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FLORANGELA DAL FABBRO (%)

 Existence of an Energy-Almost-Periodic Solution
‘Wave Equation Non-Lincar in the Mixed Derivative (=4

| Esiftensa di una soluzione quasi periodica in energia
* per un‘squaziono delle ande non lineare nclla derivata mista

i .:.,....n—__p-h.m.
e s, In base ad e el clawics i . Harmax, Peisena di wna s
wpazs dellnesgu.

1. - Inmeonocrion

A number of works (Prouse, 1965; Biroli and Haraus, 1980; Biroli, 1981)
al with the existence and. uniquencss of an encrgy—aliost—periodie sola

50 to a wave cquation, which is nonlinear w.r.t. the fest order derivative, %
we comider instead 2 kind of gonlinearity Wt the mixed desiva-

e b, te cqation
i e [P ]s =

SO

(WMeRIXD, D=0,

— ik CR) monororicaly incoing fuocion 11, #9) = 0, which e
- isfes 2 polynomial growth condi
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In considesing Equation (L.1) Prestel (1982) proved. the cxistence of at
leac ane periodic sk sluton. providd the forcng is priodic and 7 sasis-
fies & mublincar growth condition.

Dang Dinh Hal (1969, £0 appess) peoves that the Cauchy problea for (1),
to which baundary conditions apply, has & unique sved solution
provided both the initial data

0, ) = G HGY O HND), om0, 5) = sy HNO)
.ud the fvw‘!ug term fs LA(R}; WEH(2)) are o soalle,
is twofold:
-)by-pr‘n-sn ariginally fotroduced by Prouse (1965) and
xefined by Biroli and Hazaux (ma) Bizol (1981), we prove the exstence

of a bounded trajectory in 4 stzonger orm

iy bgukinmalmnmmmmhxnbaumnﬁwmmnm
tions, both of general (Amesio and Prouse, 1971 Bonilan and Brezis, 1972;
Brenis, 1973) and specific type (Harau, 1978, 1951), we show an energ y—simesi—
periodit solution exists.

2. - NOTATIONS AND FUNCTIONAL SETTING

Let X be a Banach space, then  Sigpams spart of index 1 is defined by

SoREs 0= {feLid :"’)\wp{jklfl'Jlif':"a"](=_]-

1a the following we aball sswme foS7(R ; Wy*(0)
“, n{;w}udn(lﬁvﬂ}kmhmmnqlﬂm

b Dy~ LHG),
w s )= Pl

D) = {ae FR(E) | pla) e @Y} D),
B: HY(Q) - HA@),
b B = [ B -
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B HYQDE) ~ HY(0)x 18),
0) B ) O M)

B: Hi@) % HYQ) — LH@)x HA(0),

r) =Bl )= (0.F6).

Ll )= (=5, =) s
ALD(A) = H @y L),
(.7) e Al = (5 —wat BE) s

DAY = (s, £) & HYQ) X FHO) | — et Fo) e L) .

= [ats, ), '16‘ )1&'1‘-f'§ﬂ)5<17-’(ﬂ1l‘l‘i F(fy =
Jt6)] !qhnon -g:i"-d the homiogencous boundacy con-

MAD=ma D=0, = VieR*,
into the monlinea evolution equation in vector form.

Yo+ AU =F@O),  1Rr.

BTmics or sthoNG A WEA s0umons or (E) xp. (1)

mm;mnsmonmmummﬂh-;am
opeeators and nonlinesr evolution
1972; Brezis, 1973).

12 T e macicn § 00 1L A= hmmmyh-
on R Then the opesator £ B is masimal monotone in £4(2)x

i The proof can be carricd out as in Prestel (1982) by wkiog into
¢ some general properics af musimal opemtors (Beezis.
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T, 2: Consider the Cauchy problem for (E)
L iy+ Av = F).
()

oy

(g el & HIG) < 25() .

Ay If we choose the initial datum [, %] in D{A) and assume that the
forcing term f e LMO, T LA(@), T=0
i) sarisfics f, e L2(0, T LX(@)) and
i) s absolutely contingous on [0, T,
#hen Problem (3.1) has a unique sy solution U7e €0, T); H}x LA()).
B) If [, ] @ DEA} and 6 LH0, T; 2X(@)), T= 0,
thes: Problem (3.1) has a uniqus weak solution U'e (0, T]; HI(@)% L)),
The solution referred to is cither swrong or weak in the sense of Benilan
and Brexis (1972).

Panor: We refec the Reader to Proporition 3.4 of Brezis (1973) for strong
solutions and to Benilan und Dreals (1972) for weak solutions of abstnct
evolution cquations rolated to maximal monotone epszators.

