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CLAUDIO CITRINT - CLELIA MARCHIONNA (%)

On the Motion of a Vibrating
Against a Gluing Obstacle (*¥) (*+*)

AR ol e o 4 o b 1 o)
iven by 1 place, gluing obutecle. The bmpace fs supposed tm be inslassc. The pecing
o pomibie models (s

Sul moto di una corda vibraate contro un ostacolo adesive

Sewro. — 51 studia il o df won conda wibesnie i preseass di us ovscolo piaso sdesiva,

0. - IvrnopocTion
Tl ppes coacemn the maon o o g In prscce of  ploe;aliog

hemes given ia [4]. For an up- ey these topics, see [5].

1. = THE IMPACT AND FEELING LAWS

Lﬂmmndﬂmlhﬂphﬂc(:,;)lmg wvibmating in prescace of 3
planc wall, covered by gl

'} Digantimeare di HMmuzinlldlnq.ﬁmlm.ﬁca\'hlﬂ.
Lmulhnm Mmhﬂmym&)&u of CN
(e ek o b, g o Ml &l Pebblc Ieons (056 0%,
mm»n—wm-nr-.-m«mmamm.zcmmmthm-
an the Laboruoise de Mécanique Théarique - D«\-mp!hw«"-kwh VI (Febrwacy-.
March 1967) und presensed w4 8 short,
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In this sitation, the stdng may tooch the wall with an impact, which we
shall consider as completely fnclastic. A zeaction / will then take phice in the
impact polais. The « 4 priori » information about this reaction is that ity sop-

port is conuined in el T e el N
cha aftes the impact the speed of the striog must vanish. Afec the lmpact,

towards the wall. Then the motion is described by the follawing system of
(injequalities:
AR~ TEYR = Flx, 03, Yo, Y] +J  in Z= faswchitn0),
with
= )= p(e)> 0, ylh,#) = 9(0)> 05
— 5(%.0) = #(x)>0, (s, 0) = wlx);
— 205, 0)20;
— J>0 in the sense of distributions o every apen wimpact arcs,
— J<0 in the sease of distributions on every open <pecling arcs,
— supp (G Aot 1) = 0

where ju is the linear density of the string, T its tension, #, ¢, # and ¢ ate given
(eontinuous) i
%mppm-mhm-u(:) (0) = #(¥). We shall put, morcaver,
=T
It is well known how to solve th free vibmting string equation by the
method of chancteristics: the strip {s<x<b, £>0] s decomposed into a se-
(in charscteristic

ot dxfe,
y=t—a,

definc 2 tmnsformation & of the planc, whose jacobian Is [0 =2f. The
equation then takes the form:

12 ok = (&, .3, ik, Brfom) + ¥
{we employ the same letier 7 o indicate 3(§. n) ‘a5 well 55 y(x, ), because

a1
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there is no ambiguity), where
— S n 2 D%, Do) = Flx, b3, Oft, DfefAp and
— TG

IF the external force Is independent of 3, \huemuplldl&rmﬂufwll:
solutions of these problems; if it depends on y andjoe an its decivatives, the
same formalac repeesent imtegral equations, which can be solved under wide

i continuous with respect to the unknowns),

In the following, we shall always suppose f= f(§, n) & C%Z) for the sake
of simplicity.

Py
For the Durboux problem in the rectungle R = [0, 2] %[0, b]

- HEO =A@ O<Eca
S04} = Bla)  O<nsb
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(with A@) = B(0} for comistency), the solution is given by
(.4 ) = A + Bly— AQ) +_f‘!_ff\"-ﬂ)4i-

Let us sketch briefly the results which hold for the non gluing wall.
Since #(x) > 0, for small ¢ the swing does not wach the wall. Then
contace can rake place at some time /= /() (either a5 an impact, oc 4 4 soft
mmmmh‘hn, o> the first influcnce line Ay, defioed a1

takes place), and of impact arcs. mmpnmhm,mwu“.,,
e appear [2]. For more irregolar daa, see (1],
construction of the polminn(utl>.'(ﬂmnmwuln=mmml

