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First of all B, Osofsky 0] proved that a ring having 3 Morita duality must
be ubsequently B. Millee [Mi, ] pointed ous 2 deep selution
berween Mosita duality and lineae compaccness, by showing the following
facts:

) A ring R has 2 left Morim duslity if and only if both 4R and the
eninimal cogenerator ol of R-Mod are linearly compact in the discrete topo-
Iogy.

#) If 4K, is a Morita bimodule, then the K-reflexive modules are exactly
the lincarly compact disceete modules.
Moreover Milller obeained: in [Mil;] the following resule:

) Let A and R be two (dﬂuu:) rings and let 3, and 48 be two cate-
goxies of lincarly ropalogized off right A-modules and left R-modules
respectively. uwa.m,amummdhmmdm then every
duality between ®, and  is performed by a Moita bimodule .K, via the
faactars Chom, (—, K) and Chomg(—, K), up to squivalent topologics.

e scats e | [K], J. Kracmer gave a gencralization of the enacept
of a Morita bimodule; considered bimodules oK, which are faithfully bal-
anced with both K, u-d #K quasi-injective and finitely cogenerated. We call
such & bimodule 3 Gameralized Merits bimeduie (GM-bimodule for shazt). Fol-

lowing Krasmer we say that the ring R hay a /7 guari-duelipy if there is a zing A
and & GM-bimodule K,. Using GMbimodules Keaemer obrsined 3 number
of interesting resalts concerning sings having a quasi-duality, with applica-
vions to tensor rings,

The present work is & topological investigation on rings haviag a quasi-
duslity. Sections 2 and 3 deal with some preliminary facts. In Section 4 we
give our first main result. Let (A, o) and (£, 7) be respectively a right and
2 left linearly topologized Hausdneff ring and let LT-A, (resp. 2-LT) be the
category of all lincarly topologized right A-modules (resp. lefc R-modules)
over the topologia in ¢ (A ) (cesp. (R, 7)) and continuous modale homo-
momphisme, Assume. subcategorics B, LT-Ar, «B¢ ReLT are
given such th

1) (A 6)e B, and (R, v)e a;

2). , contains all simpls sight A-modules aod those finltely cogenerated
sight 4-modules, each element of which is aanibilated by & w-open
sight ideal of A, and the same propertics for xB;

3) A duality H e (Hyi By = o, Hyt (B 3,) s given.

Then we prove that there is 4 GM-bimodule oK, together with natural equi-
valences £, = Chom, (—, K) and F, = Choma (—, K) (ap to equivalent topo-
logies); maseover ihe e pcloglal o (4,4) iad (1) 3 wemetally
linearly compact, Conversely, every GM-bimadule gives rise to a duality of
the kind just described.
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e shove inasion th wpologies o 4sd v en dieni, then
bimodule and ﬁlﬁvwwkﬂmnllr)uf

genenal
 deals with Koseflexive modules, where 4K, it  GM-bimoduke.
that & modale M is Kereflexive if and. only if A is complete and

R
;51:...1=a|=.mwbugrm¢¢um,r} linearly. compace.

By means of an crample we show that such a ring need ot be Hincudy
pact in the discrete topology. Millee's result ) follows easlly 45 & coral- |

rally we prove that if & commutative ring R has 2 quasicduality, shen 2

o e
lf(ll,r)h-nsh'(mp Eﬁ)mﬂwmm LT-R,
category of Hausdord lincarly topologized

morphisms.

Ieft) m
REE,LT then Chom, (£, .Il’) will dente the group of continuous.
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= PRELIMINARIES 0N DUALITIES RITWERN CATEGORIES
OF TOROLOGICAL MODULES

In this section we list some sesules (taken from [MO,]) concerning duali
ties berween categaries of topological modules, whichs will be exensively used
in the sequel.

. Throughout, (4, o) and (R, 7) ace fised Hausdorff respectively sight
md kﬁ linearly topologized rings. By a fapelupical bimadide we mean a bimodule
#K, endowed with twa tapologies 7, and 7 such that: (K, x.) and (K, 1)
ase topological modules over the topological tings (A, o) and (R, 1), respee-
tively, and the lefi (resp. right) multiplications by clements of R (resp. A)
are contiouous eadomorphisms of K, (resp, aK).

