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BIAGIO RICCERI ()

Images of Open Scts Under Certain Multifunctions (*%)

Immagini di insiemi aperti mediante cerie multifunzion

pusio wpalogics X, Faux
i ¥ & waor o i @ sl che per o fasao € ¥ . funsame rele (7, (-] s priva
ot dl i e sl s s ancho 5 i s, i o lvors azh poss
Suee una pevprces s date gl miani F det wessnsind et 41 1,

1.« bermopuenion

Hece and in the sequel, X is o topological space, (¥, ) is & metric spice
G Y i & notmed space, o is the metdic induced by the norm) aad F is a multi-
function from X onto ¥, with nos-empry values.
For every y & ¥ and r > D, ot u(,,r) [(.-) 40 D) 1nd S0y =
(g8 Y:d(3,0)=r). Denotc by of all sets €Y such thae
e, m. where
du,u)-mn o 1 Y10, dencte by 4
fresp. ;) the r-mh ur-u sets 176 ¥ such that the set o, = {ge ¥ e T:
Mﬂ‘!’wl (resp. A= [3e Ve Bye Vedly, 9= fg)]) it open
The preséat paper can be regarded as a motivation, as well as an invitation,
e ehe study of two problems that, In a genctic way, can be stated as follows:
I & s an open subsct of X, when F{2) £ 67 1f 1 s a non-cmpty subset of ¥’
#uch that T W (resp. 1e 9} for cvery lower semicontinuous (cesp. con-
tinuous) function f: Y-, -+ s, when does 17 possess some other meaningul
wmr?

I faer, we prove that, unde suitable bypotheses, foc every open set B0 X,
the set F(2) belongs o the fmily W, (rosp. ) for overy lower semicon-
tinmons (cesp, continuoas) fanesion /2 ¥ - 0, 4 |, Moreover, 15 an exam:
e of answes 1o ous second question, we prove that, if Y is a normed space,
A0y VIE X such that 176 60V, for every (sufficiendly sanall) constant 7 = 0,
s
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2. - Rsuirs

Qur firit result chamciodc belonging to the fmily B of cermin ses, in
the case where Y is 2 normed space.

Trearst 11 Assuwe thet ¥ is s normed juoce. Tihew, the folining are equivalent’:
1) Asy contivaas listar r-m--.i an X atisins its worne om $(8, 1), where 0
i the wlt elewent of Y.
(2) Any st of Y, which is supperied at every puint of its bossdory from
closd bypoeplower, ihongs . the fawily .

Poor: Let us prove that (1) = (2). Let U be a subset of ¥ which is
supported at every point of its bonadary from closed hyperplanes. Let y*e 4L
and let f be a continuous lincar real functions] on Y, with £ 0, such the
o Wprl FOCL ) RO ETAL . Sepp, f
<,.':n for all ye U, By (1), there exims je (6, 1)

ow, choose 75, To finish the proof, ie safhecs b0 sbow et d( 4105, )=
n‘(_?-v , ). Assume the eontrary. Therefore, there is y=l such that
1A Ayl <4 Since (7)< [, we bave

110 4+ B =S = TN =) + ().

On the other hand, by the continaty of f, we have f(fjff(lj + (<
<UL+ F—rf <M1, 0 that f < (), o

Now let us prove that (2) = (). Assume that Y is ammplﬂ normed
space. 1.«/),¢ any continuous linear functionsl on ¥, with /= 0. For each
=Ref(s)- !:oliw S0 = A —#ilh). Of course, the set
deme and, by (2), belongs to the family T, Hence, thene

i
exists e V{0, such dut (7., = [gl. On the other hand,
0 8 result by Aseoli {oee Lemma 1.2 of [1), we have d(c, /;(0) = LARINIAL
and s |fi(e/lgt)|= LAl. Then, it is clear that | f(z/1ch)| = 1/1. 1 ¥is a real
normod space, the proof s analo

The next result is abour the fumilics U, and 9. OF course, we have
4,6 %, for every lower semicontinuons funcrion f: ¥ —= 0, + ec[. In certain
cases, u partial converse holds. Indeed, we have the following