=iy,  with b=0 (hence simply 57 =0)

has been already considered in (6] Ir allows to conseruct the solution for
#> #{x) by means of (& finite mumber of) Cauchy, Darboux and Gouzeat
pmi:um Ifj>0.lhupmwdmembgmunun=dunnllmmﬁlmlme
1ad 1 on, If, on the contrary, f swkes an asbitrary siga, the sup-
ymphnwm i
on the wall along some segment, whose end palns describe a 10 called sup-
port (timelike) arc. If such an arc passcs, by a saitable change of vasiables,
ehma.(q.omummmmmwxmmhwm

Glem) =10,

s Gt =A@ +[1GRH

sepresents the detivative with respect to & of the free solution given
in {14). cxmmly A(0) = G0, 0) == D is & necessary condition foz the sup-
henomenon.

the sesules of [4] for the pecling. For the
o, the authors consider rwo kinds ot peeling

between glued aad frce pare of the riring takes some conswant value F'; altcr-
natively, the gloing energy per unity length is some given constact y. These
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approaches lead €0 the following conditions: either

(L.6a) (T—pa)n] = F
or
(168 (T—pe ] = 22y,

where s = a{#) Is the equation of the moving bouadicy (peeling arc), and
[-1--(:?.:; »(x'l)dmnbuthy\m.pnf:hmnnumnmh
In (1.8 we must choose the sign sccording o the sign of [T, 1f a'm 0.
e sabstitute (1.64) and (1.64) with the corresponding inequalities (see
4.

2. - Tim sTRUCTURS. OF TE CONTACT ST
Ta this section we put together the sbove conditions, and describe the

geaenal structure of the contact set. As in the non gluing impace problem,
w can construct the first line of iaflucnce ;. This one is defined as in [3],

’
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except for the fact chat lnstead of the condition >0 for £ < #(x) we must
impose the stranger ne y > 0. Indecd if at some poine P it is J(7) = 0, the
:&ﬂn(m:giurmympthmmdmn

If the datz are smooth enough (5o that, for instance, the free solution is

Above
o the solution is computed s follows. First of all, we pat y(x, /)= 0 in

the enrved triangles G (see fig. 2), bounded by arcs where y(v, (x)) = 0
MJ,(:E.J(A')‘)—G mdbym

mmm«s Ieis Pady,

mu(n o.hmw-nlmhe-hnlumr_g(mm] In generl
the boundary berween glued and free part of the sring is constituted by &
time-like ac, which can be of fouc types:

&) Peeling azc (Z).

#) Unilsteral rest segment (URS).

) Bilseral rest segment (BRS).

) Support azc ().

Cases ) and 1) correspond 10 segments x = const, where the jump of the
derivative 7, (ox of its squase) s ot large caough 1o peckoff the string.

In the following sections we skall sec in mace detail nccessary
mlﬂdwmmr}ouﬁclMalmofmofﬁ:q'puq).i)mdll.lums
apart the case o), which s already treated in [2], [8] and [9]. ‘These condi
tions allow to extend the solution theA,,lkIﬁallmnﬂybrmnluf
n:lnhkmhn

In onder to défine the second line of infiuence A, we shall divide the
contact set €= (P2 3(P) =0} in two subscrs:

Com [PaCi3p>0: Z(P. ) N C =0},
Cr={PeCi V= 0: Z(P, N TR B},

where P e (x, £) and
2P, )= (@2 = (s ] < 4 ), (P B )

(pecliog
agc, fest segment of support acc), except for the « below » ead-poin, ate in Gy,
whereas impact ates and space-like suppore atcs ase in C.