M s called K-omplstely reguiar if Al is topologically isomorphic o a sub-
modsle of 2 topological product K, fot some set X, with the induced topo-
lon‘ It is not difficult t see lls-n this is (bemcc‘nﬁl']'vhm Chom, (M, K)

sepursies points of M and @ =2 We denore with B(K.) (resp. Mak)) the
lu‘hmnegmy of LT-A, (resp. er-; of a1l K-complerely regalar topological

22. Given Mo LT-As, let us dencte with M* the left R-module
Cham, (M, K) equipped with the topology of polntwise convergence, that is
the topology induced by the inclusion of Chom, (M, K) as an. Z-submodule
of the topological produce JK%. It is clear that M* & M:K) and the assiga-
ment M -+ M= defines & iant. funceor from LT-de 1o $(:K), Ina
similar way we define the consravariant funcor Nis N from Be-LT to B{K,).

Given A& LT-Ar and xe M, let 5 denote the resriction to M* of the

map /() feom. Hom, (M, K) to K. Then ¥ & Chom, (M*, K), since & is
i 0 K OF et projection of 4K¥ onto K. We may then
define the canonical sorphism e M —~ M*-by seting () = for al
e M. It wans our that e is narural in M. OF eourse we may define the
approprate. canonical morphisms w: I~ N** for cach N's ReLT.

Theoughout the present papes Dy H(K) —BGK) and Dy $(K) =
—= HK,) will be the conmavasiant fancrors defined by D,(Af) = M* and
Dy(N) = N* for each MeD(K) and NeH(uK). We shall be ofien con-
cerned with. the case in which the pair Dy = (2, D,) is a duality, that is

Dy
o and on aze topological isomorphisms for all M e B(K,) and Ne B(aK)
(see Theorem 2.7 below),

2.3. For the remaining part of this section we assume that two subcate-
£t B, 1B of LT-A, 40d RLT are given satisfying the following con-

EE——




(A, o)e B, and (R, 1)e B
A duality H w (Fyz 34> o8, Hy: .a—s.; is given.

'3;@0=Uwﬂalﬂvﬂ
atural in M (resp. in N).
be above topological bimodule X turms ont o he usiquely detemmined,

topological isamorphisms of topological bimodules, by the duality F:
called the Jspelsgica himvduie auscied o 41.

(rep. ) = Choma (N, K))

Prorostion [MO,, Proposition 28]: {f M B, and Ne o8, then
praperties boid:

5) Tie cansaical morphines s and cup are continwnis (medle) isomorpbisns;

). i  tpogic immerplisn if and oniy if M = 1. ﬁ.mwrg;-..,,.

kwmmmlmkmwhnmﬁﬂem.h,qsa(m
e it oo

similarly
T.(3.) and ..B- .'!(-5).
s3I D, and D, denote the

= BeK).
ﬂﬂﬂ-:(&»x)‘l.md(&x:k
of respeceively, then we have the

DndD.wo!

'l‘lmmx[ﬂ.ﬂ,,’l‘lntunl!}]v With tbe above motations the follewing.

) D.ﬁ.):..!-lb.h!)d-
2) T diggraw of fumctors avd cotegorios

= — ]
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3) (By, B,) defines a sinality between B, and K Y
Finally we recall the following theorem.

2.7. Twmomest [MO,, Theorem 5.3]: Lar A, R be (discretc) rings and for
wKy b s (discress) bimedale, fuithfnl om both rides. Thew the pair Dy == (Dy, D)
ds g duality berwece BK,) and BK) if and only i oK it foithfully bolonced and

doth K, and (K are quectinictioe.f)

3. - GemmarzzeD MosiTa sMopULEs

31, Given a left linarly topologized ting (&, 1), we denote by F, the
filter of all open left ideals of X and we set

T [oM: Anna(x) € 5, forall xe M}

Tt is well knows that B, is closed by submodules, homomarphic images and
aebitrary dircct sucas, that is %, s a hereditary pretorsion class with associsted
left exact prezadical / defined by

A(M) = {re M: A (e 5}

for every Ieft Remodule M. We observe o, given & modale L3 with
disereee topology 4, then (Af, 8) € B-LT if and only if e G,

The categury T is & Grotheadiek category; if we set Eo{M) = 4(E(A0),
then for every M T, F(M) is an injective envelope of Af in By

The proof of the following resalt is left ta the reader.