Rese. 1: We recall that
A) airamg solutions of (E), respectively (1.1), are sepresented by contin-
aous teajectories kn phase space

Ut [0, T ar 1= Ulf) = [ e Y] HHRY X LXE)

which additionally are in B{A), are difiesentiable and satisfy (E) in H}(0)%
3 L3(@) for almost every fe [0, T, cespectively satisfy (1.1) in L}(@) for
almost every 7€ 10, T

By on the other hand weak solutions of (E), respectively (1.1), are zep-
sesented by continuous imjectories in phase space, 5o that the initial condi-
tion L{0) = [u(0, ),-,(n B wmakes sense. Said tmjectories satisfy
(E) in the disteibution sexse Le., in L3(@) H-(2) fot slmost it i .71
Fepertivily axisfy (11 In the dinion et it 4@ foc luioes
every fa [0, T].

El

4. - Exrrence oF A weAX sotmos 10 (L),
WHICH 13 BOUNDED I A STRONGER NOXM

We mast now be more specific sbost the fanction ff and the forcing term f
in order 10 prove the existence of a reeler seak solution to (L1), which s a
bounded trajectory bath in phase space aad n & stronger coergy space.




==
'mm-n.m-o satisfy & polynomial growth condition ie.,

constants a, ¢, 5 M o6t

r.hl’"-:i#(-)l-ﬂ.(l Y, ¥eeR,
<G <M+ 1A, WweR.

=243, g pj(p— 1) and assume that [ s in the Srepanoy
W;’m.mmgwﬂ-mm‘:m:mm;

FeLL (R W),
"
-w{l[ if.(n-:l.-,.m.v:un]<+ o

to Equation (1.1)
ot — (AL = £
w(n0)=s(r1)= 0,
{0, )=y,
w0, ) =r=0,
ae weak solution we L(RY ; H(G) A HYG)) s,
8 L™ (RE HU2) A5 Ry, W)
s (11) in the disuibution sense i, in W=1(8) for slmost

B sacisfy (A1), (4.2) and f & S(RF; W3(2), then the Cauchy
1) subjected 10 homogeneows boundary con-

prove
Hlﬂﬂ('mhdsﬂmadmmmmgﬂmuf
1o (1.1). Indeed the proof will be based on some « priari estimates

E(n= B+ B,
,
=B Mk [l Yy = [k e, (the el energy)

Tl M Dl b= 0
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Rus, 3: The sbove mentioned estimates of £ could also apply to prove
wia & Faedo-Galerkin method the existence of a unique weak solution of the
Cauchy problem for (1.1}, where the initial dara satisfy
ne HD A @), e HYE) .
Allrmhzynxﬁhn is applied IayDAngDmhlm (t0 appesr, 1989), who in
the fnirial dars and the forcing term f= LA(RY; B3(2))

Rewe. 4: We note that the initial conditions in Problem (4.3) make sense,
because the above mentioned « regular» weak solution « is represeated by &
contimuous trajectory in phuse space
[y ] € €10, + oo} ()2 LX(D)) -

Indeed thit list statement §s parc of a Corollary which deals with the maia
topological propertics of #.

Con. 1t The weak solurion  of (1.1) deined by Theorem 3 when scen a5
 trajectory in phase space

10, 4 oo a4 1 (s ). mCh N HER EHG)

is uaiformily continuous on the half line [0, + o<) and has & relatively compact
mb*ﬂ.{ﬂxmﬂ;

Puoor: in phase space follaws i ) the bounded-
nmuf[o(f, 3m(1,+)] in the strang energy. space. Nu-mnspmmm
the trajeccory in

0, + es)as e ulsy Yo LHD)

i3 uniformly continmuous. To this end we ecall that uy € SP(RS ;s W="-4(0)) and

T £ b =l Y [ Al e b

Let us also zecall that for every unit vector 6 Li(12) there cxists & sequence
of test functions {5, €7(2) 5. fraleraw and Ju—r,Lpu< Kls), Wheze
K(s) ~+0° a5 4= oo,

We can estimate
Bl By )=t M= sup (it -+ b )=l ) 22k

<, 200 (A d—mlh | e+ B Y= Lora <

<aabiP 4 wp (jult, oy} K(n) <(mbt™+ K(o)) .
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6. = A-priori ¥sTIMATES OF TR EXERGY E(7)

I this Section w prove Theorem 3. We assume that Problenn (43) bas
solution, 1f it has not, then 1 standard

|
iE(@= J Bl B () Fot i)
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Let {>0 be fixed and I'> 0, Either of the following may occus:
() B+ T)<E(h), or
@ B4 D=L
Let us examine case (¥) and prove that o {E(r})h <. where the con-
staot ¢ doss not depend an 7. This tesult combined with () will Imply the
boundedness ofE(t) on Rf. As the first step we have to show that the varis-
tion of B(7) in the inteeval [7, 7 + T] is uniformly bounded w.r. to i. Indeed
I (B) Bolde we obiain, by iategeatiog (6.3) over 1,1+ T},
Lry
3 n<jaja@tr..)«..vr:¢..m “feinct o