It during the comurucron o the selwion sbove 4 va the. prviowly
uoted problems, we find new Sudden Contsct Points, then we must con-

TR e 8
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struce & second Inflaence line A,. Unlike in (3], b sad b folned
of A, must

together by Protracted Contact Foints, so- that the defini
given in a slightly different manves, to avoid ambiguitics. Preciscly mM
put:
)= sup {1 06 2,0 Co > Qe ),
whete

Zpn= Q= (<, 1): e—x|< et}
is a global backward characteristic semicone.
“The procedure can be eoatinued until & third influence line is reached,
and o an. Notice that the paias of the boundary #C of € which & Cy are
6a some A,

- PeiiinG aRcs
Let us study now the peeling phenomenon in 4 chameteristic rectangle R
23 in sect, 2, with the Darboux conditions (1.3). Ler us firstly soppose that
the left pare of the siring is glued, so that B(z) = 0.
Jo chamactesistic coordinates (1.1), the peeling arc £i.x = o(f) will be
wiitten a
B = y) o = 9ly) == (1—y){(1 + ¥) = eF—F+D).
The « subeonic » peeling condi

0 — < 0'(f)<0 is trasformed into
62 V=1,

Since y(x, 1) =0 on the left of I, wha\:d.mply L = (v omit
e - sign 1o indicie the Talucs of 7 on the right of £); mareovee

o= (n—es
T—pe (O = 4Tyl 4 vP
With reference to fig. 3, the Goarsat problem
HE D) = A, A =0,
Az =) =0,
foe the free equarion yi = f(f,n) has the solution (in 2):

63

iy
) 00 = AG)— A + [ 48 e, ).
I




SRS

®
Eif=yln & é
c
Gl
(GO 2
| s i
. 0) )
| -
Ie fallows (see (L5))5
) o= A+ 6D = G,
i
and fn particolac on I
z20] J(B0n). ) = GBlhn) «
Stidlely
@n 2 n) =— G @) -
Henee:

(8 () =2 (#adn) = GECh N (0 +#@) =
=Gl w(E) (1 + vEDVE
| The condition (1.6s) of (4] is easily transformed into:

39 GlEp@)=Cl+y@E)  with C=cF4T.
.100) YO ={ClE W) —ClIC  with §(O)=0.

The condition (4:66) leads w0 the similar equation:

I
‘ Hence w(§) is a salution of the differential equation
|
‘ G208 ¢ =Gl wE)YD  with 9(0) =0 (D=32).

Now we can state the first extmsion baw zelative to the peeling problem

TR




o
with Darboux data:
HEO=AQE).  Oci<a,
30un) =0, 0s<n<h,
(-u,w:)—a A0 in (0, ], A2C[0,a].
some sectangle R'ws [0,27] [0, #) R the following conditions bold

1) there exists a solution L of (3.10s) (or (3.108)), with ¢/(H>1 for
Es[0 )i
on.y given by (3.4) is > 0.in &'= {8, n): O<n<¥, gln)<

then ¥ s a pecling arc and che salution of the peeling problem Is given by
38y in & and is. = 0 in RND (see fig. 3

Resune: I /() o 1 in some sublateval [, &) of [0, ], the come-
ing are. woeld be mose properly designed s 2 tors segment (see next
o) Howen i cobenion faw b comones ol
A swand quite obvious exscrries daw is 1o be swred i A(E) = 0 in [0, a],
Bs) =0 [0 . dn which coe s in o pelig and we pty =010 &,
law holds independently of the sign of the extesnal force /.
hﬂuemtkmd:loﬂl]lhglugnsumwdmgmghmﬁw
to every distributed force.
Now we give some simple conditions for the existence of 5.
We note firstly that the hypotheses vn fand A imply that the funetion c(;,‘,)
i cantinuous in R s well as its partial derivative Gy = £(F,7), 50 that the
Cauchy problem (3.10s) (or (3.108)) has always & unique solution ye G0, ')
for  suitable o°. I &' 4, it must be (') = b Hence we have only w im-
pose thae v 1 and 30 in 4.

