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. A Stability Theorem for a Class
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 sequence of stochastic dificrential equations: let (), be 1 sequence of pro-
 cosses that are (strang) solutions of the equarions
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The theorem in (3] generalizes a K. Yamada's result (sec [2]) and gives
sufficient conditions under which, as » tends to infinity, the laws (A%, of the
processcs (X, coaverge weakly to the law A of the solution of an Tto equa-
tion:

K1) == (2, X)) it 3 ols, Xol)) 41,

Sﬂt‘ﬂdihwﬂmmquumhnlrkmmwukm
-puklu;wﬁ::uultmth«xqum(ﬂ'}_mvugnwuhr
bualunde(dwfollww assumptins: 4 & Lends to infinity, the sequences
P.)..(v.).mnwmr.o\.mpom & sultable sense; sequence (A%,
converges in 2 usual way to the deterministic process £ such that H() — !
(fwnlii) about processes (MY), we have conditions sufficient to guasantee
of their laws 10 the Wienee measuse.
Mlad‘cmﬂ'mu(u_),,h[ll*l\wv:n-hd:nmmpﬁmdm for
T is everywhere the Limit of 4 given. sequence of (D)predicuble
m,(wa.mm-mw»mdmmm
1pun(5umu!hydlddﬂ|nq:pm’lm
although often verified in .ppumm- (rf [:], ;3).
onﬂylmlwlvxmlhpmnuhlyu(-ppl“m aur problem the
theogem.

representation
Now a result on stochastic integration subscquently proved in [1], makes
it possible to_avoid such assumption.

The present paper is in fact devoted to give an actual improvement of the
theorem in [3] on the basis of such & property of stochastic integrals.

Here we show indeed that the cesult ks [3] still holds without any regulacity
restriction an the coefficients (o), : it suffices thar, for every #, g, be meas-
urable (esactly, () predictable).

1. - Basic zesur
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tions and conveations of

Let (2, %, (Fm,e !)bel |wmnpbu|lmu(yhatkmudh'pmh

eses and. let I be sy (F,)-Wienes process defined on it

Suppose alio that the space (4, F, P) be endowed with a sequence of

s (9T, ¥ 1 (o vy, e b bk (0,9,

(P, P} verifes
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| We shall desote by v, o, dv) the mndom weasure of juaps of mar-
tingale

) = Eﬁ‘m‘dm(’)maﬂn.ﬂ(ﬂ- @

space of all cidig. mappings from
of 1 endowed with the Skomkhod topology and (), i the « caaonicals
fileration of (D, ).

Now let us sct the assumptions of our stability theorem.

(1) Let (X%, be a givew saguonse of cadlis and (F7)-adapted precesies ined
jy Jor wwery wzz ¥ and all 1ER,, av bave

50 m KO- o X A+ | 0o Xl G-
A T

Morecser we astusme that

sup B [ X(O)F] <+ o0,
1012) Lt Gy st te Bt s f M T, fr a7 120, he
,-..qr,.a..-m(w-x . converges te the consiant ¢ in the worm of
LN, 5, P) when n tesds 1o infisy.

(1.3) For ay =0 and £ 0, the sequenss of randiss variobles
(s,
O e

camserges i probabifty fo 0, ar w fesds fo infiy.
(14) Fuactons r,, o, are bomsded wifermiy in . There ecist fwo (D)-pre-
dicteble mappiuge v, @ from R, 5D ity B, o which reguesces (r)u, (0), somverge
i tbe follawing sense, whon n touds to ity
For eoch patb £ in D, tiure exists « Lebesgre waliine N, b hat ome bz

lmr(, L =ri6f),  lmel, f3=el.f)
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patki in D, respectively, serifying the comditions

fugm i the aumel opelegy of R, ,

Suar i the topolgy (on D) of wniferss comvergence on compact selr .
Marssoer 1, 0 are Do bosuded,

5} As u tends to infinity, the segasce of rasdsm vericbles (A%N)), comerge
‘p(r‘nh)lmg-t-tsumnmuﬁrmqruar, £ h ‘
Morsoper, for every wiz 1, process A® I (F)prodictable,

(16) Let % be w given prsbability measure on R We mppase that, for the
s sischastic differensial equation

. .
0= X0 e X0 -+ ol X))
exirtenis and wnigueseis olds in the sesse of probability Jew asd fn coksection with ibe
dnitial dustributiin 3.
{1.7) Nowavion: For taeey u, we desite by 4, tkl.-u(p.:u)-jp-m;x-
o narieble X

&,s_i..(mmg 3, sl Jew of the real rasdone
(A-nq-)iwvf-ynhmajl&afu&-lﬂ (1.6) with A s i diibe-
s devsted by A,

“The theorem we want to prove! Iy the following:

(LB) Tocmonmsas Lt (3.}, be by suquence of probobiity meemres on R bure-
diwed abuoe and cappese chot, s dends fo ity 3, comerges weakly 10,3, A being
sbe probasitty messare 1.6

i (1.6).
Then axder condifions (ll) (1(2.) (1.3), (1.4), (1. Sjal(l.ﬁ),lbrw-f
ibe above dfived fowe (1) the lew A, whes n fuads 1o infily.

