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ANNA DI CONCILIO (*) - SOMASHEKHAR NAIMPALLY (*#)

A Nearness Approach to Extension Problems (***) (**44)
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1. - InTRopUCTION

Suppose X it deme in x.X and 1 is demse in AY. One of the impomant
Aml sulficient condi.
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LO-proximity 8, defined by
A B in X i €1ANCLEAD where C1 deaotes closure i aX's

(1) Tanowsoy Traoms: A fortion /2 X =¥ bt & consimugnt exten:
X —= ¥ if and only if is proximally contimuous.

The Taimanov Thoorem has been extended by many mathematicians ¢
|ngt|kmg[3] & mlompus 13, Horlch (1) 4o g 1, Goged md
Naimpally [4] to Tychonoff 1 with 2Y, the Stos on of ¥,
‘Naimpally [9] to regular AY using nearness, In other dircctions Velicko [:z].
Rudolf [11] exteaderd the resulis t ¢-continuous fanctions and Hesmann (6]

eonvergenee spaces,

Rudolf [11] has shown how i aey, In mahy cxses o replice con-
tinuous functions by f-continnous lur\n\:ms -nd thas obtained results withoot
requiting ¥ 10 be regular. However, f-continuous functions. are continuous
with respect to the Coch closure spaces associated with the given topological
spaces, the sssociuion being genersted by the O-clomre opénstor. W pio-
pose to unify thete two approaches viz, f-continucas funcrions and conver-
gence spaces by studying extensions of contimuous fanctions via nearness
withaut requiring ¥ (or 1Y) t be regular.

This papes has six sections. In Scction 2 we give preliminarics on Cech
closuse spaces, prerapological convesgence spaces and nearness. In Seetion 3,
we exhibit an algorithm which conncets the srudy of (-continnoas functions
0 one of eontinuous functions on Ceeh closure spaces. Tt slio works for
pretopological eonvergence spaces, We consider only the pretological con-
vergence spaces satisfying the following property:

(12)  X-=aX and for esch obbd. U of x in wX, there is o nbhd. ¥
of x such that I (U'n X).

In Section 4 we prove a very general sesult on the estensions of continusus
funetions between Coch closure spaces. Purthermore, we give a wllicient con-
dition fot & near map between pretopalogical T, convergence spaces satisfying
{1.2) ta Tave a continuous cxtension from dense subspaces. In Scetion 5 we
e e 7y ¥ T'e ment s 1 e oy 1 13 by bl o she
sense of Hermann [6]. In Section 6 we prave how our resule includes Rudolf’s
results [11] on Fcontinuous functions. Finally, when all spaces are topological,
«X i segulac and AY = ¥ §s compact Hausdoef, oo result s cquivalént to
the original Taimanov Theorem (1.1).

2. - PRELINTNARIES

(2.1) A Cech cluanes aperetar ~ o the pewes set of X satisfies
@ -0,

) AcAd,

@ (B =A v
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If in additien

W) Ay =,
then = is the Kratmabi chovire operator. Tn this case X' is  topological space.
AN spaces in Wi paper wre Coch thasnre spaies wnlvis atheraise tted.
Suppose X is dense in 2.X. We define a nearness n, In =X by

@2 A AL A a0,

Cleatly y, induces  nearness g, cn X which is a Crub nearpers associated.
with ~ and sarisfies:
23) () N A= implics y, 4,

() ot and 4,38 implies (4],
where AV = (AU B: A, Bad),

() mA and for cach Be 9, there s an A€ A such thar Ac B, thea
nd

_ ) De & implies FA4.
ey et WGt i Sy 0 AT Ve e
canverse need not
1 u.mmmmw then
(0wt iff A where A”om (At A e A
This s ealled LO-swormess.
Further If X is an Ryspace
(P xeyiff peu,
then
() oy M e,

and we sy that ~ s compatible wi
wgv.mmav.naYhmmaume.M
by i 0a 4V
(24) Daursrmon: A function f: X— ¥ is called
(a) ot A 5 A implies f() ¢ f(A)
ORS(AT ) f (A1
{8y wwar map G uy A Tmplies wy f{£):

It is casy o show that if /s a near map and 1Y is an Rytopalogieal space,
then f is continuous,
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Let X be 3 nanempry set. A commergence strucnire lim o X' it a function
feom the set of all filers on X into 9(X), the power sct of X. If xelim,
we say that « F converges to x w and write & —+. Fot each x in X we define
the Wi, filfer at x by

W) = [ e )
(25) A convergence space (X, liin) is preispolegical iff
{4) for each x in X, dhe Alter generared by [x] converges to x,
)i F—x and FCF, thén F'rx,
() i F wax, then there exists 5o F such that if F755, then 57 o v,
() for each x in X, Nix)—x.

