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A Chancterization of Basic Sequences in Banach Spaccs (=0%) !

Una caraeriszarione delle Sucoessioni Basiche negli spazi di Banach. il

Siceu. — U, ucessionsn i s spaic 6 Banuch & hasien e & 1430 ¢ 4§l soa bloceerpertin: |
basione & A lusics. foste.

| Let (x,) be a sequence of a Banach space B and let (£) be n

of B8* (the dusl of B), we say that (x,,./,) is bisrtlapsmed if /o 05,) = 0o (Km«
necker indices) for overy av and n. Let (x,, £} be biorthogonal, we say that

e

1) Modasic of B if B o [x,] (= span(x.}) and if 0} = [/}, (={xeB;
fuf3) =0 For every a)

1) sirong Mdass O B B= [, ] and i [,,), = ] for every com-

ey subsequences () and (5]) of (a);

i) Bust of B iF x = X f,(5)x, for every x of 8.

Moreover we say ﬂnr(.v)nd-’.h:w (i) i 1 is Af-basi (basi) of [x,].
ﬁ,(’:i).fag'u 0 and (5.} in an inereasing sequence of positive inegers, we

Bock pertarbotion oF () I ]2 ..o = %

o fox eery

Our aim s ta prove the following
Trieonesc 1z A sequense it busic if and enly if every Glock perrurbation i shoong
A,
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In § 1 we shall prove the thearem by means of @ geometric characterization
of the basic sequences and by & recent cesult of Plas.
In §2 we shall give anotber direct proof of Th. I by means of the concept
of unitary position.

1o A MW GROMETAIG GHARAGTRRIZATION OF THE BASIC SEQUENCES

We shall prove ihe following
Tozonese 1L: Lot (v, ) be bisethogosal in B, thes

i b o [ Z A0 5 5 0] = (e e ey o of ).

Tn (4] ‘Th. 1134 proved for the seffexive case.
In (3] it is proved that Th. II implics Th. L
Brsos or 1V X Qriondy ¢l mobcer fo e the inverse implic-
ton. Lot xe ], by (6] (p 146, The 13.0,4), 10 = 39) it is sufficient to
prove that
() weskly, converges o3, where = S/, for every m.

would be f,(x') = 0 for every s, which s i
M-basic and x”= [x, ]}, therefore it would follow hy{‘ll - 172)

(U] O llenilitai (W)€ () = (0},

which contradiers the hypothesis,

Then (s.)) weakly converges ta v, otherwise by the « third Frécher's ax-
ioma [1] there would exist a subsequence (s, ) without subsequences weakly

convergént 1 %, hence without weakly eonvergent subscquences (dnce if
(WS (o) With (r) wukly convergent to ¥, it wonkd be £,(x —x) = 0
far every & hence s = x'); therefore, since (r,,) is bounded, i would follow
by [7) (p. 172) (1) again, which coneradices the hypothesis. This completes
the proof of Th. IL.

2. - OX THE CONCEFT OF UNITARY MOSITION

Given (v} we ny um \-; [.] s b wablary position ar regards (3.3 if there
a subsequence {n,) of (s) such that x ¢ fx,, !.xi[\‘ Ly for evey &.
T (s0e ako iz] p 121-126) it is proved, in the frame of biorthoganal




e i atrong M-basit < vry elvment of () ir is awitary positin as regards (sc,).

in onder to prove Th. Lit is sufficient to prove that, if (x,) Is oot basic,
exist e[x.!mdnlﬂnckpemm (22 of () 50 tha £ is oot in

tary a5 regasds (g,
 Firly we prove the olowing

Prorsrrions 1 Lat (v} b n hasic sagavaie of B and b (.} b . sequence of s
Jinite disensivnal ubgpace U of By tham, if 5, = o, -+ v, for trecy u, 4t folowe
dhar:

(%) s M-basic < (x) is basic .

Proor: Tndecd suppose that (x.) is Af-basic but not basic.

ay[eup 58) there cises 3 bk seguenie () of () (that is these cxisms
sequence (g,) of positive integers 80 that, setting gy = 0. ¥, €
T T vy m) poch e

(@) a e and x]] =1 for every 5, with (e U, () basic and
L My ym 0.