3.2 Puovostrion: Jf nK &G, dbva the folloaing conditions are squivalont:
1) K'is an injective oljest in Tr.
2) For mery M ReLT and (opem) popedigicol ccbmodle M of M, esery
catinvens worpbicm frase M hvia K. coteods 10 a cimtizwons sesrpbism frum
M o K.

3) For ooy Le 71, ey watismas ssrpbive froe 1 (ondiwad wish dbe
Sapoiogy indnied by ¥) dite K. extends fo a cumtizoons morphiioe from R
date K.

33 Let K be 1 given left R-module. The K-pubgr on a madule 4
is the ropology for which the finite interseeions of kemneli of morphisms
M+ K form a basis of neighbourhoods. of zero, that i the weak topalogy
of Homy (M, K). It is casily scen that the Kiopology » on & is 1 ring
topology and M, endowed with the K-topology, in a topalagieal madule over
the topological ring (2, ). Notc that the K-topology on M is Hausdunf if
and oaly If K copenerates Af; in particular (R, ¥) is Hausdorl if and only if
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uli It is clear that K& G, and ic follows immediately from Proposi-

that oK is quasi-injective if and only if K is an injective object in T

is strengly quasivijective I fat every ac.nndxez\p

i B+ K extends to an endomorphism £ of K with

if for every we N, Ec.x-undx(xum

qunmac“ mmmsf—ow:wu. We recall the following

from [MO,, Cotollary 4.5 and Thearem 6

‘ProrosTTIoN: Giwe « it Remedule K, it 3 be the Ketopohigy o R

 the fulleiwing conditions are equivalenr;

p&hﬁmdmn—.qggrwdm;,pwh.
Jomging 15 ...

j:mhkunmwpmmmkmxss, S deely TL6 75y
v. Conscquently we have the following corollary.

B e L (R i el ey el - ki that

Tiew tie folluving propertos bids

A WK is dfective in G, ther oK ir quasi-ijecsive.

-nyxnuwcgmuc..m-.zﬁ.w,.s@mﬁ

i

shall need the following two criteria of linear compactaess.

'.'.'Dmmlﬂbi.MlinTlﬂmD: Let (R, 7) e a deft Fiwocrly fopelo-

ring, 1K & cogemersior of Tr and A = End (oK) m(ﬂv)vhwb

of and enly if nKo it faithfuly balesd amd K, iv guastigective. ([}

38, Tusores ([MO,, Theorem 9.4]): Let oK be o mlfeigemerator and

= Bod (uK). W-Kuﬁu'bmpfitmlj-lvgljnhwcmﬁf

e r)haldtb—bhpfwgd’;@kf.&eﬁd

ety K.mnnpﬂmmu/mmruk A-medile;
2) Homu(£5:(K), K) sparate paints of Ex(K).
Thew K = E.(K).
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Proors Set = HfK), let ar Homa (£, K)—= Homs(K, K) be the re-
striction marphism and let us write £ = Im (a). We claim that 7 — A. Indeed,
if Fwere a proper tight ideal, then there would be  maximal right ideal P of A

which conains /. Since A/ maps nontrivially inta X, thee fs s K, x5 0,
such that xP = 0, hence ¥/ = 0. Thus we would get 3/ = (/) e T = 0
fos all f& Homy (5, K, in conndiction with2). Now there n./cllmn.(l,. 5
such that r(!l# 1, that is K is & direct summand of E. conclude
K=

3.0, Camozsany: If Ks h;‘drl;f-ly balsaced avd both. K., and K ar copei-
erators, Hhew K., and 3K are jective.

311 Darpsrrion: Lec K, be o faichfully balaoced bimodule.
) We say thar K is 2 Marita bimsdsds if both oK and K, are injective
cogenerators.

