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On the Approximation of Semicontinuous Scorza-Dragonians
Dy the Mulrifunctions of Corathéodory Type (**)
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IxTRoDUCTION

The well koown Baire's theorem on the mogotons approximation to %
semicontinuons function by continuous functions asscres that @ real valued
fanction  of one variable only is lower (sesp. upper) semicontinuous if snd
oaly if there exists & noadecteasing (resp. nonineceasing) sequence of con-
tinuous Fanctions which poinrwise coaverges to /. There exist cquivalents
fos multifuncrions of this theorem (see for example Ascey [Z]mddellhm[ﬂ)
On the other hand, -[jn-:a] valued function of two varisbles, measurable
in first and lower (resp. upper) semicontinuous in second vasiable, then it
Tarm oot that 1wl be 4 Tt of & nondessening. (resp. mosincrEuing)
sequence of Carathéodory type fanctions if and anly It £ his the 30 called
Scriraa- Deagonl’s type property, This has been proved by Zygmuse [15). The
aim of the present paper i to give a setvalued analog of the above fact for
compact convex valued multifunctions,
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2. - PRouiMmvanns

We sssumme the resder is famillar with such notions concerning multifunc-
tinas a2 closedness, opologieally or meteically lower and uppes seamicontinuity,
Zemeasurability and weakly Smensurability with respeet to some o-field 5
In case of need the necesary information can be foaad in Berge (3], de Blssi-
Myjik [8] and Himmelberg [9]. Since for & compact vakied multifunctio
wpologially semicontiauity coincides with metrical one and weakly Zomeas-

ity coincides with E-measurability, often we shall simply say. « lower »
o < upper innous » a0d « Fy the semicon-
tinaity and measassbility of real valued fuanctions are understood fn the wenal
sense.,

Thscughot the paper T deaotcs & metric. compact Hansdord space with
the Borel awfinite regular and complete measure 4 defited on a o-field 46 of
subsets of 7 and X denotes 1 scparable complete merric space. By B(X) we
denote the g-feld of Borel subsets of X and by 4xB(X)—the product
o-feld on TxX. Rt (R = RY is 2 gdimensions] Enclidean space with the
scalit product o, be R denoted by ash and with 1 noéth denoted by o —
= (asa)l. Kfa, 1) it i

set A. Finally we denote by CLRY (sesp. Cony RY) the family of all noa-
cmpey. closed (resp. compact convex) subscts of RY tad we sssume that
Conv R s endowed with Hausdorff metric d.

Now we are golng o define some classes of functions and multifunc:
tions which are of importance in what follows. So, we sy that 4 fancrion
Si TRX s lower Cammthéodory’s type function (cesp. upper Camtho.
dary’s type function, Carathéodory's type function) if

@ S0 ) is Amessurable for each e X,

(if) £t ) s Jower semicontinucus. (resp. upper semicontinuous, con-
vinuows) for each £ 7,

At this painc let us notice that the cancept of Cirathéodory type funcrion it
alsa well posed for every function with values in topological space.

Next, we siy that a function f: T X -= R_belongs to- the class 5D,
(eesp. S, S} if f s lower Carathéodory's type function (resp. upper Caza:
théodory type fancrion, ’s type function) and for every «2-0
there exista a closed subscr. 7, of T, with u(Z°\T5) < r, such that the restric.
100 ],z i¢ lower semicontinuous (sesp. upper semicnnrinucus, continuous)
in both vaciables jointly. For 4 mltifunction F: T.X —Conv R we
introduce the same classification.
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- SOMR AUXILIARY LEMMAS
Lesnea 1t A fanetion fi 75X -+ R belongs to SD* if and only if
exists a nonincreasing sequence (£} of Carsthéodory type fanctians

fut TX—+R which pointwite converges to /.

Proor: See Zygmuat [15, Thebrem 3],

Leos 2: Let AcConv R and let [y, fy o) be 2 dense set in the
unit sphere of RY. Then

A=l pep<pi Ay KD = O Utoeroni A) 4

Paoors Baslly follows fom the best koown pioperties of the support
fanction (- A) (see for example kil ... [4]) which is continuous
on R (see Artsicin [1, Lemma 3.1

Imow 3: Let pe Rt and let a multifonction F: T X - Conv RY be-
longs to §D% Then the function f,: T4X —+ R defined by /(%) =
= 1(p; F(1,)) belongs to 5D,

Proor: We observe that, for every re R,
(0 2)E Tx X fy0,5r) = ({6, 3)e T X2 F(t, )00 (€ R poyzr) 0]
Now it is net difficult to deduce that f, e SD".

Leumia 4: If maltifusctions F, Tx)n—-clﬂt im1,2,...x5 aeN,
as¢ closed and 1 moltifunction G: T X —~Coav R it upper semicontinoons,

then the multifunction G (] £¢ T X - Conv R is upper semicontinuous.