TroREs 2: Lt 1 it o sousecied: cobist of Y, with sére thav
o vty apper sesivontinunn fusction fz ¥ 10, + oof, with 2 mpj<mun(rf)
the relation V& 0, imper V&0,

Proar: Let Ve Uy, with {8 in the statement, Let g% A, | OF course
VS B(5%, (") # 0, sinee, otherwise, we would have diam (V)<2m0pf<
< dismn (7). “Thesefore, oae can choosé j & 1such that d(, 2#) /{27, Sinee
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_mmmm; _l()ulwummnnm ous, there s 2 neighbourhood £
kat df,

/(@) for all g€ U. Now, observe thar, by hypothesis,

d‘!’
is an open neighbourhood of ¢, Hener, If £6.44,, MU, we have d(5,8) >
>f(g) and .'(J [)\f(gj fior same y'e I, Thos, sivee 1 s connected, there
that d(y", £ = f(g), and s g*c Ine ().
Now, we plou: the Eollowing

Titeon 3t Lat Y e @ wormed spoce-and V'CY, [ there exits a soquewee
{a} i 10, + ool ik tht Nt 2, = 0 and Ve BA W, for oltwe N, fhew Vi
apen.

the contary, Let P22V V. Sioce Ve, there =

Paook: Assume
t‘ﬂ’\b’i Wdlihlrﬂ{')‘)=d(f‘ V). Fix i N such that =, 22
VE’\).,(hntan‘ﬂ,U' z‘;leuchlhlx

pat L= ]
a@;-a-(l—l)r, c.d,, Naw, choose Je & . there
J!th(hui + (= Dy = <y we | =‘E<'1< A+ (1=

+ U 0= Ayl <t (1 + (I=ofly—

1
Obsetve that, if ¥ is not 2 normed space, Thearem 3 can be false. Tndeed,
it yuffices ro nake, for instance, ¥'= ([0, 1] {0)) U U ({1, 1)} w {0, 2)], with
)
the relative sl Ri-topology, aad 1= [0, 1] (0).
Our main result on the images of open sets under £ is the following

Twwonnse 4: Sppase that, for evoy ye Y, tie rod funetion d(y, () bas no
o, m-.m. .-wm- point. Thes, for mery liver wmicontivens fusction
and cvecy spen rd.D; X, ahe set F(L2) bokimgr o dhe frmily .
Mm 1; F(Q)E'G how F(@) ir

Proor:: Let f and & be 5 in the smement. Let 4,6 A, pay: Choose e

& F() such that 4y, 7 < flza). Let 3,52 be such that yye Fixg). So that
g F(x.) < f(zo): Since F is onto and f(z,) > 0, by hypothesis, it is possible

to find that d(gy, F{x)) < f(gs). Since the resl function (-,
s at g, there is a neighbourhond {J of g,
yeU. Then, for cach ye U, there is y'e Fix)
such that { 7,) < f(J). This proves that U€ Ay pion. Thotefore, Ay i5
open, and s0 F(&)e ;. Now, let F{ff}s . Suppose that F(@) is not open.
Let 0 2F(@)r Fil). Lee c.sl\un e such that d(z,. ) = d(z., fu.':)
Chioose 5,80 such that 5, o). Since (g, F(x)) = 43.5) >0, by b
pothiesis, there is %0 22 such that d(z,, Flx)) < d(x, Fx). Bot then :bm
sy F(xy), and 50y F(Q), such that d(g,,5) < d(, 2}, 8 contmdiction,

As an immediate consequence of Theosem 4, we abtain the following open
mapping theorem,

Twnones 5: Suppose dhat; for mvery y€ Y, the vesi functisn d(y, F(3) Bas na
cal, mu-abioluts, miniznm poivt and chai fhers txisis @ base 3 of wpan ssbsets of X
mch thot F(Q)E G for ail D 3. Theu, the swulifusstion F i open.
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The next result explains the role of the fist assumption of Theorem 5. Let
us cecall that a set U< Y is said 1o be proximinal i for every ye Y there exists
xa Ul sach that (y, ) = (1. V),