Let X' and ¥ be convergence apaces. IF s a filker on X, we denote by
f(-‘r)-lE:Y BV e 7). which i & filter on Y. A fanction /: X ¥
is continuous ﬁmdlm]yil'!mmdxmn\’mdudiﬁ.het’nnx Fax
'm?“=!(5)~-ffr) in ¥
cich Cech closure operator ~ we can associate 4 precopologi
\anmnmw i e o
and ¥ v f F contains all the nbhds. of x. Conversely, to each
logical space X, we can assochte & Cech closuse operator ~ on X't xe A~
if there is a filter ¥ on X containing A and & — .
A filter F clusters ty x in X ff xen {F: Fe-f'} Evidently, if F —x,
then F elusters to x but the converse does not hol

3 - fcromee

Now we exhibit an algotithm which converts the study of f-continuous
functions into 4 study of contiowaus funcion on Cech clorure spaces o
equivalently on pretopologieal convergeica spaccs.

Let X aad ¥ be topological spaces, A function /2 X — 1" is frissess
ff for each x in X and for cach nbbd. 17 of f(x); there is a nbhl. U7 of
such that f(T} & 1. Suppose for each subsct A of X we define the f-clsare
of Aw

CloAd = {3 X's U711 Aw 0 for cach nbbd: U of 5} .

It s easily seen that Cla is 8 Coch closure opestor an X. The resulting
Cech closure space is denoted by 0.4 and is called the 6-closure space asso-
ciated with the topological space X'

It is casy to see that ; X s 6-continuous i /(Cla A)  Cle f(A) for
exch Ac X, So from (:u)m ity
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(1) Twowst: Let X, ¥ be topalogical spaces and 4., 81" the
tive G-closure spaces. Then a function /2 X~ 1" is f-continues if and only

We now cecall & few resuls which ether follow easily from the defiaitions
o ate implicit in Veligko [13] and Humlest [3].

(B2) Lossus: X is gHeclosed i and only if 4 is compact.
(33) Taania: X is Hausdorf if and only if 0 is 7.

(34) Lesnia: Xis Urysohn if and only if 0. is Hausdodf.

(3.5) Conoteany: X is Hecosed if and only is 0. is compace Ty,

(3.6) Conouuarr: X is f-compace ie. Frclosed and Urpsobn if and only if
0X s Hausdorfi.

Let  be a Glter on X, We say tha F Goomerges fo 3 and write F %
i 5 contains the closed nbhds. of x. The following resules are immediate:

(37) Timomst: The 5 for filters on X is a ical con-
vergence on X.

(3.8) Thmomsi: The O-convesgence for flters on X is.the nataral conver-
gene associated with the Cech closure space 0 and vice vera,

(3.9) Treeonrai: Closcd nbls. of x generate the foconvergence nbhd. fler
atx

0) Comouikny: fi X -+ in fcontinuons if whenever F -5 in X,
fmufw in Y.

From now on we'll consider Whgul convergence space satisfying
(12). In general a pretopological space need not satisfy (12), foc example:
lhal’ea’nl?lwprmpolmonn'mdx =RxQ or QxR. Obviously,
(1.2) is satinfed by the Kuratawski closure (che topological case) as e
closice.

Let £ be & topalogical space and U{x) be the nbbd. fiter at x in w.X.
Consider  closure ppecator Cly on <. such that Cl, A ¢ A~ for cach A ¢ aX
and the resulting pretopological convergence structuse * on xX whose nbhd,
filter st & is generated by (CL, U: U/ D). Then we have the following:

(L11) Turorest (e, *) satishien (12).

Proor: Let X be dense in (X, *) and I/ be 4n open abhd. in U(x).
Then €1, Uc (Cl 'R XY, Tn face, 36C1, U =y& U= = U' V0 for cach
Vel(y)=Cly (U0 )0 X 0 since Xis *dense =Cl, 10 (Cla Un X)wo
for cach V-ums,s(ﬂ.anxr

We obtain the when Cly ="
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4.- A aEsEras mpsuE

In this section we ptove a rather general cesult on the extedsians of con-
tinuous functions. The necessity follows casily whereas the suficiency sequices
some additional eonditions on f sndjor on 2Y

8y Temans Recsily: m XY has a continuous extension [
«X + &Y, then fis
Paoor: Suppose fis a continuous extension of f and y, £ Then
A A0 =N (A7) Asdju
in .\)'an{j’(‘ﬂ’lﬂr.ﬁdu i AY >0 (f(A): A€ )40 indY s f():
Thus f in a near
We now pussue safficiercy and in view of (41), we suppose that £ is a near
g A Ji) = f(x}e Y. On the other hand if xexX— X,
= (EcX: xeEH.
(42) o is a dlow i,
() a* is 2 grill i, # union of uirafiliers, and
) o
Since f is & near eup,
@3 oY= {EcY:fNE)er) isachnin (Y.y,)
Hence
44 nfEre i AV,

Sa a candidate for f(x) is any point in the set (4.4) ie.
(45 Jeen oy

Now we state & simple but cssential property of convergence spices whose
proof is straight forward.