Prososrriont 1+ Independently of the sign of f, the conditions

@11) A0 (resp. (A1) AQ)>VD)
are ascessary,
(3124 AW>2C  (resp. (3128 AW > VD)

are !uﬁnemfwl the existence of a solution of the pecling problem in a suitable
rectangle R

Proor: By (35) it is G(0,0) = A'(0), hence .,(u}—(zv;o) ey
{resp. = A(OWD). The condition y/(1)> 1 implies thea the (3.1
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On the contrary, if (3.124) holds, there exists 4 > 0 yuch that A'(§)>2C+
+ 8> 2C in some interval [0, &']; moreover /{2, 5)> —m, so that

V)= (Gl v(E) — CHC> RC 44—y — C)C = 1 4 (3—mm)[C.

Hence for qeb'=dm (séql:d(‘[l)) it is w(§)>1. In the same in-
terval, for 5= y(§) it s also, by (3

& n)=RC+ l)(i-!tn))—ﬂ(&—ﬂ’r)) =20 + 8—my)(E—$(m)) > 0.

o e 4, rom AW VD F4 we gt sgin (031 454160
in the same region.

With suitable hypotheses of f and A we get the existence in the lage.

Prososmmion 2: K}(&,w)w in l! and A'(e)nc (raap. A'>vD) in
0, ], the solution is defined in the

Proor: It is indeed G(¥, m)>2C (resp. >vD) in R, hence y'>1 In i
interval of definition [0, a*], and yp = G0y 0 i Q.

In the dimit daie A'D) = 2C {cesp. VD), B AeCY, we mase without
proof the following simple

Pacrostrion 31 Independeatly of the sign of /, the condition:
(313 A0+ 10,000
i necessary,
@14) A+ S0.0)>0

is suficient for the existence of & solution of the peeling problem in a suit-
able rectangle R' 2.

Rmoanx: For the Darbous problem
HEH=0, M=
(that is when the giued part is on the right), we introduce the function

G )= En) +_|J! ().

“Then the. pecling acc 2% & = y*(5) <= m $4(8) satisics the difeceatal
equation
¥ = (@) —CC,  with y*(0) = 0.
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- Rast smoMmNTS

If the force exerted by the free part of the string is not encugh to peel
o the glued part (that is if

(419) DA<AT

o

[y 1A 1=<2T),

and obviously if no support phenomennn takes: plice, the free boundary is
constituted by a segment x = canst, which we shall denote as Rest Segment.

“We can satc a #hind exieuson faw elative to the pecling probiem with Daz-
boux daa:

JEN=AE)  0ct<a,
(0, m) =0 Qan<h,
(uith A(D) = 0, A()> 0 in’ (0a], ACHD, 8
11 some rectangle &= [0, #') [0, W] R the following condirions Hold:
1) there exists » segment 5: g = £ for 76 [0, ¥] where 0.5Gln, 7)<2C
(resp. VD)
2) the function y given by (34) with $(n) =y is >0 in O'= {( )t
D<yei, g<f<d},

thea S s 4 zest segment and the soluton of dhe peeling peoblem s given by
() in & and is =0 in RAD'
“Then we can state the following

Puososirion 4: The conditions for the existence of & Rest Segment issuing
from the point (0, 0} ia the characteristic recangle R of the previous section
(and with the same Darboux das) arc

‘2 O A(<2C (rosp. <vD): necessary .
ad
(43 02 AW)22C  (resp. <vD): suicient .

“The proof reduces ¢hmply to vesify that the solution 3{%,q), given for
£<y by the (34) with £ =¢(y) =y is stricely, positive (at least loaally),
This is very similar to Prop. 1 or Prop. 2 sbove.

“The two cascs (pecling arc and rest segment) may be tressed in & unified
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manaer by introducing the function
H(g,m) = max {[G(&, ) — CJE, 1}
and solving the differential equation
“s) v=Hi.y)  with W01 =0.