(j‘ft[f.lum:"h!uw+ A A b Ealowen) <
i

dsr
<0 200 [ s el
i

whese 4, resp, 4, are the canonical imbedding constants of WEA(G) into
| Lr(@) and of WA(Q) into LH2). Moreover, i we take the coercivity con-

dition (4.1) on f! nto account end apply Hoelder's incquality, we recist (6.3)
into

©4

1% Y ier der 3
Jofesnir+ vmant :[Iﬂs-\.!.'m.ﬂajﬁa(u.»:.n
. i

isn
<maxfey, )1 HA2) aj ] fon i<
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ber For
<k [ fbtuor+ o [ Hint s
i i

benes, if wo theme e<1, ;
ier e 1 icr

CON ﬂ‘ilnizq-.+‘1ﬁfb'5'h.,}~:~<kj ] fllm <ACT) - 1
i . &

We note that in the fiml term the quantity 4{(T) does not depend on 7 (>0).
Now we shall show that the enrgy variation in the interval {1, + 7] is
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bounded w.e. to:f. Indeed by means of (6.5) we obsain.

iaz 1
0B T B2 it it <
7 ’ iar
<2+ r.u][ 2 b Vel <HCT

-Im“mmuuhu-lpmum
Further estimates, let us ok for upper bounds
exists

=) = o< famaans

ce by Hockder's incquality and (42) we get
W< o 3031 +jwma- fi o [t <
et [ + WD) <
J i
; ;
< e Bt + A1)
by uking (4.2) into account a similar estimate: for. §(i,) it obtained
<M ) < j&#'¢M+!éwuL+ x).

let us multiply Equation (1.1) by 4,
O tai— [P0 ol i = (Mo aren
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and estimate every tom from sbove.  Since the following holds

| [0 i ot bt [ s o[ ot <
y + 1 d
<r..])¢eﬂ'l'.<)"...4-el:x]-?q‘l']‘UI'(!.-}l"‘-SE:“lin.IMc
o 6B <afdsdtedbet
\ .
e e G [l 4 M) P (Ll o

then integration ower [+ T yiclds

iar s fyr
@) | i[a!m-,,n,-,,{«.!a«j"«r(-,y_+h ’Hn(ln.lbmﬁ-
‘(Zflfan‘:-..)-t. g+ MT) <oy 69 a0t 6T

{4 i

fer 1
<r.{ﬂjivl!'€'..)-£-.+n sup ()
1 wion

Now et us astimate the term ]ij'lfdk-..-_|. Heselaaftes -], shall stand for
the L3()-norm. i

@11 Ij’;:j.m..:.i = \i'j:': .f dxmdnd<

et i ol T+ e b <

der 1
<[ Bl Tl T Dk Bl bt
i

<[t enss- At T sl Tl ol Ml M) <
(R ¥

b g

<i[ ;,i[me +2 mp (BN

where 4 is the canoaical Imbedding consuat of Hj(4) into L),
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lly e need to consider the term containing /. The following holds
dar 1 isr ier e
rj;l_‘fap_fcJﬂ_[d:!nl-.\«.]diﬁh,ﬁnjﬁ!ﬁh..r.
§ ¥ i3 O
6.9), by wking (6.10), (6.11) and (6.12) into account we srrive ax tha
estonae ot .,
i fir g b :
!i e, <(l +i](fﬁj¢ed+r[dr1brﬂ’(:.)¢.+
P e i
(1 (2 + ) sup {&{ﬂl-l-ﬁ.)(llrr @3]
widon
<CH (14 QH+n) sup (B,
miiin

ar
ifcwﬂ-ﬁd:.+u+-'am=+w) = (B0
witen

wwummuuanbgm;n way, thar
= § 7. By virmue of the mean valuc thearem there exists r*e r,r+n

g,w_,,{as.mcm, o (B

recall that, sccording € (6.6), the variation of Ey() it bounded in

B~ Ei<X  Yhaelhl+T]
2 ;
_’3?"(5;_(0?<E.0‘)+K<Q+3 @uﬁﬂle,(t)}-

Ng"{Enka.

where the conmant € does not

i Bounduonss of 5401 in the fmverval (.1 7] kel she boonded:
d mdﬁuﬂlwﬂ(l)[\hkﬁlﬂnn&m|qh<uq_[, and from
1dy <3l and of the wial encrgy B(7) in the same
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The latter property holds, as we stxted at the beginniog of this Section,
in evesy interval where (¥) occurs. Since the alternasive s condition (s), then
E(1) is boanded in R;. Tn other words the solution of the Cauchy problem
(41) has 2 bounded trajectory in the strng: encrgy space

REazee fum] s Lo (R FR(O) 0 HAOY) = Lo(R) s Hy(G))

inally we poine out that (6.5) alone implics the Stepanov boundedacss
ufw‘ in W3(), for every interval (I, [ + T where (¥) occurs. When (6.18)
s also mken into account said boundedness property extends to those ntervals
where (&) oecurs i,

nEeS(RT; V(D))
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