B w“-y-b.; Kis a Generaliced Morito bimodvie (GM-bimodule for shor)
i both 4K and K, are quasi-injective and finitely cogenerated.

312, Leanax (MO, Proposition 6.107): Ler .t‘ b .[.w-fg balmeed
bimodsle with boch JK and K, sirongly quasi-infective. Soc(uK) = Soc(K,)
nd both are cential in oK and K. I

313, Paovosrrion: Let oK, be & Morita bimodule. Then:

3) The monles Koy As, oK, aR are linearly conspast discrete.
8) Soc(K.) = Soc (aK) and both are essential,

Proor: It is a consequence of Theotems 3.7, 3.8 and Lemma 312,

Comotrany 3.14: Frry Morita bimodule it 5 GM-bimadule.

Proor: If 4K, is a Morits bimodule, then K and K, are strongly quasi-
injective and therefore, by using Lemma 3.12 1nd Proposition 3.13, we infer
that 1K and K, have essential and finitely genersted socles and heace they are
finitely cogencrated. |/

3.15. Provosrios: Lat K be o guasi-ijoctive right A-smodile with estestial
socle and et R = B (K,). Then K, ir fiitely cogeusrated if and vsly 3f R is senct
Pecfrer.

Proor: Let o be the Ketopslogy on A, set o= Soe(K,) and consider
in G the exsct sequence

0 Ko KiE-+0.
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e K, is quasiinjestive, then it s injective in Ty and we get the wact

0~ Hom, (K. K) = R - Hom. (£, £} =0
Rmodules. Moreaver we have
| JOR) = [r& R: Kee (4 K} = [re R: v o= 0) = Homa (K], K)
of RIJ(R) lift (sce c.g. [F, Theorem 1927, p. 76]). From the

(@) we now infer RYJ(R) = Hom, (%, ). This shows that &
if and only if AZ is finitely genersted. i}

ConoLtant: Auswe thut 1K it faitifully batssced and both (I and K,
i secle. Thor K., ir'a GM-bimodvic if and suly if both R and A are
W
Provosrrion: Let JK, be fuitkfully beisweed wirh both o and K, quasi-
If K, is fisitly copeoerated, tben oK contains a copy of sab simple eft
Conregmatiy K Jr strongly quaskinjecive,

cm-momz'n Lerr

‘that every simple
left ideal and let iz P — R be the inclusion. Since K i an infective
ia B, accondiog to Proposition 3.2 we have the exace sequence

0+ (RIPY? <> RY—En Prad
(K.). If (R]P)* were zero, then i* would be a continuous A-iso-

But since K, is finitely cogencrated, P* would be faitely cogen-
discxete, therefote 1* would be 3 topological jso-

a contadiction.
lmﬂmphk ia RIP, Tinally 5K is strongly quasi-injeciive by Propos-
35l
proposion we have just shown, together with [MO;, Proposition 6.10],
s the follivwing result, which was proven by Krsemer (K, Lemma 2.2]

* 38, Comorrany [K, Lemma 22]: Let oKy b & GM-lwodule. Then K,
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(resp. oK) contains epresentatives of all siveple vight A-mwoduies (resp. doft Romectuler)
Canseguently ot K, and 3K are strongly guasi-infectire and Soc(K,) = Soc (aK).

3.19. Comoutany: Ltf oK, be a GM-bimodeie and lir v, o be the Ketope-
digies of R and A respoctiely. Then (R, v) and (A, o) are lintorly cormpacs.

Pacor: Since K, s ﬁulhﬁll!; balanced with 4K and K, both strongly
quusk-injective, the thesis is a consequence of Theorem 37, fff

4. - Ciamacrenszarion oF GM-3IMODULES T MEAN OF DUALITIES

In this section we show that GM-bimodules are exactly the bimodules
associated to dulities between special categuries of topological modules, in
the scasc of 2.3.

