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I a recent paper, (sec [1]), S. Dafermos and A. Nagusmey st
ility and sensitiviy analysls for the traffic equilibrium problem ia the discrete
case where the & uscr-optimizing » equilibrium paiern must be evahuated for
2 network “J:.nmiwdm-dmrmucqmopamlwdumd
sravel costs which depend on the traffic fow,

nmmg a mmmy candition an the cost function, they show. that
the equilibrium pattern depends continuously upon the assigned teavel demand
and teavel mm:nﬁﬁoannn the delicate question of the control and the fore-
cast of the changes in the traffic pattern and the incurred travel costs, resulting
from chmnges/in the travel cost function and. the tiavel demand.  The suability
asalysis effected in (1] clw:nny depends. on the well-known result that the
cquilibium patteen can be expressed as solution of & vaiational inequality
(sec. <. 2], 3]
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The purpose of this paper is bo study the same question for & continuons
model with a linear cost function whete the equilibrium partezn 35 the « syatem-
optimizing » patern flow, expressed as the flow which minimire the global
cost apent in the nerwork. Also in this case, the subility analysis meets with
sucress because the optimal Row can be expressed as solution of & vasiational
Inequality and, in same cise, as solution of 4 non-standard Diichler problem
(e 41 md 5D
ink that the results of this work can be useful ako for swdy the
pmdum like those cxhibited by D. Beacss, (see [6]), and by C. Fisk
(:u []), in the discrete cave. We illustaate this siwation by means of an
example (sce Sec. 2).

1 = HYPOTHESES AND FRELIMINAKIES
Let us denote by K the conves:
(1) Ko ) o (), e0) € PG, R (o) >0, Ve 3,
() g == ), i+ 4(x) = 0, Ve D2},
and by r(x.a(xj) the atoral cost » spent at the point xe £+
012 ol o)) = (A + 201) ).

Thka, the sypsem-optimizing paticrn fow #2, can be expressed 23 solution
of the variational incquality:

(13 Ji(lw;ﬂf’/')f(ﬂ"*“’)]ﬂ()u‘ Yus RU

Tn (L) m,, 6 =1, 2), denotes the raffic flow density in the xdirection,
(fox the sake of simplicivy, we asvame here tha the traffc in the network flows
omly in the poaitive direction of twa orthogonal axes), £ is the bounded open
scr of BY incerested by the fow, @ = (py, 7)€ AHED, Y is the prescribed

travel demand on 42 in the asigned divections, ¢6 LH(0) denotes the den-
sity of the flow originating oz terminating at < 2. In the following, we shall
refer o the couple (g, ) & the « travel demand s,

In (12) 4 spressons the mariz: (au9). (0=

=

J= 1,20, inthe
vector f(x), ,2) and (-|-) s the scalar product in B; finally, in (1.3)
R donotes the closure of the conves K in L2(2), (for mose details on the
relations and on the above mentioned results, sce (4] and [S]; the sec K40

(1) We reimamber that the, yoal cens (1.3) can be exprrmsed by the « perceal cumts
i the x liscsion (1 = 1,3), defined, b the liseas cse, a8 ¢,{x, ) = {3406} 1 plband
¥l
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oceus in several questions related 1 decomposition problems for solenoidal
wector ficlds, sec e.g. [8, [9]).
In Scton 2 e sy th chag i he con antins and e shre o he

(14)  (Axt— A — ) Vit e RYE ey,
guanantees the continuous dependence of the solution by the cost. In par-
ticular, by means of an cxample, we show that o an increase of the cost along
one of twe disections, corresponds a « weighted average increase » of oppositc
sign faz the optimal flow in the same direction.

In Scction 3, we ate concecned with the stability analysis for changes in
the travel demand; w:mlbcxﬂnlunﬂ-l! and we confine ourself to con-
sider the pasticalar case where £ is the Tectangle:

LE UEHES U
Moreoves, to avoid fnestential mathematical complications, we assume (x)

zeto in L.
As shown in [4], the system-optimizing cquilibrium partern flow, #%, can
‘obtaincd, under sultable by , setting:
20, (1A
3 Amp mot
where U6 () is the solation of the Dirichlet problems

L0 S+ o oy 20

(1.6
UM, ) = tfe) s U%e) =Wlndy e 0l
P Q=) e H=Yx), xelasl,

provided that

(LU} Lheo. ing.
iy

In (1.6) the traces ase given by:

Bld=[nidd Mo =jn0d,  weRal

(.8 5 i)
)= fmidd. el =[rid,  xelal,
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where y; ¥y 9s» s A%e the normal components of the trace g on the sides
of @,

Analogous results can be obtained, with sultible modifications, for /()
not identically zero in £, and hence for the csc in which the changes in the
travel demand also interest internal points of the network.

2, + STABILITY WITH RESPECT 70 THE COST

We assume that the travel demand (p, /) does not changes, whereas the

cast changes from ¢ to %, with:
(e m()) = (Anl) - 20000, (s a(x)) e (Ama) S 20 ),

for we KM, We intend to compare the cocresponding equilibrium pﬁnumx
4% and ##*; to this end we make, besides (1.4), the luﬂnwms hypothes
e La(e)
EHE), (= 1,2).

Mortover, we suppose that the solution 1% of the variational incquality
(1.3}, coresponding to the cost ¢, exists (the existence af 4% s guarinteed,
for example, if we assume eoerciveness also for A%).

