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CLELIA MARCHIONNA (*)

Motion of a Vibrating String
with an End Point Fixed on a Continuous Obstacle (**)
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We suudy the following problem in the scmistrip

y Z={x, B0 <x<), Ozt o).

We lnok for y(, ) satisfying the conditions.

a2 Oy=2F@ )+ 2] in®(2),

(13 S0 = Al =0, Ox<h, A,

04 feO= Ak, ALOD.

5 O0=0,  E)=Eso,

Q.6 220 2 yeCMZ,

an J=0,  SuppJei(xfla(x £ =0}

Morcover, let us sct the eompatibility eanditions

8 AW=0, A=k,

and require that

(19) y sarisfies the extension laws with sespect to the dlementary problems
ot Cauchy, Darbous and Goussat (see for cx. [21, §2).

To this problem we can reduce alo the problem with a mose general
obstacle where the unilaseral condition is 3> y(x), transferring by the change
¥ w= g i), the eficet of the obstacle on the foxce F.

We can scudy various cases, correspoading 1o different assomptions on £
for ex. F= 0 (see [1], [2]), F& C¥&), F<0 or that it changes sign (sec [8]),
F:,’+)¢,d,. with fe C¥(#) or f{x)e L3(0, ) (see [T]), posing the relevant
hypotheses on data and on the admissible functions set whese we look for the
solution.

The construction of the fn line of influence and jts. properties, s 2s
i [1], (2], with the only difference thar the origin (0,0) an beloag w it.

Let Py = (0, 4,) the intersection of the first line of influence with the ¢ axis.

‘The above mentioned works allow to extend the solution in the curved
wiangle T in fig. 1.1 (o parc of it, i the farce is ditected towards the wall).
It is sufficient to guarantee the extension n 2 chanceristic triangle 75 wi
the lower vertex in Py, in ordec 1o extend the solution begond the first line
of influcnce.

We shall consider first the case £ = 0 (§2) and then the case of F changing
sign. The exampic shown in § 3 justifics the hypothesis (1,12} on the set of
admissible functions to which the salution belongs.
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| Lot E= ek DIVE g = (= IVE be the characteristic coondinates

and f50) = P(x ). In chipcreristic form (1.2) becores.

q0) Ju=flEn -1

y belongs to the following sct of admissble functions

L (LI) e CN2), (8 ) s Eabsolutely continsous Yy and gabsohutely cone
tinuous ¥

| (112) et rc be an asbirary charsctcristic w.,.-v.:.cs«.inx

A It s then possible to divide ry in a finitc aumber of segments where

}(ﬁ,a|)atﬂdrhu=i:ug(|)iﬂmlym(|)mm—
also on

w—mnnhmmmm-mas,d-ummu-h.u
L that the dara belong to a suitable class. IF 7 changes sign, y is
| Tequied to belong to the smaller admissble clis deseribed in (6], §2-

2. - STRING NOT SUBLECT TO EXTRANAL FORCES

We stady fist the case
Slamy=0.
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Furthermore we substimate the Canchy data with an inithal condition on &
piecrwise charuciesistic line (sce [2[); ket us asume exactly

@2 Z =l i el farla)

where a1 £ = 1(x), 7= G0, 1], is concitwed by & finite numbee of charac-
teristic segments. Let (15) hold and

@3 gl = AP with contineous AF), A, v(@)= 0, AL 1(H) = &,
U170 for P (0,10, A ssbafing (1T, (12}«

We look for a solution satisfying (2.3), (1.6) and (1.9). W shall verfy that
& solution can be construcied i an unique way by subscquent clementary
problems. Moseover it will satisfy (1.11), (1. 12]

We state and verify direerly some peoperties of the inflacnse lincs, implied
by (23), (19). Let Ty, 7y, 7 o In fig. 20:

) 10 T, bus won empiy intereciion it sbe st lie of nfiamie, sbex tbe haier

s cvustientd by  fnite wiber of spacs-iike arcs azd chsracieritic sgments, Furdler-
swore the solerion in T, satizfies (1.11), (1.12).

Let 3(#, ) be the solution of the frec problem (g = 0) a T, and &, the
fist line of influcnce.
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We divide &, by & finitc. number of points Py, o it the datum A(P) is
swicly increating (ssictly decreasing, consiant) in any sguent PPy (with
eespect 10 § on &-chansctesistics and in the same way for ).
We divide T, into characceristic rectangles 48 in fig: 211 2(6,%) can be
fiol solaiion of 4 seqaence of Darbous problems. It maintains the
ity property of the dar with sespect t ¢ on & characteistics, and 10
B %+ A0, i 5 ee oM mast th £t ou'of afncaie
in 7, if these exists some tectangle B,

By= [ )2 Tna ] with
Eanty o frewd  aad g} in G

e |

bt dua are >0, ey decseasing, a0d 5 7) < 0, these ez & &<
< g, auch that xtéﬂm)-ﬂ. aad o, ni <o < ne such thae gl n)=0
22).