4.1, Given 2 wpological module (A, 1) & Rr-LT, we define the lincar topo-
logy £y on M by taking as hasis of neighbourhood of zero the t-open sub-
modules 1 of A such that M}V is finitely cogenerated. Then r, is Hausdorft
and is cquivalent to v, i the sense that & submodule of M is e-closed if and
anly if it is raclosed. Tt can be shown that (4, e} it complete

pact if and only if (M, ) has the mpnndm tee [B, b, 11T,

peoperty (see
$7 cx 18], T copology e i called the Lo podgs of GO )

42 Tusoms: Let (A, o, uz, ) b raspesively vight and Jeft disearly e
lngiged rings, let Sy and 5D b o of LTty ad R LT rejciet, 4
sy chat

1) (A, c)eB, mnd (B, v)e.B:

2) By (resp. ) cemising all simple right A-modler (resp. oft Remodies)
aad ol filtely eogeerated modies in T (resp, in )i

3) A daity H o (yz 8y~ a8, Hy: B —8,) it given with asseciated
imodule (sKas ats 24)-

Then dhe following properiies bold:

0 oK, it a (diarite) GM-biedile

) (A, o) end (R, ¥) are doth livsrly eompact,

) For ol Me 3, and N B, Hy(M) and HL(N) are tpoiagicaily ise-
smerplic se Chom, (M, K) and Chomp(N, 1) reptinl, bl miord
with s Jofolegy equvalent o ibe firite sopolog,

) For all M LT-Aj and N& R-LT the cavanival sorphismes i1t M —» Mo
and oz N s N** are comtimmens immerpbisss.
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F ) D5 s et 5w s B o el coporne,
write g = wy and let (14),,, be the family of y,-open sul
‘We have

Anng Ann, (F) = 7 for all ded.

assume on the comrary that for some 4.1 there i
6 Anng Ann, (VY-

e bave K/V, 2,8 and, since 1K is & cogencrator in
;a:-um.:xm.x) Sueh that fr 4+ V) S n,.w,,,,
@nanicl projection K — K[V, we get an clement a4 such that
and xs 0. This implies s Ann, (V) in contradiction with
Ana, (V).
s prove that
A=F Ann (V).

\ A1 maps non-trivially into X, This implics
P 0 for some non-zero e K and hence xI = 0. By using (3) and
bt 7, s Homdoe we get e [) Ana, Ans, (V) = [ V= 0:

y i

mmmn;(vg_,ummmmhmh

B (.. e upacd oot e s icke rn () s s i
€t such that 1¢ Ann, (1/}). We conclude V, =0, that is K K1/, is fini-

i
o K., we conclude that 4K, J5 4 GM-bimodule.

e e <ach simple
- Bemodule, then 4K is & cogenerutor of G, Moseover 1K, is fithfully

and K, s quashajective. mmr)umm,mb;m

37. A similar argament applies for {1, o).
6] Given M e 3, lot us prove that the topology « of Hy(H) is cqui-
B¢ o the weak topalogy 7 of Chomy (F,(Af), K). Since £ ¢, we must
thut each of (M) i -closed. Toasmuch 25

2
W ﬂ‘nﬂrf.(amwuawnu,mm.mm
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Resubmodule. Siace K s u cogenerstor of By, (M)W is lsomorphic
to & submodule of 4K and therefore I is the kemel of an element of
Chom (H,(M), K), that is IF is £open. We conclude that I is an inter-
section of f-open submodules.

Looking st the commutative diagram (1) in Theotem 2.6 we have
CHLQM), 1) = FOH) == JTHY (M) = Dy Tu(M)

whete the lateer coincides with mm(u K) endowed with the topology

induced by the product topology of Since oK is. discrete, this topology

is just the finite ropology nf(:aum.w, KJ

4) Let (N, )& B-LT. Since oK I # cogenerator of G, thea it it
casily seen that Choms (N X) upmws points of N. It follows thar fV He

danous somorphism.
The follawing s, in some sense, the converse of Theorem 4.2

4.3, Trmonew: Fivwry. GM-imedle oK. it 1he bimodie awecisted o a dility
of the ki considerd in Thowrem 42,
Puoow: By Theorem 2.7 the paie of fanciors Dy = (D, D) gives &
aw.gmm{x‘)m%x} Endow R snd A with the cespective
v and o, Then (4, a)e H{K.) and (R, r)e BK). Since
K B0, t Tollows From Corallny. S8 thac (K} contaim sl seple
right A-modules. Again by Corollary 3.18 K, is an injective cogeneraior
of T, thersfore every finitely cogencrsted module in Gy is & submodule of
&3 foe some we N; thus every finiely cogeneested modale in B, belongs o
K. A similar argument spplics w0 3GK). [