44) (resp. = max [GY(E, /D, 1])

“Then the first and third extension Jaws sssume the common form: I

b 1) (45) has & solution I: g = p(8) (o> § = @{n)) in some interval

I .41,

| 2) G(e y(0)>0,

“ 3) the function y given by (34) 1 > 0 Ia @'= (¢, m): O<n<b— pie)

I #n)<é<a,
then Z is the boundary of the contact set and the solution of the peeling
problem is given by (34) in & and is = 0 in RN\D"

Candition 2) above is required in ozder to avoid that 4 support phenom-

enon oceurs; inded if G(E, ') = 0 for some paint (¥, 7') & Z, then the equa-

| tion GI¢, y) = lmyupnun,dmnhcr n=pé) K Oo<p@®=<1
in [¢/,&']. then I" is & support arc, s defined in [2), and the free boundary

i s given by 2 in [0,), 4nd by I'in (£.£°)

| Restanss Jn contraat with (2], i 3/(5) > 1, the line I" is not to be
| 352 support arc, because the ghic docs aot allow & saft detachment of the string.
| In this case the boundary is sgain constituted by & rest segment.
Let us now consider the Darboax problem:
HEO) = AE), O,y = Bn),

with A) = B(O) = 0, A(E)>0 for &> 0, Bls)>0 for n>0.

L this case, a5 we have alseady olbserved, even if the free solution x(f, ) =
= AfE) + Bln) i >0 in R0, O the contact with the ghuing wall may
enodify the solation, so that we can have a contact set issuing from the ofigin,
and whose structure will be described below, I ia (0, 0) condition (4.1) holds,
that s, if the force cxerted by both parts of the string is not enough to peel
off this point, then it is possible that only this point adheres (for some time)
to the wall, so that the contact set reduces to a segment x = const, which
wehich will bo denoted as x Bilsteral Rest Segment (BRS).

Under suitable hypatheses on the data, rthpwlhkmdmuss:hgmm
cases which can acise. The parameters to be considered are:

Gy=G0,0)=A@>0, GI=C0,0~=E0)>0,
5, =G(0,0)+ 6¥(0,0)>0.
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In the case of a BRS, 5, is proportional to the fump of the desivative 5,
across the segment, 5o thit the condiion 5,<2 will be necessacy for the
existence of such BRS.

1 f(5 n)»0, then no phenomenon may exist, so that the condi-
tion Sy < 2C is sufficient for the (Jocal) existence of & BRS. On the contrary,
the condition 5, > 2C implies the detachment of the string. The limit case
$y= 2C sequires 4 further discossion.

I f(£ 0} < 0, but G,> 0, G2 >0, the mme discussion applies, In gen-

, however, i a support are I (or 1) can issue from (0, ), we must com-
pase the celative positions of I, X (the possible pecling arc) and of the
segmeat = £

The following schema summarizes the discussion:

1) Sy m0 <> Gyom Gy 0:
L) @<l y<1 =3 two SAs 1 and I

12) y¥ <1, (=1 =3 a SA I and 2 URS;
1.3) =1 (8 >1 =3 a BRS;

2) G7=0, 0<G=2C:
24) <1 =34 5A I and 2 URS;
22) ya)=1 =3 1 BRS;

3) G=0, 20< Gy
31) ¥¥ ) wln) == detachment ;
32) y* (<o) y"(M<1 =3 2SA™andaPA X;
3.3) yMmd = #0) SIuBPA = L

(Suppart Pecling ace: along £ the string leans on one hand and is pecled off
on the other, 50 that the contact set reduces.to & maving point).

The limit case S, = 2 requires 4 further iavestigation and s not studied
here.

Bxaurves (see corresponding figures)t Let:

Al =R+ d > AG=dte,  GEn) =ste—ni
Bly) o= PR by = B(g) = byt GME )=y A=
Sy =metd.