(19) Restasr: The abave theorem is the sime ss Theosem (1.10) in (3]
wiﬂ:ﬂ:d&&mumllﬂlmhrﬂwyﬂﬂxmv_lwmdﬁ
Nt of o gven veqonce o (D, gredicable s fumcions. (This wrampion
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The fact is unesseatial for the problem we study,
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(1) Luonsa: Lot » be o intiger 2 1. Thow escire @ e L of probabiliyy
Jawr on D for which the flloving prepersy nids:
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following cenditions are. equivalent:

w0

a)br.l.-gmgv-mts.;. O sie busis (2, ith}_,.i’)
X is @ sguare integrable (7 - meriigale, (F)um, dowoting the nonct
iom of the filtration geverated by the given process (X3, ..., X*).

Proor: See [3], Prop. (24). O

Lessan: Lot X, ym,..(uq,a,mwm
a gewric stcbastic hais satsfying the mesal bppotbses; ot € b a version of
mutial wariation [X, Y].
xhn...m.mhmaﬁummmmmmm
alwst arely

Com XL Y.
Morssver 1z mapping b ir weiguely detersvined by the few of tbe rundom varishie
@ (Kolw), Yilw)) .
© Paoor: See[l], Coroll. 25). O
(23) Lesnns Let o be o bounded meauroble function jrom
(XD, MRYED) o (R BR))

Thow there pxists o socsursble mapping go frose (DF, 97) inde (D, D), for which
'.lhﬂhq,_mpym
apoce (@, ) wnid twe

) gemeric meaurable wddlig procecses X,
Jayummrzm.(m)m proves, ome bt (for ail o)
V(o) = ge{(X+(2). Z())
X dumoting e process J:(,,x.(..))a.(.).
?lnw See 3], Th. (23). o

) Tiwonsss: Lot o be o real-valued, bounded process which i defiocd o the
knmmm_}-wmww
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Cn.rdlr tochartic basiz (9, F, (F diug.» P) setisfying the uessal

.mmi.'..-xyzum.y.ﬁp processes defioe en it amd 35k that ¥, 2 buth
(a) The dew of the rondow veriabie

e (X, Yl Zi(e)

ielongr 10 M.
() Y it s version of the stocbastic intgral
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Pavor: Tts an exsy consequence of Lemmas (22) and (23). CF. the proof
of Theorem (31 in [1]. O
3. - Tom. vmoor
To prove Thearem (1.8), we wil thow that for every subsequence of the
given scquence (A.),, there exists a further subsequence converging weakly
L=
For every 1, set

ey R=[n e, Ji=[ot X040
wa wn

and let 1% be the random element (of (D% %) defined us Follows:
(] Voo (X0, I T AL M)
We have the following

(3:3) Lusocas The Laws (T), of the raidom ehssests (V%), constitute a fight
cnguence of probobilty mescsres e (DF, ).

Proor: It suffices ta prove that the Aldous-Rebolledo conditions s veri-
fied by cach sequence of processes sppearing 25 eomponeats in the definition
of (175

See [3], Lemma (33). O
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- Now et (4,), be an arbitrary subsequence of the given sequence of laws

considet the corresponding subsequence (£1), of laws of the rundom

the preceding lm-m.uh:::um:-l-ni"nnm‘mmdn
mbcqm(mllwlmdbf-)(!‘.)_mmnpng o I

Thin s the pros one alvays conciders .d..,-.-(r_)_-wmm

ﬂm-a-;,&wwwmmm.unwﬂwfnw

Since m(F.) = A, for wery x, coveinrios of Tivorens (L8) will folla,
By virtue of the Skorokhod zepescntation theorem, on & complets prol

%w(nrnmmmnmm(m..h:(mm,

1 PPy = I', fur every x,
1e) PPy=1r, and
lim (@) = P(5) in D, for Palmest all @ed.

Let s set, for every nzx 1

P (B A Y,

636, 2 1) considered as processes on

(S.GJBmm We desste by (0,5, (Fdun, P) {rep. (3. 7. (F;
aunal Prasgmentation of e bois goersied by ¥ -::J(P‘ﬁr ﬂ-.ﬂ)

BT Loz For vy wiz L, i process A% is Pralwest sately increcring
amd dde proceans K@%, J* botb are spuare istegrable. (F7)-martingales.

l’m Siace A" is cidlig, the property of being Palmost surely increasing:
<asy consequence of the fact that its law i the same os the law of A"
(‘ﬁghl:’mdﬂfhmﬂ(-‘ 12)).

Ay M2, J¢ follows from Lemma (21) and the definition

.uﬁlmndmpdm(l.l)mddﬂumﬂnnfpﬂl‘h

F =K@+ P+ I

is Pas. wmiuzn:z te R, and any
Because o wr(z.z),(!'l):uﬁul Theorem (24), the above relation




— 210 —
ein be written in the following way
05 RO=0)+ [ rn B + [ e, T R).
wa o
Lastly, ta complere the f of Theotem (1.8) one proceeds exsctly in

the same way 15 in the sections 3 and 4 of [3].
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