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Local Existence at the Boundary of Analytic Solutions
of P.D.E. with Analytic Coeflicients (+%)

Esistenza locale di soluzioni al bordo per cquazioni
 detivate pasziali con coeficienti analiticl

S, — S 1 seceia el slcpobicalizzsiime l bomdo i [3], vel v wierior wibsgl
48 7) « ¥, pex wabilizs caivei il ennsesa ol obisiond &1 egeasice & derivae pareill con onclf-
e wmalcic

Assraacy
Let Al be » real anslytic manifold, X 3 complexification of M, 2 an open

8.3, ¥ € 242, with analytic cocficients. We prove thit PTa(dy),, = r.(.e.)_
when the conormal to M4 is nor-microchancteristic (cf [2]) For P along.
ﬁxrxm;-l(.w,} In some case we even show that rmm equation Pa= f,
£€TuA,)... 1o luve 4 soletion we Fa(Au),,, we ooly peed nos-miceoshar-
ccesisticity in A(x,) 1 S5 (), S5 being the microsuppore at the boundary
mﬁkmoﬂs). To obuinlhhmlﬂlwrmhnﬁn.:mdng-[!]_-mv
sheaf a: in local coordinates ¢ = + iy its stalk ut x, is represented by
‘holomorphic funcrions in the sets U= {ig—x,| < £, 6 2, 3] < edist (. 22)]
for arbitzarily small +. We then compare the cobomology of P with values.
in the sheaves Fy(Ay) and &y (Theorem 3.2), and then in T and Az (The-
ozem 33). As for the fist result, which holds in mose. general situsrion, sec
alio [6] and [8].
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“The frame of the pape is the theory developped in [2]; many twols used
in the proofs are alsa related ta [6], [E)

1 like 1o cxpess my gratitade to prof. P. Schapira for frequent and useful
discussions.

L - REVIEW ON MICROTOCALIZATION

Let X be a ceal Chananifold, a: T - X the cotangent bundle, 5 the
orientation sheaf, Ler D(X) (cesp DY, el ﬂ'm) be the derived
category of the category of compleses:{resp eacs, resp
bounded complexes) of sheaves of abelian g wup| on X For A c X loally
closed and for # € Ob (D'(X)) & eomplex p,(F) is dedined in [5]. We recall
its main properties:

an Ra,pi{F) = RT.(3),

t2) supp p(F)CSS FASS 2.,

(1.3) SSuu(F)cCES 7,552,

(cF [2] foe the definition of microsupport 55 2nd of normal cone C(-,+)).

Let Mc X be 4 real C2submanifold of endimension n, 73X the conormal

10 M, way the relative oricatation sheaf. For & & D°(X) we 3ot

T4 = R¥omy, (5, Z;). We will ofen consider the cme A=0 or
A= 0, where £ is an open subsct of M such that:

14 Zoisce g ible) and 25 = Z, (],

(ef [2], Scction 5, for the defisition of c.c). We reall that for F ce. in
DAX), 7% i abo ccoand F = 5. Thus (1.4) is equivalent to:

(] Zg i . ol B = FuDrl—r].

Easily to see all Cloonvex 2 and all open 9 such thae A2 is Choonvex
and M0 = ot MO0, satiséy (14). (Cloonvex means convex ar any polat
in e Tocal t)

nder sssumption (1.4) we have, by Proposition 5,63 of (2] (and by
(‘r‘)- (5):

(16)  BPrapg(F) v Fy Gl ali RErpauy(F) o= Fo il —a].
We suppose now that 2 Al is Cleonvex. For & sheaf ¥ oa X o new sheaf

Fa(#) on M in defined in [8]. This is o subsheaf of To(5) which caincides
with § over 0 and whose smlk 2t x,, % €72 i, in local coordinates (x, s)




at iy (uwith M= (3= 01):

Q) Toldh, =Up I, F), for U3 (v )ixel, Lyl <edin(v. 20 0
fae some #<< 0 and some neighborhood B of x,.

Let RP(+) denote the derived functor; in (8] we prove that:

8 R relpel &) run = RESE) Duwel—s]
On the other hand, since a(supp (us(#))) ¢ (T3 X) = M, thea:
) R (4o T))rix] = RTW(T) -

Combining (1.8) snd (1.9) (resp (1.1) and (1.6)), one obsains the fundamenta]
Satu's triangles for (ue{F))rux (fe5p pelF) 0f pplF)), which are the main
tools of the present paper.