“Theorem 4.2 allows us to improve @ resule of Maller [Ma,].
Thuwones:  Let A, thﬁmmmyudbam,d.:hﬂ
..;.,m. of LT-A asd R-LT respeciinely.
1) A B, and aRexB;
2) AUl finitely cogaerater modules ix Mod-A and R-Mod heiengr fs 3, and
#B ruspectively;
3) A duality H = (Hy, H) between 3 ond 4D is gier.

Then the bimoduie oK assoviated 19 i is @ Marits bimodnle and therefore the rings
A and R have 5 Marita duslity indweed by oK. W
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5. - K-REFLEXIVE MODULES

. Lt A, R be given rings and let oK, be  bimodale. We recall that
Amodule A is. Kersftxive if the canonical morphism

M == Hom (Hom, (M, K., xK)

Isomorphism. We denote with & the module M endowed with the |
. Let D(K,) be the subcategory of Mod=A1 of all modules cogen-

syxmdmumm the subcategory (K, = (0 A e DKL)

A, which is clearly equivalent 1o D(K,)._ Then 9K, ¢ $(K.) and 2
‘module Me HK,) belonge ta D(K,) if and only i

Chom, (M, K) = Hom, (M, K} .

ntﬁx LK) = (M BE): M is complete]. Note that & topological
‘madule Me B(K.) is in €(K,) if and oaly if M is topologically ilum@hl:
10 a closed submiodule of the topological product K* for some set X.

mﬂuaeﬁnmmw;
5.2, Provosirion: Lat oK, be a faitljuily bolanced bimodile and asiuowe. thot

WK and K, are buth strongly guaci-ingectice. Toen we Bares

) The duality Dy indwer a dhality beiwees D) (reap. €(K.)) endd CLK)
(usp. DEE)). Covmguatly D imbss & ducly owen D) 0 (K
nd D) O ).

i qa.@:mﬁmmxmpuuhmfu-&y
A bs Hacderf and

:dfnutnmnmbr?wm}.}, then #)
mnuuﬂal()..ﬁmmllzl
Being K, u selfengeacratot is cquivilent to the face that every factor module
avery finite dicect sum of copics vf K 15 Housdoe In the Ktopology.
| Thus, according 10 [V, Corollry 45}, for every sight A-module M the caa-
ism A -+ Hom (Hom, (4, K), X) is the Hausdorif completion
M and this proves 8. [/l

53, Comorrany: If WK, ir o GM-bimwdle, then the Kerefccive right AA-sod-
&WMM)HN@ .‘.-.\Hnmdﬂna-fim
 Puoow: Tt follows by Corollary 3.48 and Proposition 5.2 Jif

We now charscterize the K-refiexive modules where 1K, s & GM-himodule
with K, injective,
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S Lesoan: Gioen o ring A, if Ka is a fisiely coppneried (otrngh) quasi
injtive tageveratr of Mod.A, thew K, ir injucive,

Proor: Let o be the K-topology on A. Then K s an injective object in
T and there is & finite sex {1y, .., V) of representatives for all simple right
A-modules, Thete are positive integers ay, ..., 2, such that

K= BV @ @ BV

On the other hand, if we fix /& (1, .., o], it follows froin the assumption that
i mmand of K, and, since Eud(z.(vg)

is llum]ﬂnsﬁﬂmt l!in]lrmﬁnm a well known

that E(I}) = E(1¥}). This is coough t conclude that K, Bmh:ut! m

ESs Cannsduss a2l amd, L K. it ot iy f
Ky ie a exgemersior of Mo

Paoor: It is 2 consequence of Corollsry 318 and Lemma 54. )/
16 (R, v) is a left linearly topologized ring, we denote by Ry-LC, the sub-
of ReLT consisting of all lincarly sompact modules endowed with
thei Leptin topologies.

