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On the Scorza-Dragoni’s Type Property of the Real Function
Semicontinuous 1o the Second Variable (**)
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Sulla proprictd di Scorza-Dragoni nel caso delle funzioni reali
semicontinue risperto alla seconda variabile
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1. - INTRoDUCTION

As the dlassical thearem of Scorza-Dragoni hus show ([SD)): 4 function
F¢ [0, 1]R =R satisfying the so-called Carathodory’s condifions, ie. f is
‘measurable in / for each x and continuous in x for each /, has the following
property: «for any ¢ 0 there exists 1 clased set 7,c[0,1] whose measure
s grester then 1 —¢ such that ...y is continuous with respect to both vasi-
abless. However if the continuity of fanction f(s, <) is substicated by semi-
continuity, then the function f may noe have the semicontinuous testriction

of Scora-Deagoai’s type (cf. [B, Ex. 2,7]; for it is well know that the func.
tion £ which is only semlcantinuous with respéet o every varisble separately,
may be very irregular, <£. [Sle, p. 65}, [J-K, Sect. 4]). In the case when such
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reatriction i possiblc we shallsay that { has property 520, (for lowerscinicon-
Cqul) oo s A7 O 1

iow let A be a subset of R and let us consider the mapping £, from [0,1]
o :.my of all subsets of R defined by F(1)= {x e Rs /(6 x)e Al

and 6.4]). For a function £ which is only semicontinuous in ¥, F, may not
be weakly measurable; if F, is weakly measurable we say that f has prop-
enty Op (for A open) or property Cf (for A closed),

At last, the well kaown Baire's theorem asserts that every real semicon-
tinuans function defined on metric spaee is & limit of 3 monotonic sequence
of continuous functions. The question asises, if /1 [0, 1] %8 R measurable
in ¢ and semicontinuous in ¥ if a limit of & monetonic sequence of Cari-
theodory’s functions £, : [0, 1]xR —-R. 1 so, then we say that / has prop-
ey B, (in the casc of 2 nondecrening sequence) or propenry 2° (3 non-
increasing sequence).

In this paper we show that the previously mentioned properties for func-
tion f: T X =R ase equivalent under suitable assumptions sbout T and X.
Section 4 Is concerned with the proof of this fact. In section 2 we give the
necessary definitions and terminology and state one theorem important for
our considerations. Section 3 contins a few lemmas which prepare the ground
for the proof of our main thesis.

2. - DEFINITIONS. AND PRELBMINARIES

Let Z be 3 meric space. A function f: Z R is alled lowersemicon-
tinuous (lse) (uppersemicontinuous—usc), if the set [x& Zra< f(x)] ([xe Z:
()= 4]} i open for each a ¢ R it is equivalent o the condition that the
et (e Zi fx)<a) (IxeZs o fx)]) is closed. The following thearem
holds:

Tovarese (Baire, (L], [Hol): Every lic (usc) function f2 Z—R is
limit of a nondecreasing (nonineressing) sequenee of continuous funetions
fut Z=R.

Let ¥ be a topological space, We denote by 4(¥) the fansly of all sub-
sets of Y including the empty set. Let 5 be an asbitrary set and i 1, measure
defincd on o-ficld X of mubscts of 5. By multifunction we mesn a map-
ping oo 5 o (). The se (va5c FUVAR) n calld the dommin of
Fi § —=1(Y), 2§ = 0(Y) is weakly p-measursble (in
sbbieriason—. ,um) if the set F-(B)= (€51 F(0Baojel for
<ach open subset Bc V. It i easy to verify that

() Fi§—4(Y) i if and coly if) the multifunc-
ion 1 5 = 4017, deknad by 70 - F i 0, pemian
(i) i F: 5 = 0¥} Is w. permeas dhen domain F Js o pmessurable ses,
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A function fz X —~R, whete X' is a topalogical space, will be alled €
(cesp. €., C%) type, if f(t, +) is continuous (lse, use) for cach 75 and
A123) s pemessursble for each
Now we assume that § is a compact Huusdorf topological space and a
Borel, a-finite, tegular and complete measure. We say that f: Fx.X —R has

1) propesty SD(SD,, 5D, if for every >0 there exists & closed
subsct 5, of 5, with (S0} < r, yuch thae 1, .y i continuons (Isc, usc),

2) property Op, if a multifunction F;: £-» 7(X), defined by
Fuy=lxe X: f(hx)e A},
is w. pemeas for each apen subsct A of B,
3) propesty G, if 4 multifonction £, § -» 1(X), defined as sbove, s
w. p-meas for cach closed subset A of R,
4) property B, (8%, if there exisis a sondecceasing (nenincreasing)
sequence of C-iype functions f,: § X - R, which converges to f.