Pacor: By virtue of Berge [3, Chapt. VI, §1, Thearems 5 and 6] the
l GCnNF i and hence y ‘semicon-
)
tinuous. ‘Thus ir is simply upper semicontinuous.

Lmna 52 1 & multifunction F: T3 X — Conv R belongs to SD¥, then
there exists 2 Carathéodory type function r: 75X — [0, o) such that

F e K@ rh ) +1)  for each ()6 KX,

where 8 denotes the origin of 1t
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Proar: Let us put olt, x) = sup {[1]: 3 F(t, ), ()€ T X: Thus
defined function 1 T X - 0, oo) belongs to SD%. Ta see this, notice
that for each 2 R we have
{0 2)e Tx X ole, )30} = (6 M) E T X2 s, ) 0 K0 (0, ) 8]
where
ROKG,) a0,
| A s
R ifac0,
Thus, in view of Lemma 1, there Is 2 Carathdodory's type fanction
r2 TxX — R which satisfies, for cach (/, x)& 75 X, the inequality ofr, x) <
<rltix). Then, obviously, F(r, x)c K(6, r(t, %) + 1),

4. - Mane TrmoREMS
Timown 1: Let a maltifunction F; Tx X —Conv R¥ be given. Then
the fallowing two statements are equivalent:
(&) FesD,,

(#) thete exises & {F,) of Caruthéodory type multifunctions
Fui Tx X —Conv RY satisfying, for cach (4, %) T X, the condi-
tions

&) Fuh e Pl for a=1,2, .,
() Fn e Fonlnx) forne1,2,..,
B, F(r,xy=lim F (1, ) = U Foft, 9.
(The limit 8 e
A=limd,,
where 4, A, Canv RY, ne N, means limd'(.rl_. A) = 0.

Paoor: (8) = (a). By Himmelbesg (9, Theorem 23] F(:, %) is weakly
measurable for each e X and by Hukubaa [10, Propositions 1.2 and 7.2)
£, ) s lowes semicontinuous as the limit of & sondecreasing sequence
Pt )} of continuous multifunctions. Now let's fix s> 0. Since every
Cas s type compact convex valied mmlrifuncrion bas the Scors-
Dragoni peopedty (see Branovsky (5, Theorem 2.5) we can obein & sequence
{T.) of closed sets such that, for #=1,2, .., Tac T, where Ty Ty,
MTeNT.) < (§) and the restriction Fly. , I continuout in both variables
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jolnily. ‘Then the ser T, = ) T, i closed, Tuc T, u(TNT0) < (see Zyg
o
muat [15]) and each multifunction F, is continuous in beth vasibles jointly

o0 TuxX. Hence the muhifunetion F= U F, is lower semicontinuous on
TuxX. Thas FeSD,. L

@) = (#). Since any muleifunetion belonging to 5D, is weakly & X H(X)-

{sec Zygmune (16, Theorem 3), by a Rybikski's result [14, The-

‘ogem 3] (see also Kim, .. [12, Lemma 52]) thece is an iafiaitc sequence { £}

of Casathéodory type sclections f.i TxX -+ RY of F satisfying, for each

(hx)e TXX, s equality

Fp= D)
For every we N, let F,: T X —Coav R* be the multifuncrion defined by
Fo( ) == & {fu(t, %), fulls )y oo [ul81 %0}«

Clearly, for each re T F,t, -} is continuous and, for each ¢ ¥, by Himmel-
berg [9, Theorem 9.1] F,(-, %) is weakly measumble, Thus F, bs a Cama-
type multifunction, Obviously such a defined sequence (] satis-
ﬂ.ﬂgwndanmw-udmwm the condition (i) follaws. from Huku-
hara [10, Proposition 12]. This complete the proof of Theosem.
Tusosw 2t Let & multifunction Fr 73X ~Conv R® be given. Then
the following Two staements ase equivalent:
() FesD*,
(B) there exists & sequeace (F,} of Carsthéodory’s type multifenctions
F rxx—-c«-w-:mm esch (4, -wjvrxx the con-

(h) FloxeFil ) for m=1,2, ..,
) Fra(hx)c Falt,x) for wm 1,2, .,

) o =i ) = 3 Pl )

Proar: (1) = (a). mhl,-magpmrurpnw (a) of the previons
ult [9, Theosem 3.5 (iii)] and Huku-

h.;km.h[m. Proposition 1.2 and ,u we show that FeSD"
@)= be & dense subsct of & unit sphere in R" Lt
S TxX—R, im=1 a fonction defined by the formula /i1, x) =
= alps Fl ). ()€ Tx X, "By Soimc 8 overy 1 bcbong 10 SI0¥ o,

et (py, Py o
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hence, by Lemma 1, there cxist sequeaces { ;) of Caruthéodory type func-
dions f,,2 T X —+R such thae

A B AP U T A U Py A (8
and

i/, (L )= f(6x)  fori=1,2,.., (e TXX.