2. - MICROLOCALEZATION oF O

Let Af be a real analytic manifold of dimension a complexification
of M, E:Jlm@mmbﬁﬁ&&dy&mbf—aﬂ(ﬂonmddﬂ
of 80), Y a complexification of N. Let 0 =0y, 4 = Ay, B = B, be the
sbeaves of holomorphic functions on X, analytic functions on M, byperfunc-
vions on Af respectively; 1::1,—.1‘.(0) For Ac M loally closed, espe-
cially for A =0 and A= 10, we

@1 €= 1a(05) Deonirln]

We rccall that for any cloned cone £ 72X and Fuc any 8¢ Ob (D2 (T*X0),
e bave 2 diseingoished triangle:

@2) RPy;x(8) - Ra, RT:(8) —~ R4, RT;(9) .

(where Z = ZNT1X), In particular for Z= T*X and @ = Coy (1esp
G = Cpy), and by (L1), (1.8, we obtain an exact sequence:

@3 0 g = Tal) — HY R, Cope) =0,
(oesp:
@4 -+ = T) 3y s = 0.)

Along with (2.3) we will also make use of the ctact sequencer
@5) 0 Ay Talh) R T €)= 0,
which in % ontequence of (22) for Z = A~ (AN2) UTEX.




=
We note now that 2.2 belng unslytic, then (f [5]):
(26) P (Copr) = (Coichrix

In the above assumptioa we recall two other statements whose proof can be
found in (7],

Lo 21, For oy x o 20 e for = sitable avighborboed X' of %, we bure:
an HU. =0 WUCTEX, Wt
Tosonewt 22 (€adryz i cowically flably (. its image i TRXIR" is
)
1 we let 00w 8 = (€yydrys and 2= D0 (resp Z = A-4MS2) L TEX)

3
in (2.2), we obtain by the aid of (1.8), (1.9) (and also by Theorem 2.2), cxact
sequences:

28 0 R — TulB) = & (Coprhrsr = 0,
(resp:
@9 0+ Fo - Poftur) == g Tyiarn gy ({(Conahrz) 0.«

More ly we know that for any closed cone Zc THX, Ra,-
RTu{€y Jrex i concentrated in degree 0 and shat:

@10) YRRy (G, = (/6 TalBa), SSalfc 2], xeM,
whete SS¢ is the microsupport at undary defined in [5).  (Whea
2% ZCTRX, then Je Feleku) in the nghs of (210))
his gives 2 large dlass of exsct sequences exteading (28), (29).

3. - BXISTENCE OF ANALTTIC SOLUTIONS AT THE BOUNDARY

Let M be a real analyric manifold of dimension » and X" & complexification
of M. Let pe T5X and x == a(p); using the natural embeddings:

I}.Y§ M= T*

XX X,

T3 M is identificd 1 3 submanifold of T=T*X is in tums identificd
to T7°X by means of — £, H being the Hamiltonian isomorphism.

Let £ be an open subser of M with analyric boundary (2 on ane side of
#2), ke g 20, and ket d be the exterior conommal to 0 st x. Let P = Pix, )
be a_gem of (micro)differential operstor at p, peatx), with holamorphic
eoctficients, and let char # denoie it sharacteristc variety, 1a (6] (and [8])




the following resule was stated:
Leaasca 3.1, Awmme thai:
(E3)] — HU) € C,fchae P, T TEX) .
Thon P ir an iamorpbicm of RT. o o Copy in o weighbarbod of p.
Let 2 be & chosed cone of D THX with Z300C T3X, By (22)and by
the results of §2, we have an exact sequence:
62) 0+ Zo =+ 2 Ta{(Coinrs) == e FH(Codrae) = 0 -
We also have:
63 Tl = T nlCadmne) = Tl nCoudrz)
due e supp Cye AT (AG) U THX,
m.rpummﬂnnpm an isomorphism of
Ty ol in 2 ncighborhood of Zny (xp,-emmaamp.n
mx.uummmmmot(a.r.uqu),-,,xm).. On the other hand we
@4 wTul(Comra)= /e Tul) 2 SSe( e 2) -
On aceount of (34) and Lemma 3.1 we have then established the following:
Towones 32, Lat 02 be an open at of M with whalytic boindary, % poiat
.jaas e excterier evmoranal 1o D at %, Plx, D) & ditwential operater at %, Z &
dloued cwne of 3 TEX verifyiog 0 Z¢ TEX. Au—rum)w-ww
VpeZOA(x) Them P is au demecpbisee of { [ TilAu).: 580 (/)c Zi(Ke).e
To get good existence criteria we need now :
Turonse 33, Jr dbe sitwation of Theorew 3.3, azmmwe, justead of (31):