(46) Lasoia: For each x in wX and 3 fn 41,
JUNIAY) e fEn X e

Note that in (4.5), f(x) need no be unique unless 3 is Hausdooff and
even then f nced not be continuons, unless 1Y is regular. Sce Herlich [7]
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for an example. However, [ in this case. (i, 1Y Hausdori but not regolar)

i f-continuous [9].

W ool rac s ocn PP sty ecocd by (49)
it cantinuons, Naturally, we are forced to put extea conditions on f since £
being & near map is fust aot eaongh, Sme)?uﬂnﬂ't}(x)ilml-
quely defined for each  in a.X" when £ I¢ 8 near map. Set

NOAY)= {EcA¥: EeN(y) foc wome y i 1¥}.
In order that the function f, as defined by (4,5), is continuous the following
condition must be satisfied :
(A7) Fae cach x In X, for cach y in AY, for cach A N(AY) and A L N (o)
there exists. 3 nbhd, Ly of y in AY such that (A 1 ¥) and fX(Urn Y) da
not both belong to o, 14
(48) Tumonrs: T fisa nese map, then for cach x in aX'— X, [(¥(x) "\
Clusters in 1. Furthermore, if 1Y is Ty and satisfies (A7), then /(N1 X)
bas & unique cluster point.y in V. Moreover, £(3(x)V X) =y in AY.
Proor: Since xe (LA X)" for each U'e N(x) and f is @ near map,
ALUNX) UeXN@E)}#0  for cach xeak— X,
Since Y is Ty, the above intessection Is a singleton. For if 7,  ace in

ALAUA XT Ue X}, then there is anbhd. U, of 3 such that [ L N (.
B s b ubhd, Uy of 7, such that g fIT; 0 Y): 0 HERN 1)
which contradicts e (4.6),

Finally, we prove thac
FXEAX)=y=n{fUNX): Ve NG}
IF this is not true, then there exists a nbhd. IF of 3 such thar
SWnXIn(Y—w)e for each e N(x).
Sinee y g (¥~ W), we have
AAUNXY: Ue NEIN (YW= 0

Ser
G A=W DU )

Since [ is 2 near map, A {17 e N'(x)) = U and 50 there exise nbbds. U/, V'
of x such that 17 U=, This shows that /(v U0y X) < ¥, & contaadic-
tion.
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We now prove our msin result:

(49) Mars mapom: Suppose A1 is 7y and f: XY be a near mup
satisfying (4.7); Then there exists a unique continuous extension f: a X'~ 2¥.

Proor: The existence and uniquencss of f follows immediately from the
procceding theozem by setting
Jx) =fx) for xe X,
~lmfN(AX) for xeaX—X.

To prove the continuity of f we first note:
(.10 for each UeX(Y),  JUfAUAYF)cD.
In fact, if y = J(x)¢ Uy then by (4.7), xaf (U0 X) -

16 = 1) o X wnd U, 8K e by the ol o/ nd {12
there exist U, V, in N(x) such

Ve (Un Xy cf1U,A Yy

So by (410), FV)c Uy

Next suppose x&xX — X, y = f(x) and U,e N'()). Since AY is Hausdorff,
there is 3 abbid. 1/, of y sech that W,c U, and AY— V,eN(IY). By (A7),
*fMET— VN YT So thee is a U, in X(x) and by (1.2) and (4.10)
a1, dn X{x} sach that

UA XA fHAY— /)0 Y] =0,

Vie(@Wn XyefxVn¥y ad JV)elcl,.

5. - Convinernce spaces
In this section we show how Hemmann's results [6] oa exteasions of con-
tinuous functions on eonvergence spaces follow from our results. In Hee-
mang's case JY = Y.
(31) Dertrion: fr X = Y is weakly adwissible iff for each ga2X—
AU Uel, Ue X, Q) w0

where U = £ X with U an ultzafilter on 22X which intersects X and con-
verges to 3 in wX. Evidently, if ¥ Is 75, then the intersection Is 4 singleton.
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Supp'n(_,"n weakly admissible, Observe that f7(s") is & union of ultra-
Htees generated by the images of the traces on X of the hmafers U7 in
U, 5. e follows that if f is weakly admissible, then 1 f{o%) "0,

(52) Twmowrses f: X —= Y is weakly admissible if and only f is.a near map.

Proor: Suppose /s a near map aod consides £'—» ¢ In ¥ and e U
Then U = L'n Xt and f(ENC f(a) e [(w).  Sinee nf"o), we have
00 [l ..n[j(L')“ UeUgaX, ).