Tecendy, in [R-V], the classical resalt of Scorsa-Dragoni has been cxtended.
We give it in the form appropriate for our considerations.

“Treome (Scorza-Dragoni): Let § and u satisfy the same assumptions
as before and les X be a scparable metcic space. Then every Ctype func-
ton f: § X -+ R has propesty 513,

Liinsta 1: Lex s be the homeomorphic transformation of R onta £ = (0, 1)
which preserves the order. Then

() f: Sx X R is €, (C-iype Runction if the composition 2 = sof:
$xX =15, (Coluype function,

(i) f: 5 X —R has properry Op iff the composition g =sefs Sx X+
has property Op.

Faoor: Follows from the equalities given below (sce c.. [Sik, p. 38]):

@) fa S 16,20 g} = {165 20/ 0 ) > slad} o
(e X[l > ey = [ea X a( 1, 3) > 1)} o

o, for a1,
{reSiafle, ) >a} ={{ref: fih )=}, for D<u<l,

K foe a<,

", for a1,
{re X ([t ) > o= (ra X: 4 x) > e}, Tor O<a<d,

x; for a0,
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(i) Falf) = e ({1 ) 6 A} s fre X2 1 30) S (A m Gyle),
9, ke Aniao,
Gulth=f e Kol (1, X)) & A | {x & X1 [, ) €573 (ALY} o
= Fyplf), for Antea,
Ticeaness 1: Lec X be a Polish space (ic. separable, complete, metric
space) and let f Ix:\-~]lbec.n?¢r\,amm ¥ s e
f has propesty Op also. property.
Pagor: We have

Al X [l Sy faale )< < Sl )= limf 0 2,

whese [ o Xt s e Sdiog € mbily o

we prove that 1 Fooy I8 W, jemess foe every interval
e T o (2] e o P museinar B, 5 5 ),
ned by

#i = [vex i el o))

Fiis/a ive o e FEU c ok I CRres S i 35 e
functions #, are w. gemess. Since F, has closed ha.xheamm-.f

[H, Theorem 3.5 (mm.fn.hmnmmn Fon SLX) are
w. p-mess and hence the multifunction u(nr,.) S0 I W i
(The union and intersection of muldfunctions are defined in the usoal way)

We show that

Indeed, we have
~al] (‘ﬁf...m} < xef] Funl) = (e F.0) far ) =

-[-+ L oSt < filtu )< Fox .>-.I =

wficisd -:f(l.x)ql] e R
Om the other Band, if % F, (7), then 2 < /{1, 5) = 3+ A< ff, where 85
There exists m, such that g2 208 and ({4 ) — fulh 3) < 02 or niye
Thea, foe namgs
r‘}:.zq-.g,f/f.‘ ,,;_:;«_r_p.x)qu A<




o= [ -
where &N is such that 2 f— 1, and since the multifonctions .y o
i w. p-mess, we conclude that the multifuncrions F = U Fru s- yeusn 15
. pemes.
Now, i 41 is an open st of B, shen A= [ (1, ), where ., ate
sone axtiona umbers. Heaée F,= ) Fius, B the w. yomess multifuncrion
whith means that the fanction f bas property Gp.

3. - SoM LEMMAS

Henceforth we assume that (7, ) is 3 measure space, where 7'is a com-
put Hoadort e ppace sed = 8 Bowd, bl regulsr snd complee

unf,m.mhh-uumh; We also assume
B X s B

IS0 T and S, then (5, m) B 3 messure space with the messure
me = ml.q,, where s = (AN S: Ile.&} T i e tha i . ned ahe
measure w, has the same properti

Besides, if 2 mulifunction F: ]"«-l‘()[,\llv,-‘_ then the resiric-
tion Flu: J«-ll'(X}:aw e o.nam:md.lnmﬁm
G154, «empry » extension &: T 9(X).
defined by (ﬂ o H‘ru‘ d'(r) Go) if fe S, is w. memeas.

Lenas 2: 1 & mokifunction s -+ $(X) satishes the following condi-
tion: « for every ¢ > 0 there cxists a closed subset T of T, with m(7>.T0)< ¢,
such that Fly, it w, mpomeass, then F it w. memess.