5.6, Lososas Agwme thet (R, ©) Jr @ iseorly compoct ring, iet uK be ow injer-
tine exgonarator of Ty whib qrenfisl socke, 5t A = End (oK) and bt 7 be the K-
Jepsiagy om A, Tien wa beve:

&) oK, ir uitifully balovced, K, Ie strosgly quack-injetivs, (A, o) ir fimsarly
camport, Soc(K,) ir euential in Ku. Jn particalar Dy it & dality be-
rmven B amd DD,
b) Tie following coudilions are. equaraient:
() C(uK) = R 1LC,.
(@) K i limarly compary diserese.
(ilf) K, i an dnjective sopeneraior sf Mod-A.
(%) AL i Tisariy compact disrore.
(v) Dy indoces u diciity erwven Mol-A wnd R-LC,.
Puoow: ) follows from (DO, Comllary 2.12], while #) follows from [DO,
Corollary 5.12] and Proposition 52. |/

57, Tuan Lt Kl 's GU M o8 s 1 B, U it
Then sée following propetie
a Bm.wa.mMMmm
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Paoor: If 1 i the K-topology on &, then (R, 1) is lineatly compact by
w},]?nﬂllkwuim«nv‘mmmtd&ﬁﬂawm

 Proposition 3.5, Thecefore both oK and A, are lincarly compact discrete
‘Lemma 5.6.

According t Corolluy 55K, is a Rnitely cogencated injective cogen~

1t of Mod-A, thecefore the K-topology on any sight A-module is just

e cofinite topology, which is Hausdorlf, On the other hand we have from

5.6 that C(uK) = Re1.C,. Thus both ¥) and ) follow from Proposi-
n

58, Conoucany [Mi, Theazem 2]:

Let K. be.# Moris imedsic. Then

to Theorem 5.7 a module M, is K—mﬂﬂncll'lﬂdulﬂr
linearly compact in the cofinite topology. which is equivalent to
!hwcqnhy i

6. - RINGS ADMITTING & QUASI-DUALITY

6.1, Following Keemer [K] we say tha a xing R bus 4 dfi guasi-duality
?wn.d.,s,(mr.cu.hm,x,

62 Tnonms A ring R har a gt guasi-dualy if and only if R saticfes the
o0 condiions:

1) Ris smiperfet;
2) R bar o lisoarly compact bft ring fopolagy 5.

 Proor: If there s  ring A and a GMbimodule 1., then we know

-sp-rmmm_umm.mmmnummmu
und 45 that (& 1) it lincatly compact, where = is the K-topology.
 Conversely, assume that 2 saristies 1) and 2). ’ﬂmj‘(lt)llt-dowdbr

i

K E(V)® @ B(V)
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and et A= Eod(aK). Then o is finitcly eogenerated and s an isjective
cogenceator of Ty, therefore 1K is strongly quasi-injective by Corollary 3.6,
Accarding 1o Lemima. 5:6 oK, is faithéolly balanced a0d X, is strongly quasi-
injective with esseatial socle, thus we infer from Proposition 3.9 that K, is
finitely cogencrared, We conclode that 2K, s & GMebimodale. )

6.3 ConoLLany: A ring A Ir right Iruarly coapoct disrett if and ouly if A
das o right quast-suality indsred by & GM-simodnic oK, snch fhat oK is sy cose-
past discrate.

Puoor: T A, is linexrly compact discrete, then A i semiperfect by S,
Coroliary, p. 335] and it follows from Thearer 6.2 that 4 has & right quasi-
duality induced by & GM-bimodule JK,. If r Is the Kopology on R, we
know that (R, 1) is linearly compact and 4K is an injective cogencrator of Tr.
Thus K Is linearly eompaet discrete by Lemma 5.6,

Comversely, assume that there exists 2 GM-bimodule &, with 4K linearly
compact discrete. Aother application of Lemma 5.6 shows that A, fs lincarly
compact diserete. (Jf

64, Comouean (M0,]: A risg R bas u ift Morita doality if and valy if 2t
and. the mivimal asgenerater oL are bath lincarly comport dilerete.