Since (o) Is bounded (otherwise (J}¥]]) would bave @ convergent subsc-
quence, while it is basic), there exist (m) € () and (4[] € {m,) 50 that 1

Wbty Bl ]

duna‘-k'-w(odwv: by (2) it would be rlyi— s -ea”
possible ) is basic); henee by (2) el 0, that -is.
.mm--ummn m-z&m: by (2) 1, impossible since (x,)
(block sequence of (x.)) is M-basic. This completes the proof of Propesition L.
Prowastrion [l: Esery Meharic but mt bosic sequene das s bock periarbutita
b . rboeguemr wobich is Dasic with rockels but wad hase.
L Wm(:_)ilhmwlhbﬁlfwuhnmmmmmuf
| positive integers (p,) such tha, sesing ¢, =0,

w=f( F e

PR

x

with (a,) unique, for every x of [x.].
Proor: Let (x.) be basic and not basic.
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We shall prove that there exist o sequence (1) of B, 1 <A< = and an
inereasing sequesce (1,) of positive integers 5o that, scuting g,= 0, for every
w

Block sequence of 2 block perturbation of

@) | O Dt Sl <127 a0d L > K2,
moreover 3+ 51 =1:
€} diet (5, 1. > LY UK for every y of (2.5
We can suppose (v} in Cyyy then, iF (e,) s the Sehauder basis of Gy,

) o= S, for every .

Since (.} it Hoe basie, by [6] (p. 58) there cxin 3y, yy 30 thar (i) for me 1
s troe moreover 1] >2 and Ly + 0 =1.
Fix 2 positive g Pl
uppose © (r)o, of positive integers and ()3,
veaify () and m o (3] 6o A <At insovee for every | amep ad for
oy 3 of [nliy

e > (1= 1271151

where [7,]8%,..., does not appear i
By () 1 s asy o see that ol positive integer 7, and oum-
bers d,., so that, if

By Propos. I (;-,_)., is not basic, hence there
iap.a) block sequence of (), ., 50 that
<127, Lppnl > 2970, (heann i) € 1,
firally there cxists o positive integer r,,y 5o that
dist (1. e, J>(1—127%1yl  for every y of (1)
So proceeding we get {3,) a5 in (3) for ke 2; which completes the praof of
Propos. 1L

2 proor oF Tw. T2 We consider the particular case of (x,) norming, that
is (see [7] p. 174) there cxist 1.k < oo and 2 not decreasing sequence ()
positive integers so thar fx] < K dist (x, |.=_;, 1) for every x of [3]5.
and for every m. Suppose that every black pestwrbation of (x,) it strong
M-basic. 1f (x.) s not basic, by Propos, 11 we have a sequence (7,) a5 in (3)




or (i) and (i, moreover with 7 ® ] for every m then st

#= 3 i Iuad S W= e =S for every a1

¢ [r.] the theorem will be proved; indoed setting by (3)

n=xn and g=x, for2<wcs;
e for w1
Ber = Juat dmir =Py W0 =L O e PR
en It fallows
FTTOAVICHINN -0 P IR Y APTCn - o o
a=E G taul< F, bt sui<int
mhasuhmmmmumtmumpmm—

which contradicts the

every m
(2 of (<.
hmmmmuﬂnhhmmpmw

implics ja,|< 1/2* for lawam;

.)-@.A‘['i-..,)-.,,, fortokca.

| Fix 1<pm, sering ., = D we can suppose tru the thesis of (6) for
p+1<n<mt 1 and we shall prove the thesis for w=p. By (3) and (5)
- we bave that

' Hence by the hypothsis of (6) and by (3)

@ bt sl < [Sod] [t ousi +

i + fors it 3 [Eour e +20<
< (il + 1)@ 4 2K) <AK{EI+ 1)
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Morcaver, since the thesis of (6) is true for ,;,, by (3) we Bave that

@ ot andal> el 0l = dial Lps sl >
> (i — 125 ) Lpgpa f— 120911 = (| — 12 ) AR 122t

By (3) and (5) 1/2< (%] < 3j2; hence by (7) and (8) we have thar
o< (ARCLR 1) + 22 0K 2ot e s Rr,
“This completes the proot,
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