Paoor: Putting #, = 1ja, ne N, we obtain & sequence of closed seis
T.c T such that m{7%\T.) < ¢, and mubtifunctions F, = Fly, are w. my-meas.
Thus their o empey » extensions F: T = 1(X) are W, memess. Hence
ultifunetion F o [J F, is w. semess. Since

EeA
e T PO Fle TN 7. wwd m[TN]T) =0,

then the multifunction ¥ is w. aemeas.
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Lewsun 3: Tax /i T R be Cyaype function and have property Op.
: T+ §(X) there exists 2 nondecrcasing
T X = [0,1] such thar H
= (i f,a) where z(-: /%) denotes the chatacteristic Funetion of the set
Foaal-

Paoar: Let a,

1/a, neN. We bave

Fia ) Fia i) € Fieca-

Hence

A0S B sl B = Tl

Faisl) = Pl

Bax the multifunctions 7.,
fore by [H, Theorem 3.3/ 1

ya7e W, sr-meas (snd have closed values), there-
‘multifunction

Feny= N Fuipy, s w, mmess,
Naw we define functions ¢ as follows:
#3029 = o-min (3,405, i)

where d(x, A} denotes the distance of % to' A and d(x, #) = + oo For cach
f, +) are continuous, bewlmdwdmofl
set is & continuous function; i F,__,,(-;
each fixed xc X the functions p2(, %) are
me-mess by [, Theotem 3.3], because the multifunctions F.___,m- "
memexs. Thus ¢f: Tx X — [0, 1] are’ Ctype funcons.

Now i & Fif), e X Fi o ). Heoet il oo (=030
and for 4> 1y we Bave g3 %) = 1 that B lim ¢204x) =

IF s Fy, (), then x6 F_y o). Hence ¢3(t, x)=0 for cach ma N,
that s lim g1, 2) = 0.

Therefore (4 X) = i 4y =)

Lmais 4: Let f: T X —=(0,1) be Cotype fanction and bave prop-
ey Op.

“Then theze cxists & nondecreasing sequence of C-aype functions f,: Tx
%X~ [0, 1] which converges to f.
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Brooes, 1o ol i1 o D o, e i i 1
75X [0, 1] defined by

)= %x{#:ﬂ-’.)-
It easily verified that 1, <cs.,, and 7, converges (even nmfnrmly) -f
mlmlk:uiﬁ:nz" In view of Lemma
2 there cxints & nondecreasing (with respeet 1o A) )equme Pt
—[0,1] of C-rrp: fanctions such that
‘“_!:\lva(f. ) =gl o).
The fonctions g5: FxX = [0.1), defined by

it = (4 Eotat 4,

form & noodecreasing (with sespect to &) sequence of Citype functions, which
is converging ™ 7. Indeed,

"
4= IﬂA'-ﬂ((iT ?. il x) = vt %)

) i £ im0 = 0 F atvi 68 = a4

Let now fo(h %) = sup 5i(h.%).

Such defined functions f,: 75X [0, 1] ase of Ciype and obviously
form a nondecreasing sequence converging to £. In fact, we have
Sty = it ) = st ) = sap (len it ) =

= aup s5p e ) —sup (it ) = ) = B )

“The proof of our lemma is completed.

Lo 5: If f2 TxX - (0, 1) is Coetype function and has property Op,
then function £+ b: Tx X - R, defined by (f+ Bt aﬂ-f(-'.ﬂ+‘[xl
where ;X —+ R is 3 continuous function, is of C4-type and has property O)

Puoor: In virtue of Lemma 4 thece exists C-type fonctions f,: T X —
10, 1] sich that £, < £uyy 80 im0, 3) = 700 %),




.

Then the functions f, + # are of Ceiype and form a nondecreasing
youtcs ovegiag. 00,/ -5 Thus, fF §-hda paipsieiys i ai hooeiors by
Theorem 1 hus property Op.

4. - Tur wars aesvrs

Tumomss 2: Let /i T
statements are equivalent:
4) 1 has propenty B,
#) f bas propenty 0,
&) J has property €1,
o) [ has propesty B,

Proor: ) =4). Let ¢~ 0. There exists a closed subset 7. of 7' such
w(T and flg,.x s be. Then by Baire's theorem there exists

=R be Cy-iype function. Then the following

sequence of continuous functions f1: T,.X R such that fi<fY,, and
lim f2(t, )= [y, o{f, x). ‘The functions /7 ase in partcular, of C-eype, thus
by Theaem 1 & multifunctions F3: Ty = #(X), defined by F3(1
Slanslte )€ A} 8 w. mp-meas far cach cpen set AR, But
nd 1 s acbitrary, theccforc in view of Lemana 2 the multifunction F,:
~+8(X) it w, wmeas and 5o f has propey Of.

