r——
1080 um}. Vel X, fuac, 23, pugg. U720

CARLO CASOLD (%)

Geoups in which All Subgroups are Subnormal (**)

Gruppi con tuni § sowogruppi subnormali

usssenm, — i prova che I sesiv decivita & 1n Eoppo in £ul uish | sottogruppl sooo ssb-
mal s arvests. dopes ue moocr 410 i pasel

Let 5, denote the cls of groups in which eves is subnozmal,
Al non-nilpotent %ygroups constructed 5o Eu([s| [4] [GA ra],m) are
‘metabelian, and it is still an open there exist non-soluble
Hgroups. In this Note we prove the follawing:

“Tugokesi: T derived series af a Wygroup lermisates after o finite mumber of

Thnlmpmvﬂpmku‘xﬂdumlhlidhsﬂm([!] [3]), and is 3 con-
sequence of an idea. of Brookes, and of & Theorem of Roecblade’s [8], which
gives a Fanction,(s), such that every group in which all subgroups are sub-
normal of defece et mose a, is ailporeat of cass at moat j(r).

An casy corollary of vur Theoresm is the Following.
Conouanr: A restdudlly flsite Wygroup i luble.

Ous fitst Lemma is 2 genenalization of Theosem B in Brookes [1]; for
sake of completencss we give a proof of it. In the seitement, D is a clats of
groups, such that no nilpotent groop belongs to it.

Lestai §: If G S O\ Ry, fher shere exid a posiive inleger 1, a1d a Desub-
,-;xqcmmaﬁmg,mumumfmmnmp
'of K which eoutoins H bos defeci at wat ¢ in K.

Proor: Let Ge W N8, and assume, by conradiction, that for any M-
subgroup K of G, any fisitely gencraed subgroup F/ of K and any posicive

(4} Indirian, deirA. Secninacks Masesmaties dall Usivensich, Vi Beoi 7, 138131 Padors.
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integer r, these exints 4 Ghsubgroup of K, containing H, whose defect in K
is greawer than r. By induction on i, we define -subgroups K, and fnicely
generated subgeoups H, of G such thar,

KyiK,  and  H<\K  los every ioN.

We put Ky=G, Hy=1. Let i>1 and assume we have already defined

and K, ys Now K, ¢8R conuins the fntely generated sub-
our hthm there exists 1 subgrowp K,
ik ) ok defeet grester or equal w F in K.
Henge there cxists a finite subset § of K,, and a finite subset 7" of K,_
that [7,4 51¢ K. We put H, = (5 K, and observe that K, > (H,
and thae 3f 2K, then CFf,, L) has defect greater :Mn i—Lin Kqs
i niw: H e D, e gk 5 any and s, by ww
above observed, M), has defict geeater than & in K. it oLt o is not
subsormal in G, a eomradiction.

Lusean 22 Lat T be # ssbyroup of & growp K. .‘fmgwmr.fx
is mubuarmal uf defect st most w i K, then KU T, whery

e
Br0Up (Hy, ey Hyphy then, by
of Ky, containing (i H,

T = 2 (llog, a(] + 1)

il i) s the function of Rosebluse's' Thosrew (8],

Proor: By induction on #. If #= 1, then TK and evecy subgeoup of
KJT is normul; in this case K/T is metabelan (in fact K/T is a Dedekind
group and (1) =2), and s0 KecT,

Let w== 1 and § be any subgroup of I containing 7, then = T and,
since § has defeck at mosi o in K, it has defect st mose #— 1 in 7%, By induc-
tive hypothesis, T (T%) 1), Now, every subgroup of K/T* is subaoemal
of defect at most : therefate, by Roschlade’s Theotem, K/T¥ is nilpotent
of class 2t most u{n), in pazticular it is wiuble of derived length st most
¢ = [logap(a)] + 1. Hemoe K'W< 7%, and so KU m (KW)lete=W g T,

Proor op Tus Trsons: It suffces to prove that hyposbelisn geoups
in R, are soluble. Thus, ler G be a hypoabelian geoup ia R, snd 91 be the
class of non-soluble growps. Assme, by contmadiction, that G 8. Then,
by Lemma 1, there exist 2 non-soluble subgroup K of &, a finitely gencraed
subgtoup H of K, and a positive integer r, such that every non-soluble sub-
Eroup of K which contains f7 has defect at most r in K. I § is such a sub-
group of K, then cvery subgroup of K contsining 5 i non-solubie, and 5o it
bas defoce 1t most rin K. By Lemma 2 it follows that $2» K, where t = r(r}.
Therefore, if 1/ s any nen-soluble subgeoup of K, then (1, ) > K, where
In parsicular, for any positive inieges , we have K™ &, since K
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nl(‘"m!nuuy-eljknmgduﬂe Now Ge ®, is locally nilpotens,
od 30 . Let 1 be the derived length of H and put d = v +
e e B, yeding:

O L

- (R

Bue, since G is 2 hypoabelian geoup, 10 nan wrivial subgraup of G Is perfect;
thesefore K't'0 = R = 1, a contragfietion.
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