“Ther

1) emd=0:
1) Oca<l, 0bal = &by and 5= af are SAs;




Fg 4 -G 11

12) a>l, 0<bcl = byisa SA, and p=¢is n URS;

13) a1, b1 wye=§is & BRS;
2) d=0, 0<r<2C:
21 0<b<l =l is 2 SA, and g f is'x URS;
22) b1 =ymbisa BRS;
=i
n URS: = ¢

I ————
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3) A0, a2, 0k e= (e k)0 (=5= e+ 1C>20).
The equation (Lm.; mﬂto V= g - r—y— C)IC, p0) =m0 =T
I3 possibly given by . Hence:

an .>ui = desachacat
32) e 1jb f=ly is 8 SA, and pest v a PA;
33) a=1ip == by is & SPA.
Figmin
" Iigmat

Pig. 4~ Coe 32,
o /sm:r-,,
e
Fig. 4, - Cae 33

5. - ExExor mELATIONS

In this section we state the formulae giving the cxpression of the seac-
tion of the comstaiat and of the loss of energy in a characteristic rectangle,
dne 1o the peeling phenomenon, and we contrasr the two approaches ) snd K.

For the sake of simplicity, we consider the case B(y) =0, us in the first
extension law of seee, 3. With reference to the same fig. 3, the peeling arc X
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v o B3 e pt the ontis et G (0 the Il ot 2
z:q....ammn..
The reaction 1w dofidu (m(m)unammmng

expressed via s crochet {7, 6 (k).

prribigh s L - ¥, simply cantrasts the
external force f in the interior of the contact ser (on the left of the pocling
ml‘mmm}.lhmﬂd.ﬂ is a negative distribution with suppore
on %, hence & measute which can be expressed 45  second mixed derivative
ot some comtinuous function 4gé, 5).

[c5)s fi=—fte =S+ Ni=Jta,

where 7, is the characteristic function of the se B, Putting y = ¢ 4 g, we
can split (1.2) into the system

5 ‘ w=fro,  WLO=A@), 0n)=2B8x=~0,
i =Ty, 48,0 =0, 4{0.7) =0,

I the jump of a function & acsoss Z Is defined, according with Sect. 1,
58 [a] = 4y and I is orienced in the sense of gowing times, then aa
easy calealarion via Green formulac gives:
(53) () =g O = —dan, 0o =

_,j,-‘a.-sﬁ-j[[g]-ds-][L,,}uda-j[csﬁ with 0em{R).
oda

In amalogous way we gee:

54 <Y..ﬂ>=1bd0h with 6 e #(R).

Adding (5.3) and (5.4) aad remembering that the equation of the PA I'is:
= afe), O<r<r?, and that pla(r),7) =0, we obtain the following expres-
sion:

65) <0y =[ollnlin— Dl 62 = oL rl et TLa] i) =
-—Jﬁpb-lc*(M TLr]) 20} = — B T— par D Lr] i 2ac)

Hence in {x, £} coordinates the corresponding reaction fy= 4u @-to Ty is

siven by

o =—[0{T—po O rddr .
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If the model corresponds ta choice (L), we get at once:

) q.,»-—‘_[nnf:

in the case (1.65), on the contrary, we obeain
U..ﬂ:-—‘[mw[_;,]ﬂ‘

1n both cases f s 2 D ith suppart on
— F I case #), aou. of variable steength —Zp{[n] In cuse ),
Tho computation of the loss of encrgy follows  similac way. We remembes
that the cnergy of the string may be expressed by the integral of the differen-
ial fosmn

6N dE= R+ D+ Do = VIR & — 2 )
(mur on a line #= const).

Then long the pecling are &'t x = a(#), §</<1% & simple spplication of
Green formulse gives the loss of eacrgy due to the reaction J; (concentrated
on )

68 45— JamT—pom )Ll ) —J’ﬂlﬂ)(f‘wf'(')) L]} dx<0.
In the cases (1.6¢) 2nd (1.65) we get henceforih:

(5.9) AE=% m‘j Flpdds,

5% AE= Lyolr),

wheee t—mli)‘.l!——lsnév‘%
Lét us now contrast the two spproaches s) and §) to the problem, with
the condition

(5:10) D=4
30 that the (3.11¢) snd (3.11) ageee. 1F (5.10) holds, the pecling begins at the
same time in both models.