“Then, we have the following:

Timoneat 2.1t Under the sbove mentioned assumptions, there cxitts 7€ R,
wuch that:
@n L= oo

(A — A i+ L= fn +

Proor: By (13). we haves
@) fAn ) (S atdes0. Ve REW,
7

@Y [l i a0, e RPN

Adding (22) (with # = 1%) 10 (23) (with = o7) we bave:
@4 [l e i) 4 f = ) 0
and then
(25)  [{lAat— Ante ey <

Lot — A i) (= = -
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i the thesis, with # = Ifr.
of result is the following:

“TrzoRzs

Under the above memtioned sssumption, we have:
26 b[«wa-—l---w-—rnu--ﬂf-fnﬁren-
Proor: By (24):
O [(CAR— A ASS — AS % ) () — 7 )} e
o A AN ) AU AN ) (] 08—
So, by means of the coercivenéss of A, one oblains
O [(AR*— Ant o2 — %) s
sffm—artri e ==
“This theorem allows us, for example, to prove that If one Improves or
worsens the cost along a direction, the average flow along the same direction,
suitably weighted, increases ot decresses correspandingly.
Indeed, et us assume:
gl o
an st
with A(x) 70 for cach we Q.
The cast & comesponding 80 the matrix A* presents here an improvement

orwotsening along the xy-direction with tespect o the cost ¢ of A (see Note (3},
in accord with the sign of A(x), that we assume constant in £,




In this case (2.6) becomes:
@8 afiur(-*r—u,‘;-:«u

and 50, if 740, ne in Or

en b <0,

where one- has an average evaluation of the change of the equilibrium patten
along the s direction.
3. - STAMLITY WITH RESFECT YO THE TRAVEL DEMAND
In this Scction we assume
Qe 10, 10, ey

and we denote the new travel demand on &2 by gf. vl ¢h ¥is Morcover,
we suppose that /() does not change in 2 and fence, without loss of gener-
ality, we can assume /() idemically zero in £.

Besides the hypotheses mentioned in Sect, 1, we assume:

e O Li=12;
@ Jis CNE) =12,
Por Voo 7 W ECED) i 2,

and we suppote that the equilibrium paerns #° and 4%, correspanding, respec-

tivelf, to the old and to. the new travel demands, can be biained from the

tials 7% and L%, solutions of the respective Dirichlet probleass of type

poen
{1.6)(1.8)
Let us denote by 7" the solutica of the problem

AF=0  in 2,

W D) = [t — b0}
i e 0w

2 ¥, o) ’j rate)— vt
0, = )= w10}
“ a0l

%y, ) =

[rn—vityar




and by Gl ;i S, ) the tmces:

= (0, %) = By}

X€ 0wl
(“14 ) = my(xg)
(33)
1 Oy = )
P R

=milxd
“Then, we have the following:

“Tueoss 3:1: Undec the above meationed sssumptians, there exists re R,
depending oo the data, such that:

[ = sy < z max (jyi— o7 + p—y7l + ri=—9d |

F Rl I+ K+ il -
Puoow: The difference 10w 1% {/* is the solution of the problem:
L)=0 D,
il 0) =[isa—stt}
: e 0l

ok Vi e = _J’(v-.tn— O

VRO = [lr—vi)
“eWal.
) =[O~ vio1 4
Let us splite 19 as V0 P94 12, where WY is the solution of the
problem (3.2) u«mm V7 is the AR (g} of the problem:
‘L(Vnnfl.(l"‘) ing,
| vi=o on 22,
As is well kngwn (cfe., e.g., [8]), there exists K,6R* such that:
1V lain <KL -
Furthermore, from the assumption (3.1), it results:
1P i < K P




where K, is a positive eonstant which depends on the coeficients of L. Hence,
we have

) [ Ligy PR A L P
with Ky =14 KK,

Let us observe that it results IPYaxt = — P
dans P, TP, STFYad, AT, AP
lowing Disichlet peoblems:

and that the func-
) satisfy the fol-

in 2,
o 6.0 = )30
a e 0 a0,
B8 o G = i) — i)
e
B 0,0 = )
) e Wty
sel0af,
on
: selal.
0 )= il
e
T a0 = i — 9O
y xebal,
08 | 57 s = vibd=v6)
W((‘, M) r::;'(!l,

g J0 | o



ing,

¥ (1 0) = 9T ) —witn)

09 | T v = — S o) v Gl — i)
)T ()

6 0l

1) = wilg) — ¥i'()

42y ',

A RO R
sl el sl

(3.10) (’q. ag) = wifx,)

Fror

ar e Dy -

(Bay .‘W"t'mu‘/l;l-(&-l e+ Dy 92l + o Diwa— 92l +
+ 2pi—F|+ 2yi—vF
+ [+ Dim—

42— o]+ Zri— v+ [l + bl + i
Finally, by virue of (15), we obein the thesis.

4 - A mAMPLE OF OPTIMAL DESIGN

We preseat 4 simple cxample o show how it s possible 1o improve the
estimaie of Theorem 3.1,

We use such a result o obtain & control condition between the travel costs
and the change in the travel demands.

We consider the grid

0 )0, a0l




and the cost
@n (s at)) = (oAoin)
T 0)s where a3y, ase positive constan.
The changes of the travel dermands azc given by:

with

() =l + 4
Vit = i) + A1 —cor)
930a) =galxd)

&[0,
“2

Vi) = o) ety

whete gy, ¥y, 5, vy are the old demands and 4 is & positive pasmetes.
“The difference #™ —a* can be derived from the potential:

“3) VoG ) D9 ) Uy )
for which an easy ealeulation gives.

oy L sin )
with K = Vi,
Thus we o

(#.3) 1% — 8] g ey == (1 -+ K coth Ka)

and hence, if we requise that:

48 14— iy <0

where 3 is  prescribed control parameter, s is sufficient that it results
“n A1+ Keoth Kaj<d .

This relation allows 63 to ace on the paametess 4, K, and « in order to
satisfy the required control.
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