(5)  dur P (S B TR N (U THX) € TEX,
Jor & weighlorboed U of 3.
Ther:
@86 D) = (Xe)s
Proor. Let N*(12) be the conotmal cone 10 £2; we recall that:

supp €ayg 58 2= IXQN@Y,



= —

(where «an denones the antipodal). Let L = S8 Z5- T3 and comider the
triangle:

@an (Coeh = Cox = Corelra.

Applyiog the fusctor Re,(+) w0 (3.7), and using (1.1) and (19) we obain:
(8 Ray(Cog)s = 0:

On aceount of the rriangle:

(39 BT x(€opx); + R () —+ Riu (Cach =%

we then obsin from (38):

(3.10) BT 1(Cop)e = Rt {Condal— 11

Finally lpp'\ymg RTxx(-} to (3.7) and wsing (L.6), (1.8); (3.10), we obtain an

exae seaquence
(ch) Ve e Fa o V(R0 0.

We take now full sdvantage of the language of derived cucgories, We denote
by Dy the sheaf of differential operators with holomorphic coefficients, set
M, = DD P, and apply the mxmm:.m. ) to (1),

We fixet note that ¥ )i
foe A, due . (3.5). It fallows : fxth, (X, ,e,J—n Therefoze (3.6) will be
 consequence of:

(3.42) HY{Ru (R Koy, (K, Capy))p) =0

To prove (3.12) we aotice that because of (1.2) and (3.5) we have:

supp (R Xomg, (4, Cora))y) 0 (U TEX) = 0,
and therefore:
(343) Ry (R Xomey, (4, € 0))e) . = REH,)a (R Kom, (K, Coinlls), -
‘We also notice that R(4].),(Coyyrle) is concentrated in degree —1 since
Cojzlu= Cuie[+ 1] and H(UXL, Cre) =0 Y= 1 (by Theorem 2.2).

“This gives (3.12) and completes the peoof of the theorem,
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ConoLuary 34 Let Pm_a (33), m_,'er,,u.),.m'm (1) fufilied
Vpo e SSa(f) NATNx), Thew there is « smiution m r}:,).. with 380 ()¢
©5Sa(f), of the equation Pu= . M.i.--q-

We note aow that if (3.1) holds v_.ezuarlmnrgx, then (35) is
sutomatically fulfilled. We have therefore

Conowiany 35, Lat B wnlfy (1) Ypo £ = a4 TYX. Thons
(Ge14) P(Taltu).) = TaAu)

Restanes 3.6. #) The conclusion of Corollary 3.4 holds, without the addi.
tional hypothesis (3.5), when*# has constant cocficients and £ i conves
in R". In fact owing to the existence theorem on convex regions by Ehren-
preis-Malgrange, (3.6) is automaically verified in such situaion,

Wy When 47 (x) 0y THA 01 char B= 6, then Corollary 3.5 is equivalent

o the wel-kmown theorem of-existence'of. aaalyie solationt 10 cliptc:equ-
tions.

A N
maphic cocficients) and ssume 1" pon-characteristic for A, Let d be the

lengeh of a free projective resolution af . If we suppose that A, verifies (3.1)
¥ped-i() N THX, then we obiain, by adaping the proofs of Theorems 3.2
and 3.3:

(315)  Riomy, (. o), = Romy, (&, Ta(ka)as
Bt (M, A5, fxthy, (M, Bo), surjective

In particelar we have Bxth, (M, &), = 0 when &= u, due to the Cauchy-
Kawalewsk) y-mmnmm However, apart from the constant coeffi-
«cients case, the cohomology of the system M. with values I &2 does not
vanish, generally, in any dv=).1=;s~

Exastrie, Lot M= (€%)" = R™, let M be the Cauchy-Riemann system
O on M, and let © = M0 for 2'c M sirily presdocanyes and Wil
:mmmﬂduy

Thus the hypatheses of ¢ arc fulflled (35 & is elliptic), bat
Indnmhlvt&ﬁh(.l.,fw(&)).-& Yzl xeif2.
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4. - Armacarions

We chonse Iocal coordinates (g, 5@ TOX, 1=

assume:

i §=d+in and

X=mCx X', M=RxM, ~ G=Rxi.