Iy, and y, satisfy (3.10a) and (3.108) respectively, by suberacting we get.

at onoe:

Ean vioyim S _Clhpd—C,
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Norw we sappase y4(5) = y(e)at some poiae £ (ia pasicula this . e
for £ = 0). ram(slm..u(su)w

612 e — i) = (S 2P

M. i (312) hold, in a right -.e..;.bmmd ofouuv.(sj>v.u)
the PAs L, and 3}, cross in some other point &, it must be
m«.(m beacs by (5.12), i(e") = Ve ad Gy a5 e 26, and
fnally pi(E) = wi(e7) =1

us 0w mdyﬂﬁm-en(n-nm-n with £% = 0 for the sake
of simplicity, supposing ﬂudmA(ﬂhdﬂF.!)"!‘hmnqt luddul
the sufficicar condition (3.14) bolds. A seraightforward calculation shows

0 = i) - EOELO.D

W)y = AL ELO07

Hmv,(sw.mwm.mumw
ing that, under the h’pﬂﬂtﬂ: (5.12), the
muddh}-pdaaf-lkesda;mwpidhﬁmmdﬂ-}ul«nlmﬂ,v

6. - Exauries
In this section we give firsly a0 example, where & complete discussion
with respect to parsmeters §s carried out: then W provide some cases, which
show the possible occurrence of infinitely many Pecling orfand Support arcs
in a finite time. In both cases we adopt model a).
Exasens 15 Let 3, #) saslsfy the inftal-bonadsey value conditions:
0 =b+1-2, —1Rax<liz,
20 =0,
IR =502, )= b,
with 0<b<1 (symmetsic pickled string). Then the following cases can asise.
1 b=0.

At =112 the whole string hits the wall, then it adheres foreves, inde-
pendently of the value of F.
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2 d=1
At #=1 the middlc point of the siring touches the wall. Then
21) If Fa4 a BRS arises, which does never tesminate: the string re-
s at rest, and for 7331 the solution is x(x, 1) = 2],
23) If F< 4 this point is an isolated contact paint; the motion of the
string Is peciodic, and the solotion agrees with the free one.

Bt1-2¢

-2 oo
Fig: 5. Cuse 31,
3 d<b<l
(J‘\..u-:, = (14 B)/2 2n impact takes place along the segment |¥<x; =
-1 b2
31) F>2. From Py{xy, ) and Pj(—x, 4) two endless URS stast,
dividing the string in three pars: the cemral one, |x|<x, sdheres perma-
ncarly, whereas the side postions remain at sest, the solution belag y(x, £} =
= 2 foc >, 25
32) P2 W.:abmanAanngimm and symmesrically =
from P), whose cquation x\-l-(m—\)(t—l‘} The solution in
APE s again y{v, £) = 2(]} _x,)
321) 4(1+b)< F<2 The §chamcerstic lssuing from Py
by the boundacy x = 12 in & polac B (uz,m-ﬂ). D




SRS
eharacteristic starting from A in a point Fy(s, &), with
Xy (F4bF—ABRF=0,  t,=(F4bF+452F.
In the teiangle ,BP, the solution is
2o,y (=214 A=A P+ bRV — F).

In P, a sinuation similar to cuse 3.1) occurs, the solution being y{x, /) =
= 2% —x) for |>xy, 121
322) Fedd(l + 8). L meets rmnpmum:.),mr.-x+

+.F(|—.e)m mwmmhw starting from 2.