Put
Hitx) = yeR: por</iln =},
Hnxy= (e®ipoy< e )+ 1), ij=12., (h)eTxX.

It i cay to verfy shat ach deined mbifoncions His T30+ CI R and
T X+ ClL R are of Camthéodory type and bave the following pop-

Flo, e (K 5 ) c Hylh ), hf=1g, (e TR X,

Hynlh <) H (0,%), Lj=1,2,., (e TxX,

Fitx) ';ﬁ. Hift, ) =f'. ({'_7;[-1,‘,(!, ). (R ETxX.

Let, further, r: 736X —= (I, o) be a function defined s in Lemma 5. Thea
the multifanetion G: T’ X —Conv Rt given by formula

Clt.x) = Kb, rir, ) + 1)

is obviously of Canthéodory type. Now define, for each w& N, the mult-
function F: T5.X -+ Cony R¥ as follows

Flt )= QNN H LR,  (RETRX.
-t

We claim that (F.) is the required sequence of Carathéodory type multifunc-
tions. Indeed, first of all, by standard argument we essily obtain that, for
ach (1, x)& TxX,
@ Bl x)c Fifex)
() Foalt e Filhx)

@) D) Bty O Hilt = Pt 30
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orther we conchude that, in view of Himmelberg [9, Theorem 4.1), F,(', %)
s waakly s-messursble for cach x ¢ X, we N, and, by Lemma 4, F,(, ) is
uppes semicontinaous for each /0 T, n & N. Next, since F,(4,x) as a non-
mlm (msr, itis Flts)cIat H, (1, 8), i= 1,2, ..., 8) it follows
Ledici, . (1% Theorem B at £, ) 5 lower smieostnuons
for exch re T, reN. Thus Fo(r, ) it continuous. Finally we see that
F Toc X = Cany RE lClnMndnqst}‘ptmnluf\mnmn fot w12
and {f, ¥} 7xX. This completes the proof of Theorem 2.

Restanx: A result closely related 1 the above thearem, part (s) = (8),
was first given by Jamik and Kuesweil (11, Theorem 25]. Namely, they
proved that if & multifunction F: T3 X —Conv R belongs to $D%, then
there exists & sequence {F.} of Canthéodory type multifunctions and 1 meas-
usble set Zc 7 5o that pu(2) = 0,

Foabxc Py, o=l
P x) = np_(. %) for (LNE(INERX,

Fiftxy =) for (LS ZHX, H=1,2 0.

REFERENCES

1] 2. Awrvcern, O sh caions f plesnd setmctend fcticn, Undisra Unie. Bk, ], 38 Q974778),
axa

2] 5 M. Ase=y, s apprinaron omissimens v magpings by totimens v, v, Ak
. M, 46 (190, 48476 (i R
Brmas, r.,..,.n,...., v Bopd, Edicbusyh Loaden, 1963,
rearrr, o s and ool conrs, Tendy Maters.

Bir Mu;,hpm‘—'ub—ﬁr-l—hluubdw-l’m applcaions o -
bl preins, Mssevas

16] € Caseants - M. Vavaears, G Ansiois and Moanrable Mulifmetie, Lestuse Notes i
Mabemasin, vol. 5%, Springee-Veriag, Berlic, 1777,

7] F.5.0n e
maiim, 1, Marh. Asl. App., 106 (1985, 148,
18] F.5. on Buas: - ). Mrjas, On oatinsens appessimations for st fomtion, Pacibe ). Math., 133

(%), 331.
] €.J. Fousutaess, Musnrabl relaion, Pundu, Math, ¥7 (1975, 5372
1] M. Fioecnuns, S et somisois dst o i 1t rapec e, Tuscel, Fkvse.,

0 (1967, 4

1] J. Jamoue - J. Kimawase, s
s i M e NE oA Olex (1978), MTAS.

Carsthinbrr-ite i sharres,

R N o 15 (10 Sl




==

1] A, Lacuaces < A. Seucowscs, A miv o isrmios of lower it i, Poce
Ames. Maik, Soc, 95 (1985), 119122
14] L. Rravese, Gn Corstbey tpe nios, Pidan, Maihs, 135 (19853, 157495,
18] W. Zrawcars, O the S Dregm's te esparsy o iy o ston 0t rd,
| it R, A N 5 . N b 11 (197 S
6] W, Zrcsaorr, Tie Sy Draget's e ety and produ ol o+ i f o
ek, Rl e, Moz, Se. X1, Mem. Mot 12 (1988, 100115,

Dirttere repucsbi; Prof. A. Bavisd - Auosizs. Teb. & Roma . 709 del312.198
Mcoogeats - Via Collasarial, 5 - Bologes