I 13 5 ' .
Fig. 22

ying Dini's theorem (in moaotonleity hypothesis) inta the rec-
m [{' {,}K[q ], we observe that £(F, g) = O implicitly defines a line

i =nl®) E=E). neCEE), ol in ()
Stich arc will be an impat arc
h‘imdhsz.m)l -r\d t(!uw) consant: then, if e(f,m) = 0. 15 m)

sign in &, on the charscieristie segment & == &, that will belong 10 ve-
" Hence by constroction, 7, s consdued by.a fnite numbee of ares and seg-
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ments in 7, Furshcrmore in T, only one line of influcnce can be found
(see [2]).

By comstructing the solutivn above the fint line of influcnce, we clculae
first y in &, beyond the impact arc:

@8) (e m) = g(E.n() + (a0 v) + 2l nlE) = (0. (D).
Being &(n). 0(§) decreasing, we have
@6 St il oteadt el

So we obtain 7 on 4 piccewise chancterisic line, partially coinciding and in
pare Iying abave 7y, and 3(5 ) i piecrwise monotonic on this line, It can
be 50 extended to the whole of T, by clementary problems, msintaining (1.11),
(L)

B) W concider e the comtrucrion of ¥ salwten in Ty, We bring for sio-
plicity P, to the origin, and ket

T ={(Em0n<é<al,
@n Al =8 020

We have A®D) = by (2.3), and A() piccewise monatonic. Wr divide [0, ]
with s painis £, tiui sejsrate lbe intervsds of meseisaicity, being  dhe (sparatr)
internsls whire A() s . Thes, in Ty, at revst (n 4 1) dines of inflnnse i,

In e first interval (0, £), A(¥) can't deczease, due to (7.7) Let &, the
leit edge of the first interval (5, £,

The solution of the free problem in T3

@8) 2lEm) = A~ Aln)

satisies the unilatens] condition in 0<q<£-.£.. and is ; {pot increasing)
with respect to y and § with respect to £ Hence there (g, m) = p(5 7).
Let By= [f ol %0, &5 in By

206 0) = A+ 2l — AGD,
@9 ey with respect 1o £, ¥,

W) with respect to g, VE,
2t m does not sarisfy (1.6) in

segment [0, £&] can be mna«l by (k—1) poiots so that st any sub-
|M='vll. 2(d, 1) is either | or consmnr,




Ler
@10 na=sopine 0 &1Lt >0}
Obviowly p(E,m) =0, Ocny<hie

By (2.10) 7, is the sight extsemity of & segment. 1y, na] With 3{&y, )} in
{7 el Moseover we have, by (2.9),
@11) em)<0. &H<E<ha,
- @1 M) =0,  BeE<E<ha.

Becuuse of the monatonicity with respect to & and w, @(f ) = 0 implicidly
defines i R'= [f, € 1 [m. 1] 2 line

5= (&) with y#) continuous and | in {f. &1
= (¢ is a0 impact axc that belongs . a lice of influence y; .

“The feee tolution instead satisfies (1.6) in the whole rectangle (&, &3¢ [0,m]-
We st now

@13 i Maxn(Een )30, 0<<n,
s the recangle R-Ii»émlxﬁﬂml
We abserve, by the eame ai asat point ), that g(§, n) = 0 defines
hﬂ-uue-:ﬁu).«v);mm.m constitnted by a finite aumber of space-
ike arcs connected by y-chamccristic segments.
—
A0 for sl REM<0 for ESE0).

| “Then £ = &) i pare of the line of influence 3, (fg. 2.3
We caloulate y on the segment 5 = ng, £€ [£y, fy,y]: W have (see fig: 29)

.-ﬁ-“) AP =xF,  aEwf in Bl

h. .u m (zws w.a.)-:(e.m in [£y fu)y and consequently also the
lem in f<n<f<h,g b >0
mmm;wmmwuanlmdmm
that no impace point cn lie in the chanacteristic curved triangle above 2 line
of influence, bur nothing was sid on the existence of an fmpact point in
fucn<i<tg.




Let us conclude the conseruction of 3,

=& mu<nch and the line & = (n) belong to 7 i

(6 A i8>0 in f.y<E<a, then y, is completed in T, by the segment y ==,
b

On the contrary, if ¢(F, 7) ssumes also negative valves, 7 will comsa
other impact arcs but el i frrespondrace fo dniernals §,< £ £, where A(E)}
(6g. 24).