PBCD the solution a5 in P,BP, of case 32.1). hD
rhenﬂ.n;dwdnu&omlbewﬂl in DCEC the solution is y(x, £) = 2(0—1).
ﬁmb&mﬁwmm;w%mmumDﬂr&).
with £, = 754 20,

=" ”
Fig. 5. - Casc 323,

Rzacans: This exseuple leads to 2 conjectuse: if & sring is subject to o
extersal force, then there exists o time 7" after which eitber some internal
segment (possibly reduced to a point) of the string semains permanently gled

ok e e v skt
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to the wall, whereas the side parts vibrate freely, or the whole string does no.
langer touch the wall, except for isolated points (see sect. 4).

Fig § - Case 322

Exaurcs 2: In this cample we construct 4 solution, for which the
boundary of the contace sct is an «a priori » chsen line i — y{£) formed by
#0 infinite number of Pecling andjor Support srcs, joined by Rest Scgmenrs,
Let s consider in a charcteristic rectangle & == [0, ][0, b} 8 sequence of
paints £, = (£, 7,), with £, s, 7+, chosen a3 follows.
Put &, = af2*, £, =0, #i, =0, and by recursion:

L =84

=L @<tsd),
rl)=L—0RAR+nl, =vO=v@)=1,
Faga =t wald) = il + 8~ (2} 80,

where r, are arbitrary provided that

7.8} converges.




=g
Then 5 € line 41 3= y(&) is defined in [0, 4] by
n=itplé=f),  E<ichi.
1€ morcaver [r,&f < A, then (g ia in W([0, a]) and there exists

iy = o = b1 4+ M2)a

A single arc 2,P,., of /s
(1) aPA <0,
(615  aRSif =0,
(61) = A if r,>0, (provided 8% < 43, in order that y(§)=>0).

S@pﬁm_{é.q)-]-mm R Then we can choose the
dmnA(ﬁm!<F<".mq o secording sespectively to the
(62)  A@=CH+y@—I8  (by (0.5 aad 39,
(628) A ubitoary, provided 0<A(8) + w9 <2C,
| (62 A@=—iE.
| from which by integration the exprestion of A(#) follows. f
Cass 2.1 (PAs joined by RSs). If a= 1, and
—2%  formeven,
T o for modd, L
we ean choose A'(E) on zum(.nds)m--uymm For
instance, if we put fn f<f<biy e
A= =T+ E=Ed+ nE— LI -,
we obtain a function A'(5) 8 €¥([0, 1], The constant s, must only satisfy
the inequality 0<7,<BEJS! in osder thac (6.24) holds.
Case 2.2 (PAs and SAs alternately joined by RSs), o= 1, ] <0, snd
2 for ek,
o for & odd
E for e dk+2




(6:16)
- tinuity of A'(E):
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condition.

s satisfied, and we can simply choose, In order to get con

A =26+ E—EI—2CE— L), oz mm Akt 1,
AR = — T+ E— £+ 2008 = £, for w=4k+ 3.

Rawanx: Thi couspe shows Gnt 1 .ot s possle o Gt

;u»lw:mumu;.mmny s finite numbes of clementary
wquommmdmp]w[q bur similarly

Wul:m[!]ha!ﬁurus&mdl the wall are present.

7. - FINAL REMARKS.

“The model of [4] we presented in this paper is subject o some criticism
for possible refincments.

Fiest of all, it scema not completely satistactory to model the efiecs of the
mw.mrm,mmb,um&mmdwwnm
segment, In face, only the pecling from an endpoint of the gloed part is
allowed, and no distributed external force, however steong, could detach
..gn.unrnwum,srmm-.u Obviously this model results in a great
simplificati

Smmdl; it s possible to consider » force F (or an encrgy ) depending.
on x andor on ¢ for example, the ficiency of the gluc mty decresse with
time or by effect of the number of times the string has already been pecled
‘off. This would not give sisc to an esentially difierent modsl, sad the calcula-
tions could be cartied vut in & very simila manner, provided Fx, /) Is 2
m:hw;lmpmiﬂwfmmm. I Fx, #) vanither somewhere, only

the impact model of [3] applics, with the inehistic impact biw alresdy con-
sidered in [6].
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