Proor: Assume that R has a left Morita duality and let 2K, be a Mosita
bimodule. Then 2K, Ky, o and A, ase all linealy compact diserete by
Propasition. 3.13. Since 4L/ s isomarphic to & submodule of uK, then 4U it
linearly compact discrete.

assume the both 4R and 4 are linearly compact disceete and

. Since R is semiperfect, we infer by the same proof of

Theorem 62 that 4, is 8 GM-bimodule. According to Lemma 5.6 £/, i
an injective cogenerator of Mod-A and hence 2L, is & Morita bimadule. [/

65, Biseocmani. Thet iss + Awudotls il o Mk b . gt
daality bt iz not svarly compact

Proor: Let F be & commutative ficld and let X be an infinite set. Coo.
sider the Fomodule M = F¥ endowed with the product topology of the dis-
exete wopologies, Thea A is linearly compact but is not linealy compact
discrete, because A has infinite Goldie dimension. Cansider the trivial estension
slag R = Fo<l, Atan abelisn additive growp & — F'x M, while moltplica-
i s defined by, e 5l (s 077} m o o - It b chas st Kt o
commutative local ring with maximal ideal (0} M, which cin be identified
SN R e T P e LT R Al
the product topalogy in &, then (R, 1) is linearly compact but & is not linearly
compact discrcte. Finally R has s quasi-duslity by Theorem 62 ff




—a

fallowiag rosult generalizes [ My, Theorem 3], concerning commuta-
cingy taving » Morits dulity. Oue proof s essentally an adapiacion. of
Miller's proof to the aondiserete cisc.

3 Tuwomse: [ R is  commalative riug baving @ quoci-dialty, tbon R bus
| quari dualty with sself.
. Puoor: In view of Theorem 6.2 R is n finite product of local rings, there-
e may assame that R ieself is local with Jacobson radical /. Again by
em 6.2 theee is a ring topology ¥ on R such that (&, ¥) is lincarly com-
Let 1 = ERY) be the minimal cogenerator of r, let A = End () -
et o be the Usmpology on A,. Since R can be identified with a subriog
centre of A, we will achieve the proof if we show that & = A.
n ae A, let us coasider the non void set

A= (XUt Xa—r) w0 for some re K)

and It us prove that 4, osdered by inclusion, is inductive, Tet €= (i
&) be s chuin in A, Forall o here s v R such hut #—rug A (X,
Observe now that Anna(XG) is -closed in R and, moreover, the system

reemod Anna(A),  ked,

 nitely colvable, 13 it fs not difficult to see. Siace (R, r) is lincarly compact,

a (5) has & solution r and, for cach 45 4, there is 4 Ann, (X3) such that

ke We infer a—r & Ana, (X3) and 30 ([146)(a—r) =0, which

in 4 We conclude thit £ is inductive asd
s Lemma.

Lt us write /== Anna(Y) and let us prove thar Anny(¥) = L. To this

mnmwumummma,muﬁm

WmAmwmamw'mﬁAmmuuum,
@ Ann, Anse (T4) = 1A

P |, Lemma 3], Taking into sccount that 4/ is a cogenerator of RrLT,
e
3 ¥ = Ane Anny (V) =Aaae(f) .
N e U7 and A = 0, then af = 0 and 50w Am ()= Y3 it follows that

 Anoe (ZA)C Y. Since the apposice inclusion holds trvially, we get the

Anng

Y which, together with (6), yelds the cquality Ann, (¥) = LA,
¢ this point we can stuto that for all we A there are 6 Ry sy o ur

P
apd we claim that dy = ... = b, = 0, from which it will follows R= A.



— 340 —

Assuste this 15 oot the case and observe first thar, sy 104, u,m
above we may write A= R+ [A. Thus, given ie{l .
B € A, iy, s €, 7S R wich that

® a=rit Ba
Let us comsider the clemeat = r 4 Er,b¢ R. By using (7) and (8) we sce
i

® .g.--g(mifn.A) ;

Inasmuch as R is local, our ssmprion implies: thar E 7, % zm:; If we
my'_m..c@p) then Y3 ¥ and by (9) we get Y'(ecrj= 0. Thus

Y&, in contmadiction with the maximality of ¥, We conclude that by = ...
wm=b=Oamdso d=R |

We conclude with an example.
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