Fusthermare we obseeve, with an i similar to (214, d\u)({ m
£, is sl piecewise monotonic: These intervals ace nat
many a3 the 003 in A(@) for £ = 8.y nevertbeless the decrcasing intery
of #(& i) are, at most, 3 many as the ones of A(E)}, and cach contsined in @
decreasing interval of A

Now we ean construct the possible sscond line of influence. We calculate,
by means of a Darboux prol

@15) HEE =G B I A0 e Es
Let
@16) HE &) = A <t

1 A(E) bas  decroasing intervals, Ay(E) will be | at most in (s — 1) intesvals.
In correspandence of the first interval in which Ay, we shull construct
# second line of influcnce 7, and w0 on.




Fig. 24

unmmueobmnmy.mmndhn.nmmm
before 3 (possibly at (0, 1), e connects with ;. (On the contrary two
otmnummulmmmmz mhmml}

Finally, repeating it moit n times the consruction proxedure, we obeain

‘most (i + 1) lines of influence in 7},

U] wﬂ(v) =20 mﬁg 2.1)‘ B Jr pieeesise monssonic and et
of decreacing intervols of Blu), Thew ia Ty pon e ad swsst (o + 1)

properties of the solution of the Gagnat problem

b ,",mm..a) rET T e i 5 o BRI ks 6

s consmat, then ¢ is monotanic with respeet ta 1 with the same direc-

s with the opposite diection with respect 10§, So we cin prove the
as in B).

) Lat (Em)c 2, Thon y{d,2) i obtuined in  smigue woy by oxtuading sbe
beyvod a finite nuswber of fiver v, of infiucnce,
1f only & finitc pumber of 3, exists, the statement s pro
infinite and let P, -@.,E)M
i Gu, H, and the sets

(g_) % o Tnfinite increasing sequences if (8] — -+ oo, we ran meet the
pu?m(;. 1) in & finite number of steps. On the contmary let £, -!<+»
¥e =0, 34, such that, &



Fig. 25

Lt us extend the solution beyond 7,; in T,, no lines of influcace are
found: ¥ Is piecewise monotonic in P,G,. Consequenty, st most & finke
oumber of lines o influence ase found e r,‘ I PG, = g, there cxie a0
infinity of » such that &, > & against the hypas

1 i, < v, we cxiend 7 on G, (which upoodbl:hymmmng .
finite number of lines of influence in T,.). In this way y is piecewise moantonic
an PyH,, which is again sbsurd.

Finally it is kpown that the 1) of the daturs oa o, is main-
tained by extending the solution beyond a line of influence.

- EXAMILE OF INFONTE TMPACT ANGS WITH CLUSTER. POINT AT FINTIE

We consider the problem in the halfserip Z intcodueed in (22) with
18y,

(31 Jwe=t.
3 satiafying (1.5), with y(8vZ, ) =8, (1.6), (1.7), (1.9) and (2.3) with
Ga={{& u)ln =—8, 0<f<Bor § =0, —Bn<0},
and the data on o,
2 —8) = A+ 8, 0<ix8,

@3
! 2O ) =—n, —Bn<0,




Al s defined by (g, 31)
A =12 —22E— =3P, M-y <E<s -1,
w012, 04,

B89 | gm0,

5 A= AB—H,  4<ic<d,
w:m;mum.mgmmm-nmmﬁum,
fact & = & is n clser point of infiilé

The xm;mm;un.(uﬁ;,s.z)wmmmmm
o M=) =A@ =20 in B

| We can note that this problem fn Z eorespoads 1o the most uswal one with
initial condition for £ = 0t

06, 0) =l —B) = Al + E = ALV +aiE, D<x<BvZ,
B |l 0= (ele — )+ el —OIVE= (AO— V=
= (AL D— V2.

Data for problems in 7, and Ty e respectively:
le] JEO = A0, 0<e<,
68 B =—g=0, —8Ban<0.
By (3:8) we immedinly have

@8 oy m—n 8+ @ —16)=E—n)—320




Fig. 32

We divide the 7, triangle inio three domains
(10 T={0an<icd), Ry=[48]x[0,4], T'e={1<n<¢<s).

and we constauct y in T, Let us consider finty the Goursst problem for
0<i<2; we have
@ A (=19, O<fe2.

(412) ) = A — Aln) = (= &)+ n—2).«

Comequently yj = 2—§, 1 <£<2 is the cquation of an impact atc. The fist
line of influence is then

G.13) H= = 2—EL<E<2) Ul = 0)652) .
We aalcuhate, by mesns of (214)
HEN=gl2-B= =1, 1<i<2,
@)= AR—y) = As). o<l
amd then, by 2 Goarssr problens

A== == A, Veyez.
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salution of the frec Darbous problem ia [2, 4] (0, 2], with dstum A()
4] and datum A(q) on [0, 2], satiafics the unilateral condition, In decail
HED=AW),  2sk<di
Jhny=Al),  0<g<2.

fe construct riow the solution in the d-n:uulni: triangle 2oq 2 <4t we
s carry oot {for example) the trnsformation

E=2E-0,  w=2p—2,  YER)=BEm)-

diffeecaial equation Y, =/ remains unchanged, 5 the darum vanishes
G—w.mwuwh-vﬁh,(}.‘)

EL0) = A= AQLE D)2 = AE)2,
YELO)=AE),  0<e<d.

hen we repest the previons azgument and, coming bick o coordinutey €
7, we obtain the impact arc

2+ 1f2<é<d,

n=5—¢,
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Shoy=Al),  Zap<d.

