOMOTPRIsMS d,.._, 1 wvs 94, Satislies (4) since

[T {Keeaf: boy<i< k).
This proves ().
() The mﬁdan follows dizectly from (s). To prove the necessity

let A Z(G),o Then G 2 (4 X LY(K; ), where 1. is & semisimple compact
connected mpunp.x » finite central subgroup. of L and gx K = A is




H,=NAEy) (o= L2i)

®a-fiH.
fi AL =G be the mawnl homomamphism. Since Kee/ = (K, #)
(10) implies [} f(H,} = {1). Morcover,
Gl (L) x (A% LUK ) (HU(K, 9)) 2 (AX LY (NUK, 9) -
d ! ism A -+ AN

te by . it

. i8 3 monomorphism, and
Gu= GIFCHLY 2 (AN X LYK, ) =0 (TR LYK, 92)

mmpmbm.puzmv‘xz. Mareover, the kernel of the

astural homomorphism 0. G, -G, s & finite p,-group since Kero, =
-#TH...)LNH.) 2 NN,
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