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ELVIRA MASCOLO (%)

An Uniqueness Result in the Calculus of Variations (**)

Un risultato di unicith nel Calcolo delle Variazioni
Sewre, — Conidersta B segwente problema in G sperio convemes lssin 0i K, N3+,
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eon 2 R¥ - & raveses. o no ssemcre coa, i arengns, lcune oeskonmi v e o1
Borin 4, affinchd (F) ahbia uunicn vebasioce.

~ Consider the following functional of Calculus of Variations

ﬂexxjfmk

Wherd fERe - L' oy fplod apd, ity beomd comro: b
of R*with boundary 7G. Consider the problem

@ Lof (Fs): 12 CW(G), # =4, o0 G}
From a well known theorem of P. Haremin - G. Stampacchia {Th. 132 of (1])

problem (#) has at lesst one solution if #, vedfies the «bounded slope con-
dition » with constans Ly (see [1]). Le. (BS.C) for every %,2G there cxist
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4 paie of linear functions =,
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satisfying for x ¢ iG
TR <)
and
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We note explicitely that this result of existence docs not require any assumptions
of coerciveness on f. Morenver, if / is strictly convex, problem () has cnly
one solution.

We ase interested in fndiog conditions en problem (9), when £ is eonvex
but not serictly convex, in onder to obein  unigue solation,

In [3] P. Masecllini proves a result of uniqueness for a peoblem of the
same cype as (5] by supposing thar it has a solution v of class €7 with D0,

1a this shors note we prevs tha i / 1 vaitly comes In B, sheos
K is & bounded subset of R, and s, verifics a suitable condition, relaed 10
the convex full of K, pmlm (£) bas only one solution.

“The proof of uniquencss is no very involved, however this résule shows
the erucial role played by the boundary daum,

“The problem of uniqueness for functinnals which are convex bat not serictly
convex Is decply relaied to both esistence and non cxistence of solutions. of
non convex problems, as P, Mascellini pointed out in [3] and [4].

Indeed, the decisive role acted by boundasy data within the pon-existence
of minima of non convex problems, was already emphasized in (6],

2.~ Let € an open bounded convex subset of R¥ and consider the problem
in G, & convex bounded subset of R* (N>2):

Da)EC aein G
e oG

@

where 4,6 C(G). Problem (2.1) Is 3 boundiry value problem for
Hamiltwa-Jacobi equation, 25 it was. ;u!l remarked in [5]. The |w;mm
function Ff is the following function:

ifpel

”m=1'(")={ﬂ4u ifpeC.

The function A is conves tince € is a convex subset of 7. Consider a bound-
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-ary value problem for 1 gences] Hamileon-Jacobi equation:
) ,H‘(,D:MJ o me.lnG'
The following theorem bolds (theatem 5.2 of [2]):
Tomones 2.1: Lot G W a bewnded, sosvsth and cenvected dowain of R, Lat
H be o continmot camvexc fumetion fn B, swed ikt FI(p) = | o= o |p| =4 oo,
Define for (x, 7)€ 6= 6 ()

Ly ine] I.‘, b () setn)

Ay {nt:\-([m 1R 5026 Ve [0,1],
e 0110, 0 = w, £ 3],
Tie foltowing condition
i) =)< Lixg) YegeiG

it a weersiary wnd sugcent conditios for the existence of functien # & COMG) natgfying
H(DR) <0 e, in G ond v o= ty om. 3G, Moreswer, difioe

ax) = fnf () -+ £0x)) s
we hasv that #E CONG) and Ir it w seition of probism (H]).

Consider now problem (2.1), by proceding 15 in the proof of theotem 2.1,
we obtain:

Theeonem 2.2: Let
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Ae) = {ée U0, 1], RE), Er)e & and
|§‘;u>; SH eI 80 = %, 20) =),
Tibe folioming condirion
© o) —iy() < L )
4 a wecasacy and suficient osiition fur the existence of finction £ € CV(G) b that

D)< € ey io G and r = 1y a i
Marveeer, the function

Bx) = Baf faaty) + L, )
is o mlatiom of (1),
Morcover, by proceeding as in thearens 1.1 of [5], we obumin that the func-
tion i is such that D) € #C ne. in 6.
In particular, if
C = B0, R) = {pm; 1pl= (;:ﬂ.)". n} i
peoblem (2.1} becomes

az [ Do)l R aein G

>y on G
and the compatibility condition (€) is
@ () — RO < Riv—], ¥, pe0G.
(see temark 5.3 of [2]).
It is casy to check that if w, verifies the (B.5.C) with consrant L, #, ve-
rifies the condition (€) with respect to B0, Ly).
Let now f3 R” -+ R be & convex function in R*. Considet the problent in &
(24 Inf () =[ /(DR dv, 1€ CVHG), 1= 1, 0n :r;]‘
with u,scw unfymg the BS.C. on #G with comstant L.
From the

theorem of Hartman-Stmpacchia [1], there exisms ar least onc
solution of peoblem (24).
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"The following theorem of uniqueness holds:

Tumones 231 Cunsider problosy (24) -m.; mm,u BSCwith o
trant Ly, wa;n&rymum_x Kur boamded open of R, If u,
dots wot werify the condition (€) with respect Jo K, the conves boli of K, probiens

m)m.mpmm.

Lex w8y twa. solutions. of (24). Since. F s convex, for all
iam.u Ih:ﬁmm}.n,-p(! Aay s still & volution of (24).
Since &, docs not. verify (€) with respect to K, there are a0 solutions
of the following problem:

Dexjewk ac xeG,
oy o 26,

then, for all functinns & CM with pe w, on 06, there exists 4 subser A of G
with positive measure such that

DGy eR*—AE e dn A

Since W' —wKc R — K. foc 1[0, 1], there exlits A, G With meas 4, >0
such hat, for a6, xeA,

@5 Dl (1— ) e R — K.

Now, since f is stricly conves in R* — £, from (2.5) we obeain:
[ 734 01— 2) D) <af f(Ow) e+ 0= B F(DwY.
s i i

Therefore, we gee
i, + (1= Big) < A0 + {13 Flm) .

Then, (2.4) has only one solution.
We give now an example in which theorem 2.1 ean be applied.
Let g1R;~+R 2 convex function, such that lim g7 =+ oo
Soppone a4 4 sty comves I RO~ A ok 120 ad R0
For cxample,
O<t<r,t=R
“m'lﬂ-‘-(aﬂ;p_ﬁ\ <t R

Comsider the problem:
@6 lnr{‘jmn-na FECW{G), r—1x, on ec}.
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Kon (P R¥: 1 < << R} and then @k is the ball of radins &
0.

Assame that u, vesifies the BS.C. with onnmm Ly R and n, does not
werify (23), ic. there exist 5, e 7G such tha

14T — () > RE— 5.

T chis hypothesis, by applying theorem 21, problem (26) has only enc
salution,

2.1 gives a sufficieat condition an s, to obtain the uni
for problem (24). However the condition is nor neccssary, In fact, consider
problem (2.6) with

X
)= Bpentd xeG,

20 = {Puvr B ERT

Suppose |py) =t with fy€ |, R[. Then u, verifies the conspatibility condi-
tiam (29) with sespect K, bt (26) has only one solution » o o a5 pointed
out a (3],
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