We abso write g = (3, ¢ +&). We note that the exterior conormal
10 0 I8 8 = —dv, a0d that — H(—dx)) = —#fdh;. Let P Py, D) e a
diffcrential operatat st ¥, let P, denote the principal pare of P, and let
B oy i} B0 TEX [yl 1.

Then (3.1) is equivalent to:

@Y Par 0 E<—d(] Y0 Dbl + 51 (e

for yuitable ¢ 0, ¥ >0, (Here ¥ denotes the Heaviside funcrion.)
In particular (4.1) holds Ype i '(x,) N TRX iff for suitable v, ¢, «:

(42 Pug0for —¢lnj<d<—el0

Vmdillnl 4 el
k=l <

On the other hand (3.5) is equivalent 1o
43 Paplfor —lg<f<0,  mmy=E=0, Foxl<e,

fa

witable ¢, «.
By applying the Bochner's local tube theorem 10 11P,, one immediately

proves that (4.3} is equivalent to:

@4) Pu0 for —&yl< < —ellylinl + )¢

o =l fr—xl e

with new 1, £, e
By similu t one also obeins the following refinement of Pro-
pasition 5.3 of [6]:

Prorostrion 4.1, Ler Pufg,, €8
marpbic ot p. and perifying:

[l 5 8) (k= 1 integer) for [ doda-

s o

for f<, y==0, g D—plae, %




Thee for @ wew ¢ and o2

@8 R0 for <=0+ Vis)inf (1 B nl +
AV DDl T o akD—pl<e.

(Noste thae (4.6) obviously implies (41) when k3= 2.)

Exasmee (cf [6]). Let:

M=R3(5,%), D=RKRA, PomDi_ (L")t
k22, k20,
By Proposition 4.1, (42) is fulilled a1 5, = 0 and then by Corollary 3.5 we
get:
P(RlA) s, = Ty, .
We give siaw an applicaion of the PhiagenénLindelat: Hormandes method [1]

X
be the s — 1)dimensional closed unic i i B
= Kox fas 4 R, s} 4], and let Hi(-) be the support function of K. We
ko 18 Vo ([ €0 20 = 0] and dewie by 1, he encgiborhood
of
Dmunﬁmp«wcﬂ::?dhwhgmn!&ntﬂud[l}(dm)
Provosrrrox 4.2, Ju the above situstion, asiowe:
“7) P(Pa(a) ., = Taldu)s,

Then Nine V' T5X and V1, 0 1551, there excist a compact cowesc smbset K'cc O
nd cmastants 8, ry wnd ¢ 2uch thar Ve 1y the following dsplication bolds on the clase
of weakiy plurimbbarmenic funcrionr § o V7

S HaRed) +4r WV,

)
S HeglRed) VeV,

dmplies:

“9) WOEH o) WV

W say ha Pis ackrabyperbolic ax byt o wdx B o w(0/e8) ¢ C(V) iR
we say that it iz sowmireceracirisic i+ w(308) € C, (V, {in}).
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, det Ny €042, and wssnme P min-micro-
e 41 4 bt iy of udiplicly 52, (67) dald

characierichic
dhen P is sicrabyperbelic 40 % w .

onsse 4.3, Lat @ |

Proor. 1F (47) Is falfilled then we know that Vi, 0.< #<1, and for a
sitsble K'— K, the implicstion (4.8) = (49) is satisfied. Then seasoning
a5 in [9) we can see that for 4 suinably small 10 we bave 0 He(—»)
which fs & ennradicsion. due w K] cc 2.

Escawrie, Let

M=R', Owfx<0, x=0,

0.0
Ol )eCx O xC xC=0C,

Yoo n= {0 0,),

w0, 420,

=i

Then for any one of the polynomials P(D):

DR DY, DDA D (Di— DD D,

we know, on secount of Theorem 4.3, that (4.7) i not fulllled.
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