Treomess 62 Lot ¥ be o mormed spce. Jf,ﬁvmb:tx the et F) it
proiminal asd the malifescion £ i apen, the, for vty 3 €Y, the real frncive :
a3, (1) bas o docd, mov-abuvlute, avinimans poiat. it

Proor: Let e X and yge ¥ be such that d(, F())=>0. Since r(x.)u

proximinal, there exists gy Fixg) sach that | 7y— 3,1= d(r, F(x)). et

any open neighbourhood of x,. Since F(2) is open, there i >0 ,m.m

By, 1) F(G). 16 we choose A8 0,/ Lyy— g1, then o, + (1 — igae FIQ)

and 1y, + (1—2)3a— ol < [ 7. Henee D) < Lav— tal-

there is & e 0 such that @ o, F(%)) < (50, Fla)). The proof Is complete.
With regurd to the second sssumption of Theorem 3, we prescar the fol-

lawing

Exanrs 13 Let ¥ be 3 normed space snd & be o dense subset of ¥ with.
empty intcrior. Considee X with the relative topology. Fix e X and pux

] Rl
e

For every ye ¥, e X\\{xg, ) and every open neighbouthood £ in ¥ of x,
since X is dense in ¥, we have d(5, 20 X)=d(y, &). On the other hand,
since Y i a normed space, we have d(y, 2) < d(x, 7). Hence, the real function
(3, F(-)) ks 1o local, non-absolute, minimum poine, However, since the
interior of X is empty, the multifunction F: X =27 is not open.

Now, come back to Theorem 4, If we apply Example 1, by uking ¥ = R
and X = Q, we realize that, for any open set 25 R-{x,) and any consmant
#20, the set A, ionq, it countable. Therefore, F(2r Q) ¢T,. This shows
that in Theorem 4 the conclusion « F(2)& 1,3 canzot be replaced with the
stronger one « F(2) &0 ».

The following final result provides a positive answer in this direction, in
the case where /s singlevalucd.

“Treoness 7, Ler X be dcsliy convected and et g be  confianans function from X
sate Y auch his, ;.rmwn :5. m!fmmd() £C)) o s dca, wen-abiclt,

mnn- Tier, o X aud sy soutivmis fuscion
p‘ o] b tbulf(j){ .upz(, ;(x))ﬁrlt‘.';(] e et (2} bulomgs
r.mf.-.f,-ﬁ

Proor: Let @ and f be 15 in the seatement. Let 2o - Choose
,.Eg(m such thar d( g, vy == (e Let e 9 be such dngJ. (%) and let
% be 4 conneted neighbourdiood of x, contined n 2, Since g 15 onto aad

1 |
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0 /(5 < sup dsa, £}, by hyposhesi,there exis ', 76 2% such that (5.,

H07) <1203 < dga, V) Sinic 1 contifmons there s a neighbourhood U
9 2o mch thatdly.gx)) < /() < At Il 7 e/, But then, since &7
conncared and g is continuous, for cach ye U, there is §e2* such that
d(y.,;m) (3}, Therefore, Uc g and 30 T, is open. Hence, g(2)e D,.
means of some examples, the reader can convinee himself that none of
the mpomms of Theorem 7 can be dropped out. Here, we limit ousselves
to stress that Theorem 7 does not hold, i genen, if g is not single-valued.
Indeed, we have the following

Exasirie 2: Lot X=[0,2], ¥ = [0, 2] and lee F: X-+2" be defined a1
llows:

10, i e ]0,1)
Fo =
ik PRI B
The multifunction £ is continuous and, for cvery 7 ¥, the real Function
a3, F(+)) has no loaal, non-absolute, extremum point. Moreover, we have
iaf (3, F()> 4. Now, ke @10, i and f(3) =} for sll y& Y. Ob-
Serve that £(2) = [0, 1], md 0 F() 4D, Theeefore, ¥ does nos satisfy
the conclusion of Theore
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