By sepeating the procedure infinite times, we obtsin infinite impact 1c
(wm. ol Fespecively o e gt e o sy 2P 7). of s

ca‘:v) E+qmA—I2Y, A3 <E<d(1—12"
Tusthermore e obtaia
[k S my=Al),  O<y=4.
Point (4,4) is ‘mﬂrm an impact arcs elustee poine. Due t continuity, it
st be (4, 4) =

The solution in R. (s6c (3.10)), with dasa A} o0y — Oind Afy) on § =4,
is calculated by means of a Darboux prablem and is
(21 b m) = zlE ) = ARG+ Al 0.
Now we consider the triangle 7%: Damam u_,-[s 4} AR, 4<E<8, and
bas infinice oscillations in any neighborhood of &

We obain & (2 pdm‘( o Sedque) solution by 4a vt webod, Let
e By, /= B—&; this Is che same as inverting the time: in fact s

2= O IIVE=— U+ 2VE= S0 Ju=lre

The unilateral problem with inverted time in 7" coincides with the problem
just sofved in T, and is ¥, 4) = AE).

“The function
(322 ) =B 8—f,  d<m<iad
satisfes the unilateral problem in 7* and has nfinite impact arcs.

- STRING SUBJECT TO A FORCE SIGN CHANGING
We comsider the problem (1.2(1.9), being F of sny sign, assuming the
following hypotheses
@) Ao, A, piecewise €1, Ay piecewise €.

We accept also (differently from (1.3}) that A, could vanish in a (some) point




s B .

than, the origin, Morcover we require that:

Let £ [ 0, /)41 = 0} finite unlon. of fotcrvals and
isolated points ;

A =0 ae on E.
Parthermore, we shall require that FeCYZ) and watisiés the # propenty
(oee 161, page 199). mmfﬁ-;-,ig,a (a5 in the case of & more
bl i counes ), wil bejs 42, witing e 1 prop-
e oc /)€, /0 . on sl tha cod b mprseisd 5 5
fint urion

Fimlly, mg nhu ble function class to which the salution. belongs, will
da:nn:&nuﬂ:dm[ﬁl §2 Under the assumption made o the inital
(4.3), the finst line of influcace yy I8 constituted by a finite
arcs and churacreistc segments; it i also contain &

characceristic
’ werccion of yy wih the #axit (e i, 11)
L:lA(.EJnJ(S. the

Trom Py due 10 (1.12), A(E) s ciher stricly increasiog

llF<Uurduag=|I¢an this is riot slways true, In this case, the
inttoduction of an amalogous of JI* problem is needed for the povrpore of
finding the boundary of suppor domains (ice (61).

& Lec

T={(&n0cqg<é<a},
A ki

Avjosten [7* vmowcen: Find T'= ({8, n)0 <y <E <& T, @ time-like are
E, & fiction 3,8, n) neb that

(TSI e ) (a-m)) with weC[0, &1, ¢t i [0, 2], 4(0)
#)<b0<t<

AN neCZ),  wih Z=(0<E<¥ 02y g},
4y g =Sfte) R,

@49 nth0)=ABC0,],

@10 ey =0,
b .
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1n order 1o solve the Adjusced [1* problem, we introduce the function

+12) Clem=A@+[ /& D

and we observe that & necessaty condition for /7% to have a solurion is
“13) AD) = 0.

Regasding some sofficient condition 10 solve the Adjusted IT* problem, we
refer o theotems in [7], § 3 and § 4, relevant 1o the existence and uniquencss
o i okalon of e 112 pem 1A T

In fact we chserve thar the salution of the Adjusted [1* problem depends
anly e A(E) and | wnd doer 20t deperd wn the Gaurint deium o & =, So, iden-
sk il St by et e (8 11 B
on f force has been siressed for ennvenience) can be

We state finally the following estension laws:
@) Let A(fJ w0, f< 0 e in T. Thew the miveion of the sappord probiem
by ny=0is T.
We cbserve that in this case 2(&, 7)< 0 in 7,
B) Let AQ)>0, and eme ouly slion T,y of e dfusted IT* probles xises
. Lot moraover 4 be the domein in G5 4.1, being f(E.1) < Oaccin Ao We




o

nEw W,
"“'")-Iu e

We can veeify, by means of u simple calculacion, that, under these assump-
tions, the frec problem solution does not satisfy the unilateral condition in A.
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