Conversely, if / is weakly admissible and 4, 4, then A& o* for some 7 in
X TR £ P A RN (A S A ) )

6. - Rupotw’s wesviss

We now show how Rudol’s results (1] on extensions of d-continuovs
funetions follow from ours. In Rudolf”s ease 1Y == Y and be considers f-con-
tinuous functions between Havsdorlf spaces. Rudolfs problem 2

(s 1) Giiven a f-continuous function f: X = ¥, where X and ¥ are Hausdorff,
d necessary andior sufficient eonditions that f has.a §-continuous extension
j'm\’—v
Wlthmh!q:ulnpulwx we smsociate the Cech closure space 0.
(\rhnh\sT‘IF.\' and compact if Xis Heclosed). Moreover, fz X -+ Y
is Bcontinuous if f: 0.4 —8Y is continuous. Thus Rudolf’s problem (6.1)
seduces 10

62 Given TiCech closure spaces X, Y and a continuous function f: X = 1"
sodjor suinc it o/ 5 b 3 coninions enc-

find necessary

sion fiaX ¥,

Rodalf’s « a*-propec » condition ([11]. p. 17) b & suficient conditon for
2 function to have 1 f  cxicasion. In

b
it becomes « wX-propet .
{63) Dmvmrmox (Rudolf [11]}: A O-continuous function f: XY is
aX-proper iff
(2) proper: suppase
WL N =
e {7 U is open in Y and f(U,n X)< U for some T, in N} .
Then for each x in xX'— X, n{T7: UeW(f N} # 0 Le. WA X ()
clusters in ¥, and
) s for each ¥ in &X' — X for cach 7 in ¥ and each regularly
AcY such that y¢ A, there is an open nbhd. U, of 3
such ﬂm XU O fHAN




Tmmedistely we Bave:

(64) Tusoneu: A Scontinuous fanction /i X — Y is proper if and only if
f(.!n‘(.\-)n.il] feclusters in ¥ for each x in aX—

Puoor: Jis proper, xeaX — X and yg (U= U open in ¥ and
waf(tn J\'] for soms open U € X0 16 /(NN X) does not 0-chsier
10,3, then here is an open nbbhd. 1, of y such dhat Ly /(U 7 X) = 0 for
some U, in N'{x). This means ye (¥'— 275 —a contradicti

In the otber direction, suppose x I in &'— X and 1 e open in ¥
and Usf(U,n X) for some ], in X(x)] = 0. Then there exists an open
set Uin ¥ and an open nbhd. U, of y such that U5 f(E,n X) for some U,
in X(x) and U0 F(ELN X) = 8, a cantradiction.

Furthermore we alto have:

(6.5) Tweonex: Suppose fi X - ¥ s f-continuous (e f: 0X —+6Y is
continonis) and f: BX - 0 is 3 near map (equivalently, weakly admissible),
shen f I proper:

Proor: Since @0 {Cla (U, X)i Uy M), () 0 ). Since £ 1
& near map, ny[(N(x) N X) and this s equivalent 1o

AU, A K U, e K20

which is (6.3)(e).

Cosmamssons

First we observe that each regularly closed set A is a f-nbbd. of each of
its. m:nmpmnn and basic fabhds. of y in ¥ are closures of open nbhds,
oy ia Y.

16/ has an exteasion fand 7 Is aXC-ives, thea

(6.6) JIf Uy JeU™  for each open set U of Y.

|~um=mmnh,nrj'.(n)physu‘mmku(uo)phy;mm
continuity if fin our Main Theorem (49). If [ satishies (410) ic.

SCef U e U™

for each open ses U in ¥, thea it alsa satishies (6.6).
Our condition (4.7) is slightly differeat from xX-frecness—in part stronger
ind in part weaker. This is obvious because, in the genenl casc, we don't
have a subjaceat topological space as in the f-continuovs cae:
To summarize: if X is dense in 2 15 in [11], then X is desse in 0(2X}.
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16 & map is B-cintimunus and ncar, then it is proper in the sense of (6.3)e).
1 2 6-comtinuous. map satisfics (4,10), then it also satisfies (6.6).

Rudolf [11] considers T, d-closuse spaces whereas we consider 7; con-
‘paces. But our condition (47) s weaker thun Rudolf’s «.X-freeness

vesgence
w3,
We canclude by considering the cuse where all spaces are topalogical

(67) Trrone: Suppose aX s regular, A1 = ¥ is compact Hausdarf],
X=X and f: X -» ¥ is continvous. Thea [ has a eontinoots estension
e 2X Y if and only if f satisfies (4.7),

Proar: Since xX i regulac, S-closure in «X coincides with the closure
54, o't esuatly caliodent o (42 [ac e Y b cicpies
dorf, ;Xﬁuﬂm equivakent o the Trimanov condiion (Rudalf [11],
P74
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