§) =) Let ACR be'a clowed st Then the sew A, = K(A, 1)
whete K(4, r) denotes the open ball with a «coners A snd radi
open. Hence the mulnfunmms F,,, by assumption, are w. m-meas and

abo F,. Bot Fu(r)=[17F,,(0), because

FACEACED and [P~ Fll
and consequently the multifunction % is by [H, Theatem 3.5] w. s-meas
=), Welare Fly=U  where ayems+ Yo 47, =B —

— 1o /) seid o N s such that & + 1< f— 1.
i t we have also

P Fiupy where A= (o, )

is an open subset of R, From these equalities the w. mmessurability of muli-
fanction. F, follows.
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B = d), In view of Lemma 1 it is sofficient 1o prove that's fanction
g of, whete £ is us in sssumption of Lemma 1, s the lmit of & nonde-
creasing sequence of Ceiype fuactions g,i T5.X — (0, 1), Then the fanc-
tins f, = slog,t T X —R are of C-type and nondecreasingly coaverge
w [ o,

‘Consider the functions g, T# X% X R and g,1 7% = R defined by
Qults ¥, @) = g4, @) -+ mila, %),

gdtyminfy(hnady  A=12

Oy £t ) <50 ) Purthermare for a fixed & we bave! g, (-, 2)

m-messurable for esch %, a8 X, p,(f, .4} s continous for cach e 7,
ac X (we ohlnve ‘har o ad 15 7 i amions wa(h ) ek e iy
of equicoatinuons functians with respect 1 the parameter a & X)), 7,04, %, )
is lowersemicontinucus for each /e T, x6 X, By the same argument s in
[T, po61] (cf. also [H, pp. 151152]) we prove that

O<gx)<l and  lmg(n)=glox), - (x)eTx

Now i remains 1o show thar g, #s o Cirype fanction. For cach /e 7,
&1, ) Is continuous 35 an infimum of the family of equicotinuons. func-
oms gu(rs -, a) (cF [E p: 571). Fumhés, we observe that if x is Gaed, then
) s the sum of the function g, which is of Cy-fype, and the con-
u:\mnsflml'unnﬂ-nd(..\} Smf,huptopcﬂ; Op, in v
g+ 4 has property too. ntions #7): T - 1(X), de-
End by ﬂ"(l)w{-ex ,,,(La sz 4 arc w, momeans for exch open
subset A of R and conscquently their domaing are s-measurable sets, that is
[re T: D) = 0} ek for each open AcR.

Now considec & multifunction ¥2': 7= S(R) defined by

a Wy gty 3, )2 5 € X)L
We claim that Wi is w. momesumble. Indeed, for each open set AcR we
have
(e T: U N A 0) = [ra T gl %, 6) € A for some ae X) =
= [reT: o a0le k.
Thus by {H, Theorem 6.6] the function « £ = inf F1(1) » s mmessurable.

Bat inf¥(1) = infy (1 . (1, %) which completes the proaf of the
emessurability of function (-, ). Therefore ¢, i the Caype fanction.
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) >d). Let fuz Tx X =R be Coppe, fusfa,

Bim f04 30 = fin ).

Let us choose an asbitrary ¢ =0, Then in virmue of Scorra-Dragoni’s theo-
rem we can obtain of close sets T, such that T, c T, ,, where n-1
(T < (1P and fly, . o 1 contifuoss, e Let 7= r‘| T8
it closed and 7,c 7. The funtions /|, ¢ ate continuons and form 4 pon-
decreasing sequence converging to the function /1y, » which s lowersemicon-
tinuons with respect ta both varisbles

Furthermose

L= A 1) =l G770 =
o D7) = BTy < e =e.

Thus f: T X-+R has propenty 52,

The proof of Thentem 2 is completed.

It s casily observed thit f: T<.X -»R i C,type fonction iff (—f) is
C-type function, f has progerty S0, if (—f) has propesty SD¥,  bas prop-
exty Op (CI) il (—/) has the same property and finally J has propety B, IF
(—f) has property 8%, Hence we have the following theorem

Towowma: 3: Let f: rxxunecv[q‘mmu Then the following
statements are cquivalent

a) f has property D%,

#) f bas property Op,

) f has propeny Ci,

